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Preface 


The  International  Conference  on  Control  anti  Estimation  of  Distributed  Pa¬ 
rameter  Systems  (Nonlinear  Phenomena)  was  held  at  the  Chorherrenstift  Vorau 
(Austria),  July  18  24,  1993.  The  meeting  formed  a  platform  for  the  exchange  of 

new  ideas  and  recent  results  in  control,  identification  and  optimizat  ion  of  nonlinear 
infinite  dimensional  systems.  It  was  designed  to  provide  a  melting  pot.  for  a  broad 
variety  of  viewpoints,  including  theoretical  aspects  like  the  Maximum  Principle, 
relaxation  and  stabilizability  as  well  as  numerical  algorithms  for  opt  imization  and 
applications  to  elastic  structures,  flow  control  and  population  dynamics. 

About  •!!>  participants  from  9  countries  have  attended.  We  thank  all  of  them 
for  their  contribution  to  the  success  of  this  meeting.  Once  again  we  have  enjoyed  the 
pleasant  and  stimulating  atmosphere  of  the  Bilduugshntis  Chorherrenstift  Vorau. 
Our  thanks  go  to  the  very  helpful  staff  and  in  particular  to  Director  P.  Riegler 
who  have'  created  an  optimal  environment  for  our  conference. 

We  have  meived  funding  for  this  conference  from  Amt  dor  Stoiormhrkisclieu 
Lundesregicrung,  Graz.  Bundcsukuistcrhun  fiir  Wisscnschaft  und  Forschung.  Wien. 
Christian  Doppler  Laborutoriuin  fiir  Parameter  Indent itikat ion  un<l  Inverse'  Prob- 
lenie.  Graz.  United  States  Air  Force  European  Office  of  Aerospace  Research  ami 
Development  mid  United  States  Army  Research  Development  and  Standardization 
Group.  London.  We  greatly  appreciate  the  support  from  those  institutions. 

We  thank  in  particular  Mrs.  G.  Krois.  whose  efforts  have  been  an  indispens¬ 
able  help  in  hundred  details  of  administration  work,  and  who  has  prepared  the 
TEX  manuscript  for  these  proceedings. 


Graz.  June  1994 


W.  Deselt.  F  Kappel.  K.  Kunisch 
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A  SEMIGROUP  FORMULATION  OF  A  NONLINEAR 
SIZE-STRUCTURED  DISTRIBUTED  RATE  POPULATION 

MODEL 

H.  T.  BANKS.  F.  KAPPKL.  AND  C.  WANG 

Center  for  Research  in  Scientific  Computation 
North  Cnrolimi  State  University 

Institut  fiir  Mnthematik 
Univorsitiit  Graz 

De])artment  of  Mathematics 
University  of  Southern  California 
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Austhact.  A  variation  of  the  Siako-Stroifcr  model  in  population  dynamics  where  lx>-  j 

sides  the  observable  chat  aeterisl  ics  size  in  addition  a  lion-observable  characteristics 

responsible  for  variations  in  growth  rales  for  individuals  of  the  same  size  is  invest i-  t 

gated.  It.  is  shown  that  the  model  cult  lx-  formulated  its  an  abstract  Cmichv  problem  in  ’ 

an  appropriate  fhmaclt  spare.  We  proof  wellposodness  of  the  ahstraet  linear  problem 
and  also  for  a  nonlinear  perturbation  of  the  model. 

1091  Math i.'Timlir.i  Subject  Classification.  921)2.’ ,  471)0.1,  471120 

Key  wiml.i  mid  phrases.  Structured  populations,  Sinko-Streifer  model.  ( 'M-si  tnigioups, 

Lumcr-Phillips  theorem,  semilinear  ahstraet  Cauchy  prohlelits. 


1.  Introduction 

In  most  of  the  vast  literature  on  population  models  (sec  [10]  for  an  overview), 
each  individual  (or  each  individual  with  the  saint:  age  or  size)  is  assumed  to  follow 
the  same  pattern  of  development  (e.g.,  growth,  mortality,  fecundity).  However,  it 
is  well  known  that  in  addition  to  the  observable  characteristics  such  as  age  or 
size  of  individuals,  non-observable  genetic  characteristics  may  often  play  a  critical 
role  in  the  development  of  the  individuals.  In  the  classical  models  proposed  by 
F.  R.  Sharp,  A.  Lotka,  A.  G.  McKcudrick,  J.  W.  Siuko,  and  W.  Stroifer  and  the 

Research  supported  in  partfH.T.B.  and  C.W.)  by  the  U.S,  National  Science  Foundation 
under  the  grant  NSF  1NT-9015007  and  in  part  (K.K.)  by  the  Ponds  zur  Fordcrung  dcr  Wis- 
sonschaft.lichcn  Forschung  (Austria)  under  Grant  PK 140- PHY  and  in  part  by  the  Commission  of 
the  European  Communities  under  the  SCIENCE  Program  “Evolutionary  Systems,  Deterministic 
and  Stochastic  Evolution  Equations,  Control  Theory  and  Mathematical  Biology”. 


I 


2 


I  «» tnuftnuft  ftifutulaftitn  of  n  tuinlniint  fHtfinl.thuti  ttnuft  I 


imincmus  nonlinear  variations  of  iIh-m-  models.  tin*  »»r< »wt li  rule  of  each  in<livi<linil 
is  assumed  to  Im'  it  lion-increasing  function  of  1 1lf  -  individual's  age  or  size.  As  a 
consequence.  there  ran  Im-  no  dispersion  of  the  density  of  the  population  in  age  or 
size  (see  [l|  for  more  detailed  discussions).  Therefore  the  Sharp-Lot ka-MeKeudrick 
class  of  mi alels  is  in  eonlliet  with  most  of  the  field  data  collected  In  expeiimeii 
tal  biologists.  Alternative  models  with  diffusion  mechanisms  derived  from  random 
walk  models  (see  [7]  for  examples)  are  not  Irnsed  on  convincing  biological  expla¬ 
nations  (an  individual  can  not  choose  to  stay  young  simply  because  there  are 
too  many  older  individuals).  Thus,  m  such  models  some  of  t lie  parameters  do 
not  lend  themselves  to  clear  biological  interpretations.  In  |1).  we  first  proposed 
that  the  total  population  should  be  most  properly  considered  to  be  a  mixture  of 
stibpopulations  of  individuals  with  specific  biological  characteristics  assigned  to  a 
given  subpopulatiou.  For  ouch  subpopulation  of  individuals  with  identical  biologi¬ 
cal  characteristic,  the  growth  pattern  of  the  subpopulatiou  could  thus  be  modeled 
by  a  Sharp-Lotka-McKondriek-Sinko-Streifor  type  model  with  specific  growth  pa¬ 
rameters.  It.  wax  demonstrated  in  [1]  through  simulations  that  the  solutions  of  the 
resulting  heterogeneous  population  model  exhibit  dispersion  similar  to  that  ob¬ 
served  in  field  data.  In  subsequent  investigations  [2],  this  modeling  approach  was 
given  a  sound  theoretical  foundation  in  the  context  of  aggrete  population  prob¬ 
ability  distributions  for  rate  parameters  and  parameter  identification  techniques 
for  the  rate  distribution  on  the  heterogeneous  population  model  wine  developed. 
These  ideas  were  extended  in  [S]  when1  it  was  shown  that  a  semigroup  of  linear 
operators  on  a  space  of  vector-valued  measures  can  be  used  to  formulate  a  het¬ 
erogeneous  population  model.  A  somewhat  different  extension  of  these  modeling 
ideas  was  proposed  in  [G],  where  the  model  equation  is  given  by 

<),u{t,.r,<i)  =  -()An(.r.<i)u(t.  .»•;</))  -  /<(•'"  q)u(^>"  r/). 

t  >  0.  .r  €  (0..r»mx  (</))•  >1  6  Q- 


i, .■«('/ 1 

(1.2)  //(():  q)u{tA)\q)  -  j  K{q.q,  x)u(t .  r\q)  d.r  dm(q).  t  >  0,  q  6  Q. 

it  <> 

where  q  €  Q  represents  the  biological  characteristic  of  an  individual.  .cmnx(r/) 
is  the  maximum  size  attainable  by  individuals  witli  characteristic  q.  and  m  is  a 
probability  measure  on  the  space  of  characteristics.  The  model  (1.1)  -  (1.2)  is 
further  generalized  in  [6]  fry  including  a  nonlinear  mortality  rate  //  which  depends 
on  the  total  population 


(13) 


q)d.v  dm.(q). 


The  global  existence  of  solutions  of  (1,1)  (1.3)  is  established  in  [G]  using  the 

method  of  characteristics  and  a  fixed  point  theorem.  No  results  related  to  semi- 


II  1  II. ink*  I'  K.i|i|n  I  I"  W.ini: 


I 


Rloups  are  Riven.  III  I  hi*'  pa|ni  we  develop  a  seliliRrollp  lormuhil  ion  till  a  In  -I  - 
rroRrnroiis  population  tin ii lit  Minilai  tn  ilia*  of  (I  II  ll.tl  ami  it^  iiuiiliiii-iii 
perturbation  win -iriii  I  In*  mortality  depend-'  on  tiir  total  population.  For  tin  lin- 
rar  nit m |**|.  our  MTiiiKi'oitp  approarli  in  similar  to  t  lint  lor  tin-  Sinko-Strrifri  type 
>i/.r->t nn  t anil  imnlrl  -I i n  1  hi  1  in  j.'tj.  Development  or  mu  ii  a  Inni  t ional  annlyt iml 
Iraiiii'Woik  lor  these  problems  is  desirenhle  since  this  allow—  mir  to  iw  powertnl 
techniques  for  i|ini!italivr  invest  iRut  ions  as  wr||  as  approximation  stmlirs  IrndiiiR 
to  inimiTiial  solut ions. 

In  Sri'tioii  2  In-low.  \vr  invest  mate  tin-  pioposi-il  solution  sparr.  In  Section 
.1.  a  sriiiit>|oiip  foi'iniiliit ion  ol  tin-  lineal  hetcroRriirous  population  iuoili-1  is  Riven 
wliilr  in  SiTlioii  I  vvi  ilisniss  a  iioiilinrar  prrt iirliat ion  of  tin  liurar  iihmIi-I. 


2.  The  Solution  Space 

As  wc  indicated  in  Sort  ion  l.tln-srt  represents  the  set  of  possible  hiulnRiral 
rliai'iM'trrisI ics  vri'tors.  It  is  assumed  in  tliis  pnprr  that  If  is  a  compart  nirtrir  spare 
with  a  prol  nihility  i  liras  urr  mil  ilrtinnl  on  tin-  I  hurl  ulRcbru  of  sultsrts  of  Q.  I,rt 
H  —  ('[(J.  /.'(<►.  I))  with  a  norm  •  li*tii>«*< I  by 

(2.1)  ||«||>f  :  sup  ||n( •:  '/111 /. 1  in  1 1  "  max  l|</(  ■:  </)|| /.- ,a. i 

ij  *e  Q 

It  is  not  ililliclllt  to  sir  that  H  is  a  Ifaliarh  sparr.  Wr  ilrlinr  a  silhsparr  II  i if  H 
as  follows: 


II  ~  |i/  €  H  I  «(.»•;*/)  -  0  a. r.  on  ( ( t/ ) .  I)  for  all  </  t:  } 

where  .t'ainxf')  is  a  Riven  continuous  function  from  If  into  (0,  I].  For  a  Riven  </  c  Q. 
•t'liKi.s ( 7)  I'cpi'csrnts  the  maximum  potential  size  of  all  individual  with  hioloRical 
rhuracterist  ir  </.  It  is  not  tliflieiilt  to  verify  tiiat  H  is  a  closed  subspare  of  H. 
therefore  H  is  also  a  Ihtnach  spare  with  ||  •  [|a  in  (2.1)  as  the  norm.  Since  (f  is 
compart,  for  each  a  II.  the  collection  of  functions  Riven  bv  {/<(-: r /)  |  <1  t 
Q)  is  a  cumpact  subset  of  /.|(().  I).  The  following  lemma  states  a  lew  important 
properties  of  eompnet  subsets  of  /.  ( (0.  1 1. 


Lemma  2.1.  a)  For  any  a  f.  II  nod  any  1  >  0.  Ilirrr  exists  a  ninstant  >  0 
saeh  I hal 


/> 


+  t1’,  (/)  -  u(.r;  i/)|  il.r  <  i 


for  all  b  €  (0. 1*111)  and  all  y  €  Q  whi  rr  !((■:</)  is  extended  by  zero  outside  of  tin 
interval  [0,  i]. 

b)  For  any  11  €  H  and  r  >  0,  there  exists  a  <\>  >  l)  such  that. 

J  |  tt(.r;  <i)\d.r  <  f  for  all  y  €  Q 
provided  A  is  a  measurable  subset  of  [0, 1)  with  meas  A  <  A(). 


|  l  »t  tniqtitup  fi»t  tnnlutinn  of  a  tinitlnmn  pufmlniuni  tinuit  l 

1‘iiHif.  Statement  ( n )  is  II  part  III  Kulinogoroff's  compactness  criterion  for  subsets 
of  /.’(( I.  I )  (Mr.  for  insiiuiee  ( I].  Theorem  IV.S.2U).  To  establish  (li).  note  t lint  from 
till'  continuity  of  u  in  q  and  the  compact  inns  of  the  space  Q.  we  can  liml  a  family 
of  values  { q,  }|'  ,  r  such  that  lot  nil  7  e  Q.  there  exists  i/,  with 


/  l'«(.r: 
./a 


q)  u(.r;  q,  )|  <ir 


Fur  each  of  the  vectors  «/,.  there  exists  a  constant  h,  such  that  for  any  set  A  with 
mens  A  <  b, . 

I  I "(.c; q,)\il.r  <  ». 

Let  An  -  miii|.  .„{*•>, }.  Then  we  have  that  for  all  q  £  Q. 

j  |n(x:(/)|f/.i'  <  ^  | H(.r:q)  -  u(.r;i/,)|</x  +  \u(.r:q,  )|  d.r  <  =  r. 


In  order  to  estahlish  dissipntivitv  of  operators  on  H.  it  is  useful  to  derive  a 
more  explicit  representation  of  the  left-sided  direct  ional  derivative  r..  of  the  norm 
||  •  ||«.  Recall  that  for  any  u.  r  €  H. 

r  {"'I')  =  1|»J  ^(11"  +  /"’II*  - 

Lemma  2.2.  Let  rf'  denote  the  left-hand  directional  derivative  of  the  norm  in 
L'((),  1)  and  for  any  a  €  H,  let  Ji(u)  C  Q  he  defined  as 


Then  we  have 


Sl(«)  =  {q  €  Q  |  !!«(•: 7)11/.' (u.D  =  ll”llx >• 


T-Au.v)—  inf  tl'  («(•;  7),  !>(■: «)).  u,  v  €  H. 
-(6U(h) 


Proof.  We  first  show 


T~  (a,  v)  <  inf  t!:'  */).»'(•;  */)). 

<(€il(il) 


Consider  u  sequence  en  of  negative  real  numbers  such  that.  etl  =  0.  Let  </n 

and  {7,,}  he  arbitrarily  chosen  such  that  70  €  f2(u),  qn  €  f2(u  +  env).  As  a  result, 

—  (Il«  +  *n*'||w  -  IMI*)  =  — (||«(-;7..)  +  fnv(-;7»)ll/.'((M)  -  l|w(  ;7t))lk>(n,i)) 

*11  *  n 

<  7- (H-; 70)  +  fi.f(-;7o)lk‘(o,i)  -  ll«(-:»i)lli*to.i))- 


Taking  the  limit  as  71  — *  00,  we  obtain  (2.2).  O11  the  other  hand,  for  any  sequence  of 
negative  real  numbers  en  with  limM_JO0  e„  =  0,  let  qn  €  fl(u+etiv).  By  compactness 
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of  Q.  there  exists  n  subsequence.  again  denoted  by  7,,  sneli  tlmt  Iini„  7,,  =  q,\ 
for  some  i/n  €  Q.  For  any  7  6  Q,  we  have 


II «(•: 7)-*~rr. <  (*:'/) II /. 1  (tu )  -  Il,,(‘:7n)+fn,’(  t7»i)ll;-l(n.i)  Sll«(-:7»i)lli-,(ii.i)  +  l,».l  IIHIx- 
By  taking  the  limit  as  n  —  tc.  we  obtain 


ll«(*:*/)ll/->(t).n  1  ll«(-:,/o)ll/,‘(<u) 


and  hence  70  e  J2(h).  But. 


‘(ii.n 


—  (lift  +  fn'-llx  -  Mix)  =  —  (l \u{--.(i„)  +  »!,»’(•: 7» )ll,. 

fri  Oi  ' 

>  »/..)  +  'n •»*(•: II /,'(o. 


The  right,  side  of  t  he  above  inequality  is  equal  to 


ll»(,W/n)||/,'(ii.l)) 

II  »(•;  «/„  )U  '  <0. 1 ) )  ■ 


+  >„ 7r.)l  -  !«(•»■: «/„)|)  dr. 


Since  {*#(■: 7„ ) }  and  {('(■:«/„)}  converge  to  »#(•: 7t>).  »*(•:</»>)  in  /.'(<>.  1).  respectively, 
as  n  —  x.  wo  can  find  a  subsequence,  again  denoted  by  7,,  such  that  | »/{ ■ : 7,, ) } , 
{'•(■: ) }  converge  to  id-tTu).  «*(•: Tti)  almost  everywhere.  Let  1  ( n ( •  •  7i > ) >  »><d 
Sh(h(-:7d))  be  two  subsets  of  the  interval  |(1. 1|.  defined  by 


^1  ("(  : ‘/a))  =  €  |<).  1|  |  «(.*■; 7,,)  ^  0}. 

Vi>(n(  :  </<>))  =  6  (0.  I|  |  fd.r:  7,1)  0|. 

Then  w<‘  can  argue  that 

lint  —  (|»/(.r: 7., )+»>.»•(■<■: t/..)i  -  |»(r; 7„ )l)  ~  sign(»(.r;7„))e(.r:7„) 
almost  everywhere  on  EiOd-u/o)).  Hence  by  douiiuabxl  convergence,  we  have 


lim 


I  —  (|«(.c;  7«)  7»)l  -  |n(.r;  7,,)])  d.r 

1 1 w(  • 


=  /  sign  (u(.r,  70))  e(.r;  70 )  <l.i 

•tei  («(■;«•)) 


On  the  subset  £(>(«(•;  70)),  wc  have 

—  (|u(a;;7n) +  f«a(x;7„)|  -  |u(x;7n)|)  >  —  7»)|. 

fn 
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As  h  result.  we  hn<l 
lim  ini 


im  inf  —  f  (|«(.r:r/„)  +  >  „r(.r:  </„)|  -  \u(.n:  q„  )|)  tl.r 

"  *x  ( o  h: . . 

>  -  /  |e(.r:  r/o)|  tl.r. 


Combining  the  above  results,  we  obtain 

1 


r  (tt.r)~  liln  —  ( || «  +  *  ii <’||  n  -  l|»|| >f ) 

>  /  sign  (i/(.r.</„))e(.i-:r/, ,)(/.!•  -  / 

‘ ( u  (1/1,  > ) 


k(.r:  i/n)  |  tl.r 


( »»( -  :i/i.  )  ] 


''I ■:(/(,)). 


□ 


3.  Well-Posedness  of  the  Linear  Model 

In  this  section.  we  rewrite  equations  (1.1)  (1.2)  as  an  evolution  equation  in 

II  of  the  form 

~n(t)  ---  Au{l).  f>d. 

ill 

To  this  end.  we  make  some  standing  assumptions  on  the  growth.  mortality,  and 
fecundity  functions  in  (1,1)  (1.2).  We  assume: 

( A I )  The  growl  h  rate  funct  ion  sat  isties  </  e  ( '{Q,  IF  '■ x  (I).  1 ))  and  for  each  < /  0  Q 
we  have  r/(.i:</)  >  (i  on  |0..r„, „*(</))  '»“l  //(•»"'/)  -  d  for  r  <r:  (.r,lmx((/).  Ij. 
(A2)  For  each  </  e  Q.  //(:'/)  f  /M'M  (0..t|„llx(i/))  with  //(•;'/)  •?  d  a.e.  on  |d,  l]  and 
/)(:</)  don  [.r„„, ,(</).  I  j .  lor  any  <  t  (d..rMI„x(r/)).  we  define  ;i,  by 

,  ,  J  /<(•»■:  V )  for  ./•  <  (0.  .rIMiix('/)  '  )• 

Id  otherwise. 

and  assume  t  hat  /i,  G  ('((,),/.  x  (tl.  1 ))  for  0  <  f  '  min,,,  y  '-„ms(7). 

(Ad)  The  function  /\  is  in  (’((J  x  Q:  I. x  (d,  1 ))  with  /v(</.f/.-)  ~  d  a.e.  on 

[•t'limx  (*/).  !]■ 

We  shall  define  an  unbounded  linear  operator  A  and  show  that  .4  is  the  iu- 
tiuitesimal  generator  of  a  (  'n-semigroup  of  bounded  linear  operators  on  II.  The 
domain  V(A)  of  A  is  the  set.  of  all  functions  ii  €  H  satisfying  the  following  condi¬ 
tions: 

(i)  For  all  </  G  Q,  «(•;«/)  is  locally  absolutely  continuous  on  [0..rlimx(f/))  : 

(ii)  The  function  defined  by  <y  — >  dr(//(.ru/)u(;r,[/))  +  /<(.r" </)«(./•;  r/)  for  ./■  G 
[0,  J'mivxUy)).  €  Q.  is  an  element  in  H\ 
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(iii)  For  nny  q  €  Q. 


»/)«(();  q) 


U (q,  q,  r)//(.r:  q)  d.r  din(q): 


(iv)  For  miy  q  g  Q.  . (,,,  y{.r\q)n{r\q)  =  0. 

For  n  g  T>(A).  wo  define 

(Aii){.r.<i)  =  -<)j  («(.r; «/))  -  /i(.r;q)u(.r.q).  0  <  .r  <  sltMX(q),  t/  €  Q. 

TIk’  main  result.  of  this  section  is  stated  as  follows. 


Theorem  3.1.  Under  assumptions  (Al)  (Ad),  the  operator  A  defined  above  is 
the  infinitesimal  qeverntor  of  a  (\\-seniiqraiip  {S{t),  t  >  (I)  of  bounded  linear 
operators  on  H , 


The  proof  of  t  ins  t  heorem  is  based  on  the  use  of  tin*  Lumer-Phillips  theorem 
which  requires  that  the  infinitesimal  generator  A  satisfies  the  following: 

(1)  The  domain  of  A  must  be  dense  in  //: 

(2)  There  exists  a  real  number  ut  such  that  A  -  jjl  is  m-dissipativo.  i.e..  the 
range  of  .4  -  at/  is  //  and  A  ~  a il  is  dissipative. 


3.1.  Density  of  the  domain  'D(A).  Consider  the  following  subset  of  H . 


U,  -  [a  (-:  //  |  i/(.r; r/)  =  0  for  ./•  €  (r„mx(</)  -  <.  1)  for  all  q  g  (/}. 


Let  //(i  =  u,  From  Lemma  2.1.  we  eonelnde  that  //«  is  dense  in  II.  We  first 
want  to  show  that  a  subset  of  IIo  that  contains  functions  differentiable  in  ,r  is  also 
dense  in  //.  Consider  a  sequence  {/.*.}  of  bounded  linear  operators  A*  :  A 1  ( t ) .  1)  — 
f,|(0.  1)  di'fined  by 

(A*./)(.r)  =  /  f(n)\k(.r  ~  u)du 

Jn 


where 


Ad  .i ) 


jttk<  "  U'r)J) 

1° 


The  constant  is  chosen  such  that 


loi  r  g  (  -  I/A-.  1/A  ), 
elsewhere. 


/ 


A*  (.c)  d.r 


.r)d.r  =  1. 


Tilt'  following  properties  of  Lr  are  useful. 


Lcmn>a  3.1.  (i)  For  any  f  e  A'((),  1)  such  that  f(x)  =  0  for  all  .»•  >  A  with  a 
I>  <  l,  we  have  (Lkf)(x)  =  0  for  all  r  >  A  +  1/A-  whenever  b  +  1/A  <  1. 

(ii)  llnifc-.^  ||/-  L*./||/,i(0  ,,  =0. 
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Proof,  (i)  is  obvious.  It  is  sufficient  to  show  that  (ii)  holds  for  all  mutinous  func¬ 
tions.  In  fact, 

11/  -  /-A./II/.' (I*  I)  =  f  \  f  (/(•')  -  /0/))A *(•»  -  .'/)'/!/ 1  <l.r 

Ji)  J  l) 

r 1  rtf+l/k 

-  /  I  /  (/(•'■)  --  /(//))  <k(.r  -  // ) <hi |  </,/■. 

./ii  ./.r  i  /(t. 

It  is  easy  to  see  that 

/•  j-  +  l  A 

1/  (/(■**)  —  /(//)) A*-(.r—  //) </j/|  <  su|>  |/(.r)-/(t/)|  <  2  sn|>  !/(r)|. 

Jr-l/k  »t  U  l/b  ll/n  JMII.II 

and  thewforr.  Miner  /  is  con* unions, 

#*.r4  l/k 

Hin  I  /  (/(.»’)  -  /(//)) A* (r  -  ;/)(///|  =  0  lot  all  ./■  €  (0.  1 ). 

./ J  -l/A- 

By  tin*  doniiimtcd  convergence  theorem.  we  ohtaiti  the  drain'd  result  (ii).  □ 


Let  V',  be  the  subset  of  //,  defined  by 

V,  =  {/i  G  //,  |  ii  e  ("(^:C((l.  1))} 
and  let  Hi  =  U,>i>K.  Then  we  have 
Lemma  3.2.  Vo  is  a  druse  subset  of  H . 

Proof.  It  is  suffieent  to  show  that  every  element  ii  €  //n  can  be  approximated  by 
functions  in  Hi.  Consider  an  element  u  €  //o  and  define  m  as  follows. 

tik(-<l)  —  Lk-ii{‘Ui).  for  all  7  e  Q. 

We  want  to  show  that  n*.  €  Vo  for  all  k  sufficiently  large  and  linn  ||m*.-m||h  —  (I. 
Since  u  €  Ho-  there  exists  >  >  0  such  that  ii  fE  //,.  For  all  k  >  2/t .  t  II On 
the  other  hand,  for  all  </  £  Q.  itk(-<l)  f  ’ 1  (0.  1).  Moreover,  let  (\  be  a  constant 
such  that. 

Il^ilkl/.'m.il.r ■‘(o.ii)  5  (\- 

Then. 

II «*:(•;</)  -  Mk(-;‘i)llc"(i).i)  <  C'a ||«(-; ry)  -  n(:</)lk'au)- 
Since  ii  fc  C(Q ,  /,'(().  1)),  we  conclude  that 

lim  || «*•(•;//)  -  '/*■  (•:</) ||c*i  ,0, i )  ~  D. 
where  d  is  the  metric  for  Q. 

As  a  result,  for  k  sufficiently  large,  we  have  «*.  £  .  Using  Lemma  3.1,  we 

find 

lim  |K(-;</)  -  «(-i«/)lk>(n,i)  =  o,  for  all  (/  €  Q. 

fc— »oo 
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On  tlw  other  hand,  by  compactness  of  Q  and  the  nnifonn  boundedness  of  ojicrutors 
Lk  :  £.*(().  1)  — *  /,'((),  1),  we  eonelude  that 

lim  sup  ||in.(-: 7)  -  «(■: '/)|| /.no.  1 )  ~  <>. 

*■—<*>  >/eg 

or  14.  — *  11  in  H,  which  establishes  the  density  of  Vp  in  H.  □ 

Finally,  for  a  given  element  //  €  In.  we  shal’  construet  a  set|neiice  of  fnnetions 
11,  in  V(A)  such  that  u,  converges  to  11  in  H.  The  basic  idea  is  to  modify  the 
function  «(•;  7)  in  the  neighborhood  of  .r  —  ll  so  that  the  resulting  function  satisfies 
the  boundary  condition  at  ,r  —  0.  Let  r  >  0  be  a  small  real  value.  We  define  the 
modified  function  11,  by 


,  ,  /(I  -x /*)>', 


(7)  +■  (r/f  )n(<\ti)  for  0  <  .»•  <  t. 

for  <  <  .r  <  1 . 


where  the  function  r,  should  be  chosen  such  that  11,  F  T>(A).  In  particular,  11, 
should  satisfy 


/  /  A‘<7- «/•  •»')".  (•»•)(/./•  thnUi). 

Jo  ./ll 


Using  the  definition  of  a, .  we  must  be  able  to  choose  the  function  v  —  e,  to  satisfy 
T,  r  =  e  where  the  mapping  T,  :  C’(Q)  —  C(C^)  is  defined  ns 

*  i.L (l  - 

•  /  f  A:;'.v :  •  • . . 

+  j  j'" . (l''  A*(«/.  «/..«•) 


.7(0:7) 


■  (i(.r:  7)  (/.r  <lm(q). 


Id  see  that  this  is  possible  we  argue 


Lemma  3.3.  /'hr  »  sufjirirnlljf  muiuII,  thr  inajipniii  T,  is  a  ronlriirlimi  from  (\Q) 
inhi  C(Q). 

[’roof.  The  continuity  of  T,v  for  e  £  C[Q)  and  11  6  In  follows  immediately  from 
assumptions  (A.'l)  and  (Al).  On  the  other  hand,  for  any  e.  e  €  C{Q).  we  have 


(T,r-T.v)( 7)=  f  f  (I  - 

./o  ./i>  ‘  .7(0.7) 


'’(7))  d.r ilm(ij). 


As  a  result  , 


1(7;  e  -  Ze)(7)l  <  «>‘Pl(’(7)  -  <’(</)|  /  f  (i  ~  -)^~~il.r  c/m(f/j. 

</eg  JgJu  '  .7(0,7) 


in 
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lini  I  f  (1  -  '-)  — ^ ilrthu(q)  =  0. 

-  •"  Jq  ./(i  f  7(0. 7) 

Therefore.  tor  nil  f  sufficiently  small,  there  exists  ■),  <  1  such  tlmt 

siipKXf  -  T,i')(ti) |  <  y,  sup  |(r  -  r)(r/)|. 

•n  q  in  q 

wliirh  proves  the  lemma.  □ 

Using  tlie  contraction  mapping  theorem,  t ln*r«*  exists  a  unique  fixed  point 
r,  lor  tin’  mapping  T,  in  /'((,/).  Since  n  6  lb.  it  is  not  dilficult  to  see  that  u,  is 
piecewise  continuously  differentiable,  and  then1  exists  b  >  t)  such  that  », (/; r/)  =  0 
for  £  |.rnmx(r/)  —  b.  1],  Thus  11,  satisfies  idl  the  conditions  required  of  an  element 
of  PM).  Moreover,  we  can  also  show  that  //,  converges  to  11  in  the  //-topology  as 
f  -  ft. 

Lemma  3.4.  Lrl  11,  hr  iltjiurtl  ns  nhonr.  Thru 

lim  || «,  -  11 1|  x  --  (). 

1  -O' 

Proof.  Considering  the  term  //,(■:  7)  -  a(-:r/),  we  liave  the  estimate 

llH>  (•:'/)  -  "(•:  */)  jl  /.'  (0. 1 1  <  [  !"(•»•: '/)!'/•'  +  -  f  j-\ii(iui)\»Ix+  I  (I  - •  -- )  |r*.  (r/)|  r/.r 

./o  1  Jn  Jn  ' 

<  sup  /  |n(.r: (/)|</.r+  sup  sup  |ti(.rn/)|  +  i  sup|e,(i/)|. 

(/<  Q  ./a  *  in  Q  IK  r '  I  ,ii  Q 


Front  the  definition  of  c, .  we  have 


sup|r,(i/)| 
•i<  Q 


(  \i  T  >  (j 

"l  i(\ 


,,  I  II  A  (<i.  7.  ■  )||  /. '  (a. n  ,  ... 

<  1  -  «»P  /  . V . • 

•i<  Q  Jq  .7(0:  7) 


.'/(<>:  7) 


,,  ...  f  II A  (7. 7.  •)«(•:  7)  /.  *  (a. 1 1  ,  ,  M 

(  2  -  sup  /  - - - - /m( 7) 

<nQ.lu  .7(0:  7) 


■aw./y  '/(**:  7) 

f  [' . 'u,\K(q.<i..v) 


Co  =  sup  [  f 
in  Q  Jq  Jn 


.7(0:7) 


u(.r:  7) |  tl.r  thn((j). 


sttp|rr(</)|  <  C  f‘>r  all  f  >  0  suffieientlv  small, 
'/e  Q 


Therefore 
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As  a  result,  we  conclude  that 


□ 


lim  sup  ||it,  (•;  </)  -  «(•;  v)l|/.<<o.i>  = 

'  ""  'itQ 


Combining  the'  above  sequence  of  lemmas  and  results,  we  can  conclude  t  hat 
'D(A)  is  dense  in  H . 

3.2.  Dissipativity  of  the  operator  A.  Let  us  recall  that  the  operator  A  ~  XI. 
A  £  R,  is  dissipative  if  and  only  if 

t..(h<Aii)  <  A||i/||tt  for  all  u  £  V(A). 

Using  Lemma  2.2.  we  have 

T-  (u.  An)  =  inf  r'j'  (//(•:  7).  (/li/)(-:</)) .  ■ue'D(A). 

iveSK'i) 

where  il(n)  =  {7  €  Q  j  ||«(q  v)ll/.,(ii.i)  =  ||i/||h}.  By  the  same  computations  as 
presented  in  Lonmin  2.1  of  |3|,  we  obtain  immediately 

tl  («(•; <i).(Att)(  \ 7))  </;((): <y)|»(  u/)|  =  |  /  /  l\(<i.']..r)n(.r\<)),l.v<lm{<))\ 

Jq  ./n 

<  Ml||  II II H 

for  7  6  Q.  11  €  T>(A).  whore  A„  =  sup,,  ,ieQ  || -)||/, » (ll .i,.  Thus  A  -  Mj /  is 
dissipative  on  II. 

3.3.  The  range  of  the  operator  A  -  A/.  Since  the  range  of  the  operator  ,1  - 
XI  and  tin1  range  of  a  nonlinear  perturbation  of  A  can  be  found  using  similar 
arguments,  we  will  try  to  establish  a  result  t  hat,  is  useful  in  both  cases.  We  first, 
define  a  convex  functional  /»  on  H  by 

!>{ " )  =  IMItt. 

Furthermore,  we  define  the  nonlinear  mapping  F  :  II  —  //  by 
[F  «)(./■;  r/)  =  </)V,(a)//(.r:  7). 

where  //n  6  C(Q;  Lx(().  1)),  /mb'-:  7)  >  0  for  all  r  £  {().  1)  and  7  £  Q  and 

/’  rTnmjc  [tf ) 

P[n)  -  /  /  |«( j"  7)|  dxdm(ii). 

Jq  ./a 

We  would  like  to  show  the  following  result. 

Theorem  3.2.  Let  the  subset  C(r)  of  H  he  defined  by  C(r)  —  {1/  £  //  1 11(11)  <  r\. 
Then  under  assumptions  (Al)  (A3)  and  those  above  on  //p.  one  ran  find  a 
constant  <1  >  0  suck  that,  the  following  holds: 

Given  r  >  0,  there  exists  a  number  Ap  s  A»(?*)  €  (0,  If  a)  such  that  to  each 
u  £  C(r)  and  each  X  £  (0,  Ap),  there  conv.sponds  u^  £  V(A)  satisfying 
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I 


(a)  i/A  -  A  (A  +  F)u\  —  ii. 

(I>)  l>(" a)  <  (1  -  «A)~ 1 />(»). 

We  observe  that  when  /in  =  0.  statement  (a)  implies  that  the  ratine  of  the 
operator  .4  -  A /  is  H  for  all  A  >  a.  On  the  other  hand,  (a)  is  equivalent,  to 

r  "\{i"  <l)  +  *K  (.</(■''•  v)wa  (.»•;»/))  +  (/<(•»“  7)  +  liu(-r:<i)P{ti\))"\[.r,<t)  =  ^m(j"7) 

for  ,r  €  (O.J'ninx(v))*  7  e  V-  Combining  this  with  the  boundary  rendition  (iii)  in 
the  definition  ol‘Z5(4).  we  find  that  i/A  must  satisfy 

Ei.vAhn.iix)  f 

7)  =  /  /  K(<,.q.V),tX(!l.q)d,id, ,,{,)) 

{;{  jv  7)  ./g./a 

1  /•' 

+  T-7 - r  /  E(v.z:>i.nx)ii(z-.q)<h 

Ai/f.r:  7)  ./,  1 


E(.r,  c;  7,  nA) 


1/A  +  /t(C:</)  +  //n(C:  7)^("a) 

'/(C  7) 


The  proof  of  tin1  above  theorem  eousists  of  establishing  the  existence  of  the 
solution  of  (.11)  with  property  (b)  for  a  certain  nonnegative  constant  <1,  Indeed, 
we  will  establish  (b)  with  the  constant,  n  given  in  the  following  lemma. 

Lemma  3.5.  //  uA  e  H  is  a  solution  of  tin'  ivtryml  equation  (3.1).  thru 

II»aII«  <  (1  -  «A)  1 IMI*. 

■where 

e  /'T|i,i,x 

<1  =  sit])  [/  /  K[ii.ij..r)ii(.nq)  il.r  i!in((j)\. 

Ihdb('.'i.<it  g  AgAo 


Proof.  From  (3.1).  we  have 


k\(-'"7)l  < 


<>:  7. /<a) .  1  /•'  r, 

-7 - ; —  «|I"aIIw  +  r~, - :  /  E(.r.  ;:i/. 

'/(•'"  7)  A(/(.r;  7)  .A, 


If  we  integrate  both  sides  of  the  above  inequality,  we  obtain 


I  \"x(i"<l)\<l.r  <  I  dLltlL Al  7,r  fr|| a A || H 

An  Ac  //(;»■;  7) 

+  /  T7~T  /  ^(•'•--:7-«a)  l«(-:7)l'^A.r. 

./(I  'V/w  1  Vi  ./o 

f  &&& <  f  *  r_A_) <  a. 

An  .7U"7)  An  //(•'"  7)  '  Ao  Ar/(C:  7)  > 


II  T.  Hunks 


!■'.  Knpprl  (  '.  Wiuik 


i:t 


ami 


/  r— r — 7  [ 

7 a  Af /(.»  ;</) 

=  /  l"(~:'/)l  f  t  7~ — -E(.c,  z\q.  //\)  r/.rd;. 
7 1)  7;  Ai/(  ;/•;(/) 


Arguing  aw  above,  wo  find 

•  i 


Therefore. 


As  a  result,  we  have 


/  -;1--  -  [  E{r.z-.<i>H\)\u{z-.<i)\<lz<l.r<  l  \u(.n<i)\<l.r. 

.fa  7d  ./<> 

II«aIIk  <  Au|1«a||h  +  ||'/|Ih- 


IKIIk  < 

lor  A  <  l/u.  □ 


Tin-  above  lemma  provides  an  a  priori  estimate  for  the  solution  of  (3.1).  To 
prove  Theorem  3.2.  it  is  suftieient  to  show  that  (a)  lias  a  solution  in  ’D(A).  We 
define  a  mapping  T  :  H  —> •  II  by 


(7V)(.r:./) 


~r — -/'.’(./.I): </. a)  /  /  I\{ q.<). 

!l{-r-<i)  Jq  7(1 

+  T—r — 7  /  F'(r.  r)it(z:<i)<h. 

A //(•»".  7)  7h 


C)f'(C  </)'/(,' (/m(»/) 


where 


E(.r.;:r/. ,•)  .  ‘/A  +  „(C -l)  t /■" KjjOT") 

V  7;  .7(0'/)  > 

/’('-)=  /  r 

./o  ./a 


|e(.r;//)|(/,r  <////(//}. 


Lemma  3.6.  For  any  given  r  >  0  arid  a  €  C'(r).  //(err  exist*  An  f  (0.  l/u)  .sue// 
//t«f.  /(>/•  «//  A  <  An.  the  mapping  T  is  a  contraction  on  C’(r/(  1  -  Ao«)). 


M  A  semigroup  formulation  of  a  nonlinear  population  model 

Proof.  For  any  r  €  //  from  the  definition  of  Te,  it.  is  not  difficult  to  see  that. 
(T (>)(■;  7)  €  A1  (0. 1 )  for  all  7  g  f^.  Moreover,  using  the  continuity  properties  of  the 
functions  *>,  A’.  //  and  7,  one  can  establish  that  To  6  //. 

Now  consider  two  elements  i>,  h  g  H.  We  assume  without  loss  of  generality 
that  P(e)  <  P(i>).  Then  we  have 


|(Tr)(.r:7)  -  (Tv)(.rui)\ 

•f'limx  (*/  ) 

<  ~^F(.rA);q.r)  I  j  ki'l-'I-  '/)  -  e(-:7)|dcd/n((/) 


—  A(.r 
;  7) 

4-.  — 

J _ C  j 

.71 

>;</) 

+ 

1 

rii,.,*  ( '/) 


4  7(r~/j  (/^-|,-():fA  r)  ~  A’(,r.!): 7.  r))  ^  f  h'(q.q.  z)\r{z:ii)\ ilz  ihn(q) 

< i  •• 

+  TT — T  /  !"('•  '/)l  (^(•'’,  ;:7-  '■)  “  A’(.r.  c:  7.  e))  dz. 

*!/(■>"  <l)  J,\ 


By  integrating  both  sides  we  obtain 

•*'lttnx  (*/) 


/  |  [Tr)(.r,  7)  (To)(.r.<i)\,l.r 

ii 

J'lllMX  (</)  ■I'lHMV  (</) 

“  /  f'l dc  d.r 


(I 

•1‘tllilX  (  f/  ) 


g  0 


+  I  —{E\.rAh<i'  V)  -  E(.rAkq.i>))  I  j  I\(q.  7.  c)|e(c:  t/)|  t/;  dw[q)  <lr 
h  [)  h 

■•'mini  (f/l 

+  ./  A^)i  \^limU.z:q.v)-E{r.£:q.i  ,  'z.Lr 


-I  I  +  /j  +  At- 

The  t.enn  /)  <‘aii  be  estimated  by 
r . *(>/)  r . ,((;) 


/  ,/(./"7)^^,',):7- '’)/  [  /t  <7- 7.  ;)|(n  -  i’)(z‘.q)\dz  ilm(q)  il.v 

u  ’  g  t> 

j’iih»k  (f/ ) 

s  *►  ‘  ***■  /  isbi  355b)  *  -  Ml1''  -  i>* 
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The  term  l  <  can  be  estimated  by 


mu  x  I  (l  I 


■I'miix  (  *1 } 


I  ~  E{:rJh(j,v))  /  j  K(ti,q.s)\v{zui)\ilzdm(ii)tlr 

()  ‘  Q  0 

r  mux  W) 

wkM-L 


—  OXp 


(_  r iH)(X\<i) 


■  i  m : 

. «)-«-r'5g"""))c:r 

J  limit'/) 

.  f  (  f'  <K  \  in){.r.<l) 

,1  *  '  ,/i  A (/«;(/) )  ;y(.r.</) 

0 

+  !*(»,(«,.(-  jf  /'.«•«))) 

The  first.  term  in  tin’  nln»ve  expression  is  equal  to  zero  (assumption  (Al)  implies 
i-» "."«(»/)  <5^  _  j  ()i,  the  other  hand,  we  have 

•'<»  v( s  =7)  ' 

m-  r  ':;gf .[‘iM,w"c)\ s  -■ 


for  some  const  alii  0.  As  a  result,  we  have 


■f'riinx  (-/) 


*»»-***  j  M- £ 

0 

J  ...«<('/) 

+  A'«ll»-i>ll*W)  J  •*'■(-/ J^)) 


I(i 


A  aetnigmup  formulation  of  a  nnnlmrar  population  model 


Moreover,  if  /i(1  €  C(Q,L~^((),  1)).  we  have 


l  jgsaM-l  m^)dx£  ii»ii<w'- 

The  term  /.)  ran  he  estimated  in  a  similar  manner  by 

J max  (7)  T 

/  A(y(!"  q)  ?)!(£(*,  *:  7.  ")  ~  E(.r,  z\q.v))  dz  dx 

0  *  0 

II I  II  H  (<■;)  J'lllltX  (>;) 

s  /l"(,;")l .1  fi jghi) 

0  z 

x  ^exj J  ~P{V)<K')  —  c’X|»(— y  —  P(v)d<^J^j  d.r <h. 


From  the  estimate  of  ,  we  have 


J'ttmx(ty) 


./  A(/(;r;  i 


oxpH 


*iiin  »(</) 


As  a  result,  we  have 

•f'lnnx  (<y) 

/.)  <  A||u-  h||(l  +0)||«||w  J  g|~|exp 

0 

<A||e-e||(l+0)||u||w||,/„||. 

Combining  these  estimates,  wc  find 

IITn  -  Tti||w  <  (MiA  +  Aa(l  +  BP[v)) ||/<o||  +  A(1  +  0)||u||«||/<o||)||<'  -  e||* 

=  A^Ato  +  ||/io||(A(l  +  0P(v))  +  (1  4-  0)IMIh)||i>  -  i’ll n- 

Tlius,  wc  conclude  that  on  every  bounded  subset  M  of  //  and  for  every 
u  €  H,  there  exists  A0  such  that  T  is  a  contraction  in  M  for  all  A  <  An.  Using 
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the  arguments  and  results  of  Lemma  3.!>,  wo  liave  that  if  u  G  C(r)  and  v  G 
C(r/(1  -  A„«)),  then 


il7V||« s  A"r-iv: + r  s 


r 

1  — 


for  all  A  <  A(|.  Therefore,  there  exists  a  Au,  such  that  for  all  A  <  An,  the  mapping 
T  is  a  contraction  on  C(r/(l  —  Ao«)).  □ 


Proof  of  Theorem  11.2.  Using  Lemma  3.(i,  there  exists  a  unique  fixed  point  u\  of 
T  in  H .  It  is  not  difficult  to  verify  that  <t\  G  T>(A)  and  ii\  is  a  solution  of  (a).  □ 


We  return  to  Theorem  3.1.  Combining  the  results  of  subsections  3.1,  3.2  and 
3.3,  we  find  that  the  operator  A  has  the  following  properties:  (i)  V(A)  is  dense 
in  H\  (ii)  A  -  A/  is  m-dissipative  for  all  A  >  ka-  Thus,  by  the  Lumer-Phillips 
theorem  (see  [9] ) .  A  is  the  infinitesimal  generator  of  a  Co-semigroup  of  bounded 
linear  operators  in  H  and  we  have  established  the  results  of  Theorem  3.1. 


4.  A  nonlinear  perturbation  of  the  model 

A  nonlinear  version  of  the  model  (1.1)  (1.2)  in  Section  1  is  given  by 

d,u(t,.r.q)  =  -<)J  {(l(.r;<i)u{t,.r;<i))  -  //(;r. q)n(t. .r;  q) 

-  titl(.r,q)P(u(t))u(t.x\q).  0  <  .r  <  x„mx(q), 

//(();  q)u(t,  0;  q)  =  f  j K (q.  q.  x)u[t,  ,r;  q)  (l.v  din(q).  t  >  0.  q  G  Q. 

Q  <> 

where  P[u(t))  =  JQ  n(t,x;q )  d.rihn(q). 

The  new  model  can  be  viewed  as  a  nonlinear  perturbation  of  the  linear  model 
in  the  form 

ju(t)  =  (A+F)n(t) 

where  the  operators  A  and  F  an1  defined  in  the  previous  section.  Let  p  be  the 
functional  defined  in  Section  3  and  the  set  C(r)  is  defined  as  before.  It  is  not 
difficult  to  see  that  the  nonlinear  operator  F  +  ://—*//  is  locally  Lipschiz 

continuous  in  the  sense  defined  in  [8]  and  the  linear  operator  A  -  hoi  generates  a 
Co-semigroup  of  contractions.  We  may  conclude  the  following. 

Theorem  4.1.  Their  exist s  a  continuous  nonlinear  semigroup  of  operators  {5(f). 
t  >  0}  on  H  satisfying 

(a)  S(t.)u  =  eMx  +  Ji|  FS(0«de. 

(b)  ||S(*)u||*  <  c“‘||«llw 

for  all  u  €  H.  Moreover,  A  +  F  is  the  infinitesimal  generator  of  the  semigroup 


(4.1) 

(4.2) 


IK 


A  m •migruup  form  illation  of  a  nonlinear  population  model 


Proof,  Using  t.lu'  results  in  Section  3  (more  precisely  Theorem  3.2),  we  may  appeal 
to  Theorems  1  and  2  of  [8]  with  the  convex  functional  /»(;/)  =  ||u||w.  □ 

5.  Concluding  remarks 

In  the  above  presentation,  wc  have  given  a  development,  of  a  linear  semigroup 
formulation  for  rate  distribution  heterogeneous  population  models.  This  presenta¬ 
tion  is  structured  so  that  extension  to  a  nonlinear  version  of  the  model  in  which 
the  mortality  rate  depends  on  the  total  population  is  readily  obtained.  This  is 
achieved  by  treating  the  nonlinear  model  as  a  perturbation  of  the  linear  model.  If 
we  include  a  nonlinearity  in  the  birth  process,  the  system  can  no  longer  be  viewed 
as  one  defined  by  the  perturbation  of  a  linear  operator  by  an  additive  locally  Lips- 
cliit.z  continuous  nonlinear  perturbation.  However,  it  may  still  be  possible  to  adapt 
the  ideas  of  (8|  to  obtain  a  nonlinear  semigroup.  This  would  require  one  to  consider 
the  two  sources  of  nonlinearity  separately.  These  and  other  related  ideas  are  the 
subject-  of  current  effort  s. 
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DAMAGE  DETECTION  AND  CHARACTERIZATION  IN  SMART 
MATERIAL  STRUCTURES 

II.  T.  BANKS  AND  Y.  WANC 

Ceuta'  lor  Research  in  Scientific  Computation 
North  Carolina  State  University 

Austhact.  We  present  theoretical,  computational  mid  experimental  (hidings  in  ini- 
tlnl  investigations  related  to  methods  for  detection  mid  geometric  characterization  of 
damage  in  piczorcrninic  bused  smart  material  structures.  The  feasibility  of  using  self- 
exitation/sclf-sensing  with  piezoeeramies  in  vibration  mmdestruetive  testing  is  demon- 
strnted  using  a  eomliinntioii  of  experimental  and  simulated  data  computational  tests. 

1901  Mathvmnticx  Uubjtvl  Clnmijunliou.  .'i.MtliO,  7.'ll).ri(),  73K05 

K<n  word*  and  p/imxex.  Inverse  problems,  distributed  parameter  systems,  smart  ma¬ 
terials,  damage  defection. 


1.  Introduction 

It  has  boon  known  for  some  time  that  damage  such  as  cracks,  corrosions,  and 
dclaminations  in  a  structure  produces  changes  in  mass,  stiffness,  damping  and 
other  characteristics  and  material  parameters  in  dynamic  response  models  for  the 
structure.  Our  focus  in  this  paper  is  the  development  of  vibration  response  ideas 
for  piezooornmic  based  smart,  material  structures  in  which  self-testing  nondestruc¬ 
tive  evaluation  (NDE)  techniques  may  be  employed.  There  are  several  ways  to 
formulate  and  analyze  eoneepts  and  questions  related  to  this  quest.  One  eould  use 
the  co-callcd  “method-of-maps"  as  done  in  the  thermal  based  tomography  torli- 
niques  of  [I3K1, 13K2.  BKW]  wherein  the  damaged  physical  domain  (tin1  damaged 
beam,  plate,  elastic  structure)  is  mapped  into  a  regular  domain  on  which  dynamic 
equations  with  damage  dependent  coefficients  must  hold,  An  nlternative  technique 
involves  direct,  estimation  of  the  irregular  damaged  domain  (i.c.,  structures  with 
holes,  cracks,  corrosions,  etc.)  on  which  the  usual  dynamic  equations  hold. 

Research  supported  in  part  by  the  Air  Force  Office  of  Scientific  Research  under  grants  AI’OSR 
F40G20-9U- 1-0198  and  AKOSR  F49020-9H-  1-02HU.  Part  of  this  research  was  carried  out  while  both 
authors  were  visiting  seleutists  at  the  Institute  for  Computer  Application  in  Science  and  Ktigl- 
nccring  (ICASF,),  NASA  hnugly  Research  Center,  which  is  supported  by  NASA  under  Contrurt 
Nos.  NAS1-18005  and  NASI- 19480. 
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iMrnnyv  drtrrt-ion  iti  smurf  maln  vd  structures 


The  approach  we  take  here  is,  strictly  speaking,  neither  of  the  above,  but 
it  is  more  in  the  spirit  of  the  latter  one;  we  attempt  to  estimate  damage-related 
changes  in  actual  physical  parameters  (stiffness,  damping)  based  on  changes  in 
physical  geometry  and  characteristics. 

Most  of  the  previous  efforts  in  the  substantial  literature  on  vibration  related 
damage  detection  are  based  on  modal  methods  (e.g.  [ABB,  AC,  ACPS.  CR.  IC. 
S]).  The  basis  for  such  methods  is  that  damage  produces  a  decrease  in  dynamic 
stiffness  El.  This  decrease  in  turn  produces  decreases  in  natural  frot|uencios  for  an 
undamped  simple  beam  (recall  the  eigenvalues  are  given  by  A  ~  \[El  jpA  where 
A  is  the  cross  sectional  area  of  the  beam  and  />  is  the  mass  < tensity ).  While  modal 
hnsed  methods  may  have  certain  advantages  (e.g.,  they  are  simple  if  they  do  work, 
they  can  lie  used  in  development  of  rank-ordering  of  fractional  eigonfrequctiev  shift 
schemes  that  are  reportedly  insensitive  to  the  magnitude  of  the  damuge[ABB|). 
modal  based  methods  possess  a  number  of  major  disadvantages.  First  of  all.  some 
of  the  modal  based  method  investigations  (e.g.  [CR])  provide  a  strong  argument 
for  including  geometry  of  the  damage  in  any  NDE  testing  scheme,  something 
which  is  not  easily  done  in  frequency  based  methods.  Indeed,  mode  and  frequency 
elmraterizations  are  not  so  simple  in  variable  structure  systems:  there  is  ample 
evidence  (e.g.  see  [S] )  that  one  should  not  use  modal  met  hods  based  on  uniform 
undamped  simple  beams  or  plates  as  is  often  done  in  the  engineering  literature  in 
addressing  damage  assessment,  inethodologh's.  Sin  e  material  parameters  are  most 
properly  considered  as  spatially  dependent,  quantities  with  damage  manifested  by 
changes  in  geometry  (and  hence  in  the  spatial  dependence  of  these  parameters),  it 
is  unlikely  that  any  rigorous  theoretical  basis  for  modal  bast'd  methods  for  variable 
material  structures  will  emerge.  But  perhaps  the  most  serious  objection  to  modal 
bused  methods  resides  in  the  fact,  that  modal  based  methods  have  been  shown  to 
be  highly  unreliable  (indeed  inadequate!  -  see  [BI]  and  the  references  therein)  for 
estimation  of  variable  material  parameters  such  as  damping  in  composite  material 
structures. 

In  light  of  the  above  comments,  a  question  of  rather  great  interest,  then  is; 
can  one  develop  analytically  sound,  non-modnl  based  self-exeitntion/sclf-sonsing 
methods  for  detection  an«l  characterization  (geomet  rical  and  quantitative)  of  dam¬ 
age  in  smart  material  structures?  Here  we  address  this  question  in  the  context  of 
embedded  piozoeerumie  structures. 

For  an  embedded  piezocernmics  smart  material  damage  detection  and  char¬ 
acterization  methodology,  there  are  several  distinct  requirements.  These  include: 

(a)  One  must,  be  able  to  estimate  reliably  (repeatable  across  experiments)  the 
variable,  structure  material  parameters  of  a  piozoeerumie  loaded  structure. 
This  must,  be  done  using  piezo  actuation  and  sensing  witlr  accuracy  com¬ 
parable  to  that  achievable  with  standard  actuating  (impulse  hammers, 
Nolenoidul  actuators)  and  sensing  (accelerometers,  strain  gauges,  laser  vi- 
brometers)  devices  in  non-smart  material  testing  schemes. 

(b)  One  must  be  able  to  use  the  actuation  and  sensing  properties  of  the  piezo- 
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ceramics  to  excite  the  xtructuiT  and  analyze  the  n-.njitnise  (in  a. single  exper¬ 
iment  )  lor  a  reliable  methodology  that  is  the  basis  of  self-excitation /self- 
sensing. 

(e)  One  must.  In?  able  to  detect  and  characterize  damaye  via  vibration  self- 
excitation/  self-snininy  that  relies  only  on  the  input /output,  signals  for 
the  piezoceramicH. 

In  this  paper  wo  address  each  of  these  requirements  in  the  context  of  a  piozo- 
eeramir  loaded  beam.  This  particular  structure  is  sufficiently  representative  to 
make  a  compelling  case  for  feasibility  of  the  ideas  we  propose.  In  Section  2  below, 
we  summarize  n  rigorous  theoretical  well- postal  ness  and  approximation  founda¬ 
tion  for  the  distributed  parameter  identification  methodology  that  is  the  focus  of 
our  recent  efforts.  This  is  followed  by  Section  if  in  which  we  detail  results  from 
experiments  and  computations  that  provide  a  favorable  comparison  for  piezo  ac¬ 
tuating/sensing  with  standard  methods  (requirement  (a)  above).  We  then  present 
experimentul/compututiunal  findings  on  self-excitation /self-sensing  capabilities  of 
piezoceramic  loaded  beams.  These  findings  suggest  that  requirement  (b)  above  can 
indeed  be  satisfied. 

Finally,  in  Section  4  we  olfer  preliminary  simulation  findings  on  the  use  of 
vibration  experiments  to  detect  and  characterize  (geometrically)  the  extent  of 
several  types  of  damage  in  a  beam  using  piezo  actuation  and  sensing.  Experimental 
verification  of  these  positive  findings  with  regard  to  requirement  (c)  is  currently 
underway. 

2.  Distributed  parameter  identification  methodology 

The  system  we  consider  here  is  a  cantilevered  beam  with  piezoelectric  ceramic 
patches  for  actuation  and  sensing.  Our  choice  of  structure  is  motivated  by  its 
simplicity  and  its  representative  nature.  This  configuration  has  also  been  well 
studied  by  conventional  approaches  such  as  finite  element  methods  and  provides 
a  standard  test  bed  model  for  comparison.  The  structure  and  model  reveal  the 
diflieiilties  and  possibilities  inherent  in  developing  models  and  methods  for  more 
complex  structures  containing  damages. 

We  consider  a  cantilevered  Kwler-Bernnulli  beam  of  length  /  lixed  at  .r  —  I) 
and  free  at  x  —  t',  The  transverse  vibrations  //  =  //(f..r)  are  described  by  t In ■ 
system 


+Y^(b.r)  +  ~r(t’  ’)  -  /(b  e).  0  <  .»•  <  f.  t  >  0. 

W(U»)  =  (>)  =  (>.  M(U)=  =  0. 

<)x  i)x 


where  p(.r)  is  the  linear  mass  density,  ■>  is  the  eoellicient  of  viscous  (air)  damping. 
A/(f,.r)  is  the  internal  moment  and  f{t,x )  represents  the  external  loads.  For  a 
simple  Euler-Bernoiilli  beam  with  Kelvin- Voigt  or  strain  rate  damping,  the  internal 
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moment,  is  composed  of  two  components  representing  resistance  to  bending  (with 
coefficient  EI(.r))  and  damping  (with  coefficient.  c»/(.r)): 


(2.2) 


M(t,x)  =  i?/(.r)0(*,.r)  +  c„/(.r)^(/..r; 


If  piezoelectric  elements  are  bonded  to  the  beam  in  a  configuration  to  produce 
(or  sense)  only  bending,  we  have  an  actuator  contribution  A/;,(/,.c)  in  the  form 
of  an  input  moment  (or  voltage  output  proportional  to  the  accumulated  strain  in 
the  element).  For  a  pair  of  piezoelectric  actuators  located  between  r\  and  . r j  on 
opposite  sides  of  the  beam  excited  by  a  voltage  «(/)  in  an  out-of-phase  manner 
(see  [BSW.  C'A,  OFW,  DFR,  FC]),  this  moment  term  has  the  representation 


(2,;i)  M„(t.r)  =  Ki,{HU  -  .ri)  -  //{.r  -  .>-2)}  "(0 

where  H[.r)  is  the  Heaviside  or  unit  step  function  and  A’/i  is  a  piezoelect  ric  material 
parameter  depending  on  the  material  piezoelectric  properties  as  well  as  geometry. 
When  the  moment  in  (2. 11)  is  added  to  that  of  (2.2)  and  substituted  into  (2.1).  we 
obtain  the  model 


& *11  ,J>U  , 


if 

Or* 


r.  ,  <f  !l  ,  , 

uw*  "tr' — 


i).fi)t  ) 


(2,4) 


mKtt  [^(r 


•»'j)  -  -. -/•(.!•  -  .C|) 
<!.r 


«(/)  +  /(/..!■) 


n(t.  0)  =  ~(U))=0. 


A/(M)  =  ~  (M)  =0 


where  f>  is  the  Dirac  delta  function.  This  is  formally  equivalent  to  the  equation  in 
weak  or  variational  form  (we  replace  partial  derivatives  in  time  by  subscript  t  and 
space  by  superscript  ') 


(,>!/„ +l!l,<<i>)  + (Eh,"  +  r„lu?  +  l<„ (//,  - 

1/(t.  »)  =  f/U  »)  =  (). 


for  sufficiently  smooth  functions  rj>  satisfying  0(0)  =  </•'((!)  =  0.  Heri'  II,  is  the 
shifted  Heaviside  function  //,(./•)  =  /■/(.»•  —  .r,).  i  —  1.2  and  (•■■)  is  the  usual  !.■> 
inner  product. 

For  the  same  configuration,  when  the  beam  is  under  deformation  (bending), 
the  generated  charges  in  terms  of  voltage  across  the  piezoelectric  sensors  has  the 
expression  (see  [Did]) 


ify 

ihf 


it,  r)(lx  =  A’„ 


where  /v*  is  a  sensor  constant  which  is  also  a  piezoelect  ric  material  properties  and 
geometry  related  quantity. 
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Tin*  system  (2.4)  is  a  formal  representation  of  the-  dynamics  of  a  (lamped 
beam  with  piezoelectric  actuators.  To  develop  computational  techniques  (e.g,,  fi¬ 
nite  elements)  based  on  rigorous  convergence  arguments,  it  is  necessary  to  first 
have  a  precise  formulation  of  this  system. 

We  start,  with  an  abstract  formulation.  Let  V  and  //  be  complex  Hilbert 
spaces  satisfying  V  ■—>//  =  //*  V"  (six*  [W]  for  the  construction  of  this  CJelfand 
triple),  where  we  denote  their  topological  duals  by  V *  and  H' .  respectively.  Let. 
Q  be  the  admissible  parameter  set  .  The  general  second  order  system  we  consider 
here  is  given  by 


(2(i)  {f/)(//(^)>  </’)-l-^(<v)(;>(^).  V’)  =  </(A).  V’)  v-  ,v'  for  i/>  e  V. 

//(<>)  =  ;/n.  //(d)  ~  in  • 

Here  we  use  (•.•)\,,.\'  to  denote  the  usual  |W]  duality  product.  The  term  n\ (7) 
and  fTj((/)  are  parainet.(>r  dependt'nt.  sesquilinear  forms  on  V  satisfying  V-ellipticity 
and  V -continuity  conditions.  That  is.  we  assume  that  <7|(r/)  and  <ra(f/)  satisfy 

(2.7)  Re (T,{<i){<t>.(i>)  >  A-, |0|‘f- , 

(2.8)  t/’)l  <  <'i\<l>\v  •  i  =  L‘2 

for  ki.f'i  >  d,  (/»,  i/>  G  V.  Under  weak  assumptions  on  /.  the  system  (2.(1)  lias  a 
unique  solution. 

Theorem  2.1.  If  the  sesquilinear  forms  and  rtj  satisfy  conditions  (2.7)  and 

(2.8)  with  (t  1  symmetric  and  f  €  Lj((0, 7'),  V").  then,  for  each  «’a  =  (;/n.;/i)  € 
H  —  V  xH.  the  initial  mint  problem  (2.(5)  has  a  unique  solution  ie(t )  —  (//(/), ;/(/)) 
€  Lj((d.  T),  V  x  V).  Moreover,  this  solution  depends  continuously  on  f  and  w a 
in  the  sense  that  the  mappinq  ( Wu.  /}  —  m  =  (1/.  q)  is  continuous  from  H  x 
/,*(((). T).  V*)  to  Lj((d.  T).  V/ x  V). 

For  a  det  ailed  proof  of  this  theorem  set1  [BIW]. 

Ret  urning  to  our  beam  problem,  we  define  the  sesquilinear  forms  by 

(2.9)  n\ (</)(//.  <!>)  =  (/-’/  //".  </>") 

(2.10)  <1,i(<l){ih  <!>)  ~  (e/>/  //".  +  (7//.  </>)/., 

with  the  spaces  defined  by  U  =  /  )  =  {</>  €  Wa(t),f)  |  0(0)  =  <,’/(())  —  0}  and 

H  =  Li((),  (')  with  weighted  inner  product  (•,  •)//  =  (/*■,  ■)/,„.  We  assume  throughout, 
that.  />  €  L-^(l),  f)  with  p(.r)  >  o  for  some  o  >  0.  The'  term  /(/)  =  /(/,.»•)  is  given 
by 

(2.11)  /(*.*)  = 

^ Ku[H"(x  -  X2)  -  H" (,r  -  j’i))u(f.)  +  0  <  a-,  <  f. 
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where  /(/.■)  belongs  to  the  dual  space  (see  [W])  V*  =  { (we  assume 

that  /(/,)  £  V*  which  is  a  weak  assumption  on  /).  If  both  |£7(-)|/.x  >  o  and 
jr„/(.)|,„  2:  f°r  «m»m-  >  0,  then  <T|  and  are  V-elliptic  and  continuous 

with  rr i  synnnetric;  hence  by  Theorem  2.1  our  beam  equation  is  well  posed  for 
/(/.x)  given  by  (2.11). 

The  parameter  estimation  problems  can  be  stated  in  terms  of  finding  param¬ 
eters  winch  give  the  best  fit  of  tin?  parameter  dependent  solutions  of  the  partial 
differential  equations  to  the  observation  data  for  response  of  the  system  to  vari¬ 
ous  excitations.  In  our  case,  the  parameters  to  be  estimated  include  beam  mass 
density  p(.r),  stiffness  coefficient  EI(.v)  as  well  as  damping  parameters  r/;/(.r). 
-y  and  piezoelectric  material  parameters  A'/j,  A'.,.  Let  the  collection  of  unknown 
parameters  be  denoted  by  q  —  {/>(■>'),  EI(.r ),  e/> /(.»•).*>• ,  A’/j.  A',).  For  given  observa¬ 
tions  {t,}  corresponding  to  measurements  at  times/,  us  obtained  in  most  practical 
cases,  we  consider  the  least  squares  estimation  problem  of  minimizing  over  q  £  Q 
the  least  squares  functional 

(2.12)  •/(?/.  c:rj)  -  |<%(Oi (//(A- •;</)}  -  {-.})!'• 

where  {//(//. ■; q)}  are  the  parameter  dependent  weak  solutions  of  (2.-1)  or  (2.(i) 
evaluated  at  each  time  /,,  i  =  1,2,  •  ••  ,  N  and  |  •  |  is  an  appropriately  chosen 
Euclidian  norm.  The  set  Q  is  some  admissible  parameter  set.  The  operator  C| 
may  have  several  forms  depending  on  the  type  of  sensors  being  used.  When  the 
collected  data  are  displacement,  velocity,  or  acceleration  at  a  point  r  on  the  beaut, 
we  minimize 

<v  j 

(2.13)  •/,(«)  =  £  • 

»  -  1 

for  v  =  0.  1.2,  respectively.  In  this  case  the  operator  involves  differentiation 
(either  v  =  0. 1  or  2  times,  respectively)  with  respect  to  t  ime  followed  by  pointwisc 
evaluation  in  t  and  When  a  piezoelectric  sensor  is  used,  the  functional  to  be 
minimized  is 

N  /  ,  \  t\  \  j'J 

(2.14)  J,,{q)  =  ~  |  - 

for  the  piezoelectric  elements  being  located  on  the  beam  between  .rq  and  ,r-j .  Here 
{;, }  are  the  measured  voltages  across  the  piezoelectric  elements. 

The  operator  C 2  may  bo  the  identity  (corresponding  to  time  domain  identifi¬ 
cation  procedures  us  in  (2.13)  and  (2,14))  or  the  Fourier  transform  (corresponding 
to  identification  in  the  frequency  domain).  If  tin’  identification  is  carried  out  in 
the  frequency  domain  and  the  operator  C-j  is  a  Fourier  transform  operator,  the 


II,  T.  Hanks  mill  Y.  WmiK 


27 


corresponding  cost,  fmic  tioiml  is  given  by 


-v.m  ,  2  ,v,  \ 

(2.15)  ./(,,)=£  I*.  I  ft;  ('l)-hl  |  +'2'£\\\U(k»  +r.<,)\\~\\Z(kf  +j)||n. 

f  t  '  ./=  -  11/  ^ 


wIhtc  U{k\<i)  mul  /f(A')  nrc  tin'  Fourier  series  coefficients  of  C| and 
{c, }  respectively,  f^u  mul  i\->  art'  the  {k1/)'1’  vibration  frequency  of  the  solution 
U(k\ii)  and  the  (kf)'1'  frequency  of  the  observation  data  |.  <i  an*  weighting 

constants,  and  nr,  Nf  are  certain  lower  and  upper  limits  associated  with  the  width 
(or  the  support)  of  the  P,h  spikes.  In  obtaining  (2.15),  wo  have  assumed  that  there 
are  a  finite  and  distinct  number  N\i  (<  N)  of  "spikes",  i.e.  vibration  frequencies, 
among  the  Z(k)  and  the  number  of  spikes  of  the  solution  U(k:<i)  is  the  same  as 
/Y/o .  We  refer  to  [RW]  for  a  detailed  derivation  and  discussion  of  the  cost  functional 
(2.15). 

The  minimization  in  our  parameter  estimation  problems  involves  an  infinite 
dimensional  sl  ate  space  and  an  infinite'  dimensional  admissible'  parameter  sot  (of 
functions).  We  thus  conside'r  Galerkin  type  approximate  ms  in  the  context  of  the 
variational  formulatiem  of  (2.0).  Let  be  a  sequence  of  finite  dimensional  sub- 
spaces  erf  II,  and  QA/  bo  a  sequence  of  finite  dimensional  sets  approximating  the 
parameter  set  Q.  We  define  the  orthogonal  projections  /’v  :  II  —  of  II  onto 
Hn .  Then  a  family  of  approximating  estimation  problems  with  finite  dimensiemal 
state  spae-es  and  parameter  sets  can  be  formulated  by  se'eking  i/  <£  QSI  which 
minimizes 


(2.10) 


o-  r,(;/‘v(b.  •:./)} 


-i,i) 


where  (/:</)  G  HN  is  the  solution  to  the  finite'  dimensional  approximation  of 
(2.0)  given  by 


<.7,V(0'  +  'ti('/)(.»/A  (*)■ '/’)  +  rra(f/)(i>'N  (/),  </•)  -  (/(O-t')t  *.t 

;/'V(il)  -  /'-V  //,v(»)  -  Pxui. 


for  i;>  a  II N . 

For  the  pnriuneter  sets  Q  and  Q*1 ,  and  state  spaces  //'v.  we  make  the  fol¬ 
lowing  hypotheses: 

(HI)  The  sets  Q  and  QA/  lit'  in  a  metric  space  Q  with  metric  rl  with  Q.  Qsl 
compact  in  this  metric  and  there  is  a  mapping  /A/  :  Q  —  Q A*  so  that 
qM  _  Furthermore,  for  each  q  e  (},  tA,(r/)  —  q  in  with  the 

convergence  uniform  in  q  €  Q\ 


/>.  •nnyr  drltctioii  in  nintni  nnilrnnl  .struchiri.s 


(H2)  Tin-  finite  dimensional  subspaces  //'  satisfy  IIs  c  V  ns  well  as  the 
approximation  properties:  For  each  v  t  V’.  |i,"  —  />,vi,ir  —  I)  ns  S  — 

TO. 


In  addition  to  (uniforin  i>:  Q)  ellipticity  and  continuity  conditions  (2.7)  and 
(2.8).  tli<’  sesqiiiliiienr  forms  tr ( { )  and  ( c/ )  are  assumed  to  he  defined  on  Q  and 
satisfy  the  contiimitv-with-rospcct-to-pnrnmctor  eondit  ions 

(2.18)  I  ff,(f/)(0.  ir)  -  a ,(</)(<;>.  t")  I  <  d(q.ij)  |o|\-  /  =  1.2. 

for  o,  il’  €  l'  and  q,< y  €  Q  where  the  constants  ”>|.  -)•„>  depend  only  on 

Solving  the  approximate  estimation  problems  involving  (2. l(i)  and  (2.17).  we 
obtain  a  sequence  of  estimates  {r/‘Ak,A/ }.  To  obtain  parameter  estimate  convergence 
and  continuous  dependence  (with  respect,  to  the  observations  {;,■})  results,  it  has 
been  shown  in  [B|.  |BK3]  and  [BWI]  that  it  is  sulliccs.  under  the  assumption  that 
Q  is  a  compact  set.  to  argue  that  for  arbitrary  )  6  (,)  with  r/,v  ■u  — •  (/  €  Q. 

we  have 

(2.10)  ('V’i.v'V(/:</V  A')  -  Ci(\!,(l:,,) 

for  each  t. 

The  following  theorem  and  corollary  establish  the  convergence  (2.10)  for  all 
forms  of  f|.  C’j  that  are  of  interest  to  us  here. 

Theorem  2.2.  Suppose  that  Q.  Q*1  satisfi /  (III)  ami  IIs  satisfies  (11:1).  Assume 
Hint  the  sesquilineur  forms  rr t ( </ )  uni/  rr 2(</)  satisfy  (2.7).  (2.8).  (2.18).  Further¬ 
more,  assume  that 

'!  —  is  continuous  from  Q  to  /,2(d). 7).  \”). 

Let  <j N 1 ' 1  hi •  arliitrary  in  Q  such  that  q — >  q  in  Q;  then  for  I  >  0  as  A'.  M  ■—  x 
we  have 

j)r  ,..V  -y 

— Bw/'N  A/)  — *  —■-(/://)  in  V-n»rm  for  u  —  l).  1.2. 

<>t  iJt1 

where  yN .  ;/  %  an  the  solutions  to  (2.17)  and  y.  t)  are  the  solutions  to  (2.(>). 
Furthermore  we  have 


Corollary  2.3.  I' mice  the  assumptions  of  Theorem  2.2.  we  have  as  ,\r..\l 


in  II 1  -norm,  for  t  >  0. 


E  |  WN  (k\'X +j'<  </‘VJW  )||  -  \\F[k(+j\ <i 


luhnr  UN[k\  ^y'V•A,)  arid  U[k\q)  are  flu  Fourier  coefficients  for  {t\qN  sl )) 

and  C[{y(t;  //)},  respectively. 
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The  corollary  follows  from  Theorem  2.2.  Fur  a  detailed  proof  when  ('i  is  the1  Fourier 
transform  see  [BWI],  For  I  hr  proof  of  Theorem  2.2,  ivr  refer  t  he  reader  to  [I3\VIS| 
for  tin'  eases  u  —  0.  1  and  [BH]  for  the  ease  //  =  2. 

We  have  outlined  a  framework  for  methods  to  carry  out  parameter  identifica¬ 
tion  for  distributed  parameter  systems  in  both  the  time  domain  and  the  frequency 
domain.  The  motivation  for  introducing  a  frequency  domain  technique  is  that  the 
time  domain  techniques  give  poor  results  when  the  ol>ser\ ntions  contain  several 
vibration  modes  and  the  initial  guesses  for  parameters  are  not  close  to  the  optimal 
ones  ( [WA]).  In  such  a  situation  we  use  a  hybrid  of  these  two  methods:  we  iterate  in 
a  frequency  domain  formulation  to  obtain  a  reasonable  initial  parameter  estimate 
for  the  time  domain  formulation  which  is  then  used  to  complete  the  identification 
procedure. 

In  Theorem  2.2.  we  presented  convergence  results  allowing  approximation 
of  the  parameter  set,  This  form  of  the  theoretical  foundation  provides  a  sound 
necessary  basis  for  the  detection  and  quant  ideation  of  damage  in  structures  since 
damage  affects  the  dvuamic  behavior  of  systems  in  terms  of  changes  in  the  system 
parameters  such  as  p  and  /. 

In  concluding  this  section  we  make  further  comments  related  to  the  various 
allowable  forms  of  the  operator  CV  The  flexibility  in  the  choice  of  C|  and  hence 
flexibility  in  the  choice  of  sensors  in  the  above  theoretical  framework  makes  it 
possible  to  carry  out  cross  experiments  to  test,  the  reliab’lity  of  our  methods.  Even 
more  important,  this  flexibility  in  our  method  enables  ns  to  use  smart  materials  to 
carry  out  damage  detection  by  employing  only  piezoelectric  materials  in  actuating 
and  sensing  for  the  structure. 

3.  Quantitative  and  Experimental  Results 

In  implementing  t hi'  computational  method  outlined  in  Section  2.  we  chose 
cubic  splines  as  the  basis  elements.  The  Unite  dimensional  space  //*  is  delined  as 
the  span  of  the  basis  set  for  0. !)  (the  cubic  13-splines  corresponding  to  mesh 
size  t  j N  -  see  (I’])  with  the  basis  set  modified  to  satisfy  the  essential  boundary 
conditions  (Mb)  =  (/>'(())  —  0.  The  finite  dimensional  space  H,y  constructed  in  this 
manner  satisfies  hypothesis  (112)  (for  details  see  [BWIS]).  The  dimension  of  the 
resulting  approximation  space  is  ;V  +  1.  For  our  calculations  we  chose  A’  =  10. 
since  the  eigenvalues  of  this  approximate  finite  dimensional  system  become  stable 
at  and  after  A"  =  10  in  the  sense  that  the  eigenvalues  did  not  change  significantly 
as  N  increases  beyond  It). 
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Unit 

ht 

n'b 

h, 

>'r 

"V 

h 

Metric 

45.73cm 

2.03cm 

0.1  Gem 

G.37  nn 

2.03  cm 

0.02.r)4cm 

English 

0.87' 

.0025"  “ 

2.5" 

0.8" 

(uTF 

Taiu.k  3.1.  Dime-usion  of  the  bourn  and  pie-zoceTamie-  patch. 


Unit 

E,. 

l>b 

Metric 

7.3  x  lt)1* N/rni2 

2.7GG  q/nii' 

G.3  x  1  irN/cm* 

7.G<y/e,m'i 

English 

10. G  x  1  if/mi 

0.1  "fbjin*  " 

0.1 18  x  nf'pni 

0.27.r)/7)/mT' 

Taih.K  3,2.  C’linmct.oristios  of  the  bourn  and  piozooomuiio  patch. 


In  the  limucricnl  example's  wo  present  next,,  im  unelmuage'il  bourn  with  two 
attached  piozoeormnio  patches  (PZT)  us  shown  in  Figure-  3.1  was  used  as  u  tost 
structure  to  demonstrate  the  consistency  of  identification  results  for  our  computa¬ 
tional  method  across  different  excitation  and  sensing  mechanisms.  To  accurately 
model  the  geomet  ry  of  the  structure,  we  assumed  that  the  mass  density,  stiffness 
and  Kelvin- Voigt  damping  coefficient  s  are  piecewise  constant  functions  as  depicted 
in  Figure  3.2.  These  assumptions  were  subsequently  verified  to  be  most  reason¬ 
able,  For  the  choice  of  parameters  q  =  (p(.r),  EI(x),rpI(x),y>  /v».  A’,),  we  take 
the  parameter  spaa'  Q  to  be  [/.^(O. f')]M  x  1R:\  mid  the  parameter  set.  Q  t.o  be  a 
uniformly  bounded  collection  of  piecewise  constant  functions  each  having  jump 
discontinuities  at  most  at  r  1  and  .Vi .  If  we  choose  the  mapping  is>  as  the  identity, 
then  hypothesis  (Hi)  is  satisfied. 

Experiments  with  a  test  beam  as  depicted  in  Figure  3.1  were  carries  1  out 
at  the  Mechanical  Systems  Laboratory,  them  locate’el  at  the'  State  University  of 
N('w  York  at  Buffalo  (now  at  Virginia  Polytechnic  Institute  and  State*  Univer¬ 
sity).  The  nu'asurc'd  dimensions  of  the  aetual  structure  are  give-n  in  Table  3.1  and 
the  handbook  value’s  for  the  physical  eharaete*ristics  of  this  aluminum  (2021-T1) 
beam/piezo  (CJ-1 1 5)5  PZT  ceramic)  structure'  are-  given  in  Table-  3.2.  In  the1  table's 
the'  subscripts  indicate  the*  materials:  h  for  beam  anil  />  lor  pie/ticcramic.  t  is 
length,  ir  is  widt.li,  1  is  thickness,  E  is  the  Young's  moelulus.  and  />  is  the  mass 
elemsit.y.  The>  patches  we’re*  biaieli-d  to  the-  beam  on  the  opposite-  side's  of  the  beam 
at  the  same’  position. 

The*  be'um  was  elniupi'el  at.  ./■  —  0.  The'  pie*zoccrumi<-  pate-lie's  were'  plae-e'd 
betwe-em  :/:  1  =  2..r)4cm  and  x-t  =  8.80 cm  (or  1"  and  3..ri"  respe'ct.ive'ly)  ein  the* 
be-am.  The-  time  response  data  and  input  signal  from  the  experimental  be'am  were 
obtained  using  a  Tektronix  Analyze'!-  (mealed  2(i()0).  Fen-  more’  de*tnile*el  de’se  riptions 
of  the  experimental  setup  and  the  parame'te'r  ieleutificatiem  preie-eelure,  sem  [BWIS]. 

In  examining  the  ability  of  our  method  to  estimate  parameters  reliably,  inde- 
peneleiit  of  the  type  of  excitation  or  sensing  eleviec  used,  two  separate  experiments 
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wore  performed.  In  the  first  experiment  nil  impulse  hammer  was  used  ns  the  input 
device  and  piezoceramic  patches  were  used  ns  a  sensor.  In  the  second  experiment, 
the  excitation  was  obtained  via  an  input  voltage  to  the  patches  and  observation 
data  was  recorded  from  an  accelerometer.  At.  a  sampling  frequency  of  25(1  Hz  for 
10  seconds,  two  modes  (at  0.625  Hz  and  38.375  Hz)  were  observed  in  the  response 
in  each  experiment. 

The  results  (graphs  comparing  the  model  response  after  ID  of  parameters 
with  the  experimental  data)  for  the  first  identification  experiment  are  given  in 
Figure  3.3. 

In  this  example,  the  beam  was  excited  by  an  impulse  force  applied  (via  the 
impulse  hammer)  to  the  beam  along  the  neutral  axis  at.  2.54rm(l")  away  from  the 
clumped  end.  Then  the  forcing  function  in  (2.11)  becomes  (since  u  =  (1) 

f(t..r)  =  f(t..r) 

with  /  given  by  the  impulse.  The  recorded  signal  exhibited  a  triangular  shape. 
The  voltages  across  the  patches  due  to  the  beam  vibrations  were  collected  as 
observation  data. 

In  the  second  experiment,  a  narrow  triangular  shaped  voltages  (approximat¬ 
ing  an  impulse)  was  applied  to  the  patches  to  excite  the  beam.  The  piozocernmic 
patches  were  excited  out-of- phase  so  as  to  produce  pure  bending  moments.  Hence 
the  input,  function  is 

An  accelerometer  weighing  0.5  gram,  located  at  j  =  2.14r/n((),H44")  was  used  as 
the  sensor.  The  parameter  identification  results  are  shown  in  Figure  3.4  where  tin- 
data  time  history  is  compared  to  the  model  response  corresponding  to  the  best-fit. 
parameters. 

A  summary  of  the  estimated  parameters  is  given  in  Table'  3.3.  where  the  units 
arc  for  £7  in  Ar  •  ///  ,  /j  in  ky/ni.  cpl  in  »  ■  N  •  in a,  *)  in  *•  •  N/ni 2.  A",  in  r.  and 
A’/j  in  N  ■  in/r.  The  measured  and  handbook  quantities  are  listed  in  the  table  as 
"given"  values:  these  were  calculated  according  to  the  following  equations 


p(. 0  —  -t-  Zfint f>'ii'n\ /j(*r 


(3.1) 

(3.2) 

where  \t,  is  a  characteristic  function  given  by 
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(3.3) 


■r  i  <  -r  <  .v2 

otherwise. 


We  next  sought  to  demonstrate  the  capability  of  piezoelectric  materials  in 
smart  structures  (specifically  in  the  area  of  self-evaluation  of  structures),  We  de¬ 
signed  and  performed  an  experiment  on  the  same  beam  in  which  the  piezocorumie 


linear  amplitude  accumulated  strain  (volt) 


II.  T.  Hunk*  inn)  Y.  Wring 


Response  ol  u  hcnm/IVT  structure  to  u  hummer  hit 


time  (sect 


(a):  Turn*  history  in  [3,  :$.!>]  seconds. 
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h/ 

(h):  Frequency  content. 

Figukk  ID  result  tor  Experiment  1  (actuator  impulse  ham¬ 
mer,  sensor  PZT). 
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FUiUHK  3.4.  ID  result  for  Experiment  2  (tvetuntor  PZT;  sensor  ueeelorometer). 
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FKSPKK  3.5.  Circuit,  for  the  experiment  using  PZT  us  actuator/ sensor. 

put  cl  it's  were  used  us  actuator  und  sensor  in  self-identification  of  muteriul  puruiue- 
ters,  In  this  third  experiment,  the  structure  was  excited  by  un  input,  of  sinusoidal 
voltage,  out-of-phnse.  to  the  PZT  patches  for  a  time  period  of  [0,  to)  und  was  left 
to  free  vibrate  for  /  >  t o.  The  circuit,  setup  for  this  experiment  is  depicted  in 
Figure  3.5, 

The  ueeninuluted  strain  in  form  of  a  voltage  across  the  patches  was  recorded 
for  approximately  14  seconds.  The  sample  rate  was  25(>  Hz  and  the  excitation 
frequency  was  38.25  Hz:  this  is  approximately  the  second  vibration  mode  of  the 
composite  structure  (beam  with  bonded  patches).  The  estimated  parameters  are 
reported  in 'Table1  3.-1  in  which  the  unit  s  are  t  he  same  as  those  given  for  Table  3.3. 
Comparison  of  the  model  response  (after  parameter  ID)  to  the  experiment  al  data 
is  shown  in  Figure  3.(i. 

It  can  be  observed  that  identification  results  for  p(.r),.r i  <  r  <  .i^,  in  all 
three  examples  yield  values  that  are  .substantially  larger  than  the  given  one.  One 
explanation  for  this  is  that,  equation  (3.1)  is  simply  a  superposition  of  linear  mass 
densities  of  the  beam  and  the  patches  which  ignores  t  he  mass  of  the  bonding  glia' 
and  the  conducting  copper  foil. 
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1 

— 

Exp,  1 
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TABI.R  3.3.  Given  ant 
perhnonts  1  and  2. 
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estimated  structural  parameters  for  Ex- 


In  all  our  parameter  estimation  procedures,  we  adopted  a  so-called  hybrid 
method  (mentioned  previously)  ,  wherein  we  started  with  the  cost  function  (2. 113) 
(the  cost  function  corresponding  to  frequency  domain  data)  and  then  switched 
to  (2.13)  or  (2.14)  (time  domain  data).  Our  experience  on  these  and  numerous 
other  inverse  problems  reveal  that  parameter  identification  in  time  domain  is  more 
sensitive  and  accurate  if  the  initial  guesses  of  parameters  are  close  to  the  optimal 
ones.  On  the  other  hand,  parameter  identification  in  the  frequency  domain  will 
yield  quick  and  rough  estimates  with  the  resulting  parameters  in  a  neighborhood 
of  the  optimal  values. 

From  the  above  reported  results,  we  can  conclude  that  the  methodology  out¬ 
lined  in  the  previous  section  yields  theoretical,  computational  and  experimental 
findings  that  are  consistent.  Moreover,  it  is  feasible  to  use  smart  materials  in  non¬ 
destructive  self-evaluation  schemes  such  as  presented  in  the  next  section. 
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4.  Detection  and  Characterization  of  Damage 


Ill  our  preliminary  investigation  of  damage  detect  ion  capabilities  we  have 
carried  out  simulation  studies.  The  structure  used  in  the  simulation  lias  the  same 
dimensions  and  physical  characteristics  as  the  beam  in  Section  3.  The  difference  is 
that,  the  beam  is  assumed  damaged  by  a  hole.  Since  the  beam  model  is  based  on 
Eulor-Bomoulli  theory,  we  assume  that  the  center  of  the  hole  coincides  with  the 
neutral  axis  of  the  beam.  Furthermore,  wo  assume  that  the  hole  is  either  a  circle 
centered  at  .r,/  with  dimension  r  or  a  rectangle'  centered  at.  ./•,/  with  dimension  of 
2 r  x  ir, i.  With  these  assumptions,  the  functions  p(.r)  and  El{.r)  can  lie  expressed 
by 

(4.1)  f>(.r)  -  pbthU’i,  +  2/j, v,,(.r)  -  /i/,0,("'/,  -  «*)\-rf(.r) 


(4.2)  El(.r)  = 


.h, 


t  l)  \  H 


where  the  characteristic  function  \/f  is  the  same  as  (4.4)  and  \,/  is  given  by 


(4 .11) 


\.  /(■<')  = 


<  .r  <  .r,/J 
otherwise'. 


He>re>  .r,/,  =  .r,/  -  r  ami  =  .r,/  4  and 


«’</ _ 

2wrr'2  -  (r  -  r,i)2 


for  a  rectangular  hole, 
feir  a  e  iicnlar  hole1. 


The'  Ke'lvin- Voigt  elaniping  function  #•/>/(.»•)  has  the*  same'  form  as  (4.2)  with  E 
replace'd  by  vp.  In  beitli  examples,  the  damage*  is  pareeme'te'rize'el  by  purame'te'rs 
r  anel  .r,/  with  ir,i  lie'lel  tixe'el  in  the  emso  of  a  rectangular  holt*  at  a  value  n\i  - 

1.0l(iem(.4"). 

In  the  simulations,  we-  assimie-el  that  we*  kiieav  the-  shape*  (rectangular  or  eir- 
eular)  of  the’  damage'.  The  damage  ele'te*e*t ion  (location  anel  size-  of  the’  hole  )  is 
carrieel  emt  through  parameter  ielciit  iiicntion  by  fitting  the*  solution  of  the  model 
t.o  the*  simulute’il  ohse*rvation  elata  much  in  the*  same  manner  as  eli'scribe'el  for  tlm 
experimental  data  cast's  de'scribe’el  in  Section  4.  Veiltage1  iiieasure'me'iits  across  the 
picstoccramic  patches  are'  usexl  as  obse-rvatiems. 

The*  input,  elata  is  a  triangular  (time  function)  veiltage  in  a  very  short,  time 
period  (sec  Figure-  4.1)  to  simulate-  an  impir-u-  input.  The  e-hoice-  of  the  trian¬ 
gular  function  was  motivated  by  impulse-  ban  ue-r  excitation  re-corels  from  actual 
experiments  as  repeirteel  in  Section  4. 

The  simulate-el  “eibservatiem  elata”  { )  were  generateel  by  solving  the’  finite 
dimensional  model  (2,17).  The  numbe'r  eif  finite  elements  was  set  at  N  -  10  with 
cubic  spline  basis  elements.  Tim  time  interval  was  [0.8]  seconels  with  sampling  rate' 
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Fl(iUHK  4.1.  Input,  voltage. 

512  Hz.  Parameters  estimated  from  expcrimeutal  data  and  given  in  Table  3.1  were 
used  for  the  simulated  test,  structure. 

In  the  following  two  examples,  one  with  a  rectangular  hole  and  one  with  a 
circular  holt?,  two  cases  were  investigated.  In  Case  I.  the  simulated  observation 
data  was  generated  with  a  damaged  beam  (a  hole  in  tlu*  beam)  and  in  Case  II 
the  data  was  generated  with  a  undamaged  beam  (without  holes).  In  these  simple 
preliminary  tests,  these  simulated  data  sets  were  usee  I  without,  additional  noise. 
In  the  parameter  estimation  procedures,  we  also  used  10  finite  elements  (cubic 
splines)  in  solving  t  he  inverse  problems. 

EXAMI’LK  1.  We  assumed  there  was  a  rectangular  hole  in  the  beam.  The 
parameters  defining  the  hole  in  the  simulated  data  wore 

r  =  0.50Nem(0.2"),  .»•,/  =  10.414em(4.l"). 

The  initial  guesses  and  converged  parameters  are  shown  in  Table  4.1. 

EXAMPLE  2.  In  this  example,  the  damage  is  characterized  by  a  circular  hole 
ill  the  beam.  The  parameters  for  the  hole  were 

r  =  0.508em(0.2"),  n,  =  10.41  lcm(4.l"). 

The  initial  guesses  and  converged  parameters  are  shown  in  Table  4.2. 

As  was  noted,  in  these  simulation  example's  we  used  noise  tree  simulated 
observation  data  in  the  parameter  estimation  problems.  We  are  currently  studying 
the  effects  of  noise  in  the  data  on  the  accuracy  of  the  estimated  parameters. 
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In  many  simulation  stuelies  found  in  tin*  literature,  t lit'  impulse  function  in¬ 
puts  art-  approximated  by  a  smooth  function,  for  example,  sin2(«t).  Our  choice  of 
a  triangular  shape  for  these  input  functions  is  in  practice  equivalent,  to  the  choice 
of  a  smooth  function  since  discrete  input  data  are  used  and  hence  smoothness  of 
the  time  records  does  not.  play  a  role  in  the  sampling  process  or  the  trajectories 
obtained. 

The  results  reported  in  this  section  are  very  encouraging.  These  initial  calcu¬ 
lations  suggest  that  our  methods  for  parameter  identification  can  reveal  whether 
there  is  a  damage  or  not.  Our  current  efforts  involve  eliminating  the  assumed  pre¬ 
knowledge  of  the  shape  of  the  damage.  We  also  are  investigating  issues  related  to 
the  detection  and  characterization  of  cracks  in  structures. 


5.  Concluding  remarks 

As  we  have  noted  in  the  introduction  of  this  paper,  the  idea  of  using  vibra¬ 
tion  testing  as  a  basis  for  damage  detection  in  structures  is  not.  now.  However, 
most  methods  to  date  are  based  on  modal  techniques.  In  this  paper  we  have  pre¬ 
sented  a  theoretical  and  computational  lion-modal  framework  for  the  identification 
of  spatially  dependent,  dynamic  parameters  in  piezoceramie  embedded  structures 
using  nondestructive  vibration  tests,  This  rigorous  foundation  permits  one  to  use 
the  piozoeoramioK  to  both  excite  and  sense  vibrations  in  a  self-analysis  framework 
that  is  a  natural  major  feature  of  smart-  material  structures. 

Using  data  from  beam  experiments,  we  have  demonstrated  the  feasibility  of 
our  approach  in  obtaining  reliable  physically  meaningful  dynamic  parameters  such 
as  stiffness,  damping,  and  mass  density.  In  preliminary  simulation  studies  on  the 
possibility  of  detecting  and  geometrically  characterizing  damage  such  os  holes,  we 
have  presented  example's  which  suggest,  that,  such  methods  offer  great  promise, 
While  much  remains  to  lie  done  in  developing  these1  ideas  into  ge-ne-ral  algorithms, 
we  are  most  encourage*  1  by  our  initial  finelings  and  are1  e-urre-ntly  designing  and 
carrying  out  physical  e-xpe-rimeuts  to  support  further  efforts  on  goeime't-ric  e  lmrar- 
torization  of  damage1  such  as  corrosions,  e-racks,  and  elelaminntieins  in  composite1 
material  st  ructure's. 
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Austii.vt.  Wc  consider  parabolic  stale  constrained  optimal  control  problems  where 
the  usual  Sluter  condition  is  not  necessarily  satisfied.  Instead,  a  weaker  interiority 
property  is  assumed.  Optimality  conditions  with  a  Lagrange  multiplier  are  given.  As 
an  application  we  present  all  uuKmcnted  Lagranginn  algorithm.  Numerical  test  results 
are  included. 
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1.  Introduction 

Let.  ns  consider  the  following  control  problem  wit  h  eon, si  mints: 


(V) 

Minimize  i  -  /  (;/  —  ~.,t)2  <lr 

l  2  ■ Iq 

subject  to 

(1.1) 

I 

J> 

II 

+ 

ti  iu  Q. 

(1.2) 

w(.oO  =  i» 

on  E, 

(l.d) 

//(•»••  0)  -  Wit 

in  12. 

(1.1) 

II  e  U mi¬ 

(1.5) 

tt  6  A 0, 

Hi 


Optimality  conditions  for  iinn-qnnhjirrl  pnmholic  control  prohit  to.* 


where  12  c  1R"  is  «  hounded  regular  domain.  Q  =]0, 7’[xS2.  T  >  0,  E  —  [0.7’]  x  (712 
and  N  >  0,  Moreover.  /  £  Z.a(Q),  //»  €  //, '  ( S 2 )  O  H2{il).  and  //,„/,  /v'u  ire  dosed 
convex  subsets  of  L‘2{Q). 

We  sliall  examine  the  eases  when’  both  (/„,/  and  A'o  have  weak  inferiority 
properties  of  Slater  type,  or  have  even  void  interior  in  L^(Q).  We  give  optimality 
conditions  witli  a  Lagrange  multiplier  which  may  he  a  function  or  a  measure  and 
which  appears  in  a  symmetric  form  with  respect  to  the  two  constraints.  As  an 
application  we  present  an  augmented  Lagrangian  algorithm  for  the  solution  of 
(' p ),  and  two  numerical  examples  are  included. 

The  approach  of  this  paper  is  based  on  the  penalization  of  the  state  system 
rather  than  of  the  constraints.  An  essential  rule  is  played  by  new  estimates  of  t  he 
approximate  Lagrange  multiplier  which  can  be  mainly  compared  with  the  earlier 
works  [1].  [2|.  [;i]  of  the  first  author.  Another  approach  to  such  problems  can  be 
found  in  Bonntuis  and  Casas  [5],  |(i]. 

The  main  novelty  of  this  paper  consists  in  the  treatment  of  the  state  con¬ 
straints  when  /\’d  has  a  void  interior  even  in  L^{Q),  that  is  without  satisfying  the 
Slater  condition.  It  is  shown  that  a  weak  inferiority  property  of  is  sufficient  in 
order  to  ensure  the  existence  of  the  Lagrange  multiplier. 


2.  Optimality  conditions 

In  vvliat.  follows,  we  consider  t  he  ease  where  t  lie  constraint  (l..1))  is  of  the  form 


(2.1) 

We  assume  t1 
i/'f.r.O)  i.  . 
be  give  '  n  <, 

I  et  "s  (|e.':>’- 


y>(.»'./)  <  !l(.r.l)  <  »/•(./•.  /)  in  Q. 

£  C(Q).  y?  <  in  Q .  y  <  0  <  on  ftf  and  *.-(.»■.  0)  <  //u(-»  )  < 
•ore  specific  conditions  on  <!'  and  with  examples  will 


(2.2) 


.  -  {  I,  c  lt1A(Q)  |  y/(.r.  t )  <  //(.»’./)  <  i I'U.I)  a.e.  in  Q. 

//(.»', 0)  -  //n(.r)  a.e.  in  12  }. 


We  approximate  iP)  by  the  penalized,  “decoupled"  optimization  problem: 


CP,) 


Minimize 


(ll  ~  '.,if  (l.r  (It  + 


X_ 

~2 


subject  to  u  £  y  €  K. 

We  denote  by  [//*,«*]  the  unique  optimal  pair  for  ( V )  (which  exists  under 
the  standard  admissibility  condition)  and  by  [ye ,  ae ]  tin’  optimal  pair  for  (Ve).  We 
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also  denote 

(2.H)  <h-  =  7  (-Tfi-  -  Ml'  -  f  -  . 

Moreover.  let.  p.:  he  t  he  solution  of  the'  adjoint,  equation 

(2.4)  -  ^  -  M>-  -  in  C^. 

(2.5)  />r(.r,  t)  =  0  on  >1. 

(2.6)  pe{.r.T)  =  0  in  52. 

mid  /»*  the  solution  of  (2.4)  (2.(i)  with  y,  replneed  by  //*. 

We  may  easily  prove  the  following  propositions  (see  Bergen mioux  (2).  [;{]): 

Proposition  2.1.  When  e  — »  0,  me  /mar 

(2.7)  y, — >  y*  stronyly  in  IliA  (Q). 

(2.8)  uf  —  a*  stroiiyly  in  L*{Q). 

(2.9)  /)r  — *  p'  stroiiyly  in  H2A{Q). 

(2.1(1)  {  'Ir }  hounded  in  l2(Q). 


Proposition  2.2.  The  approximate  optimality  conditions  may  hr  written  in  the 
decoupled  form 

(2.11)  V.y  €  l\  ^  (/»c-  +  ip)  (jjjill  ~  He)  ~  Mtt  ~  tlf )  ^  drill  >  ()■ 

(2.12)  Va  €  (/,„/  /  (.Yin  —  »/,)(«  -  a.)  drill  >  0. 

■>Q 


In  order  to  obtain  a  good  estimate  also  on  (i/. }  and  to  pass  to  the  limit  in 
(2.11).  (2.12).  we  study  several  eases  of  interest. 

Example  1 

Let  v?  —  a.  i/’  =  h  in  Q  and  U,ui  —  (  a  €  12{Q)  |  r  <  u(r.t)  <  it  a.e.  in  Q }. 
We  strengthen  the  admissibility  condition  to  tin*  following  Slater  type  assumption: 

....  >  0.  3a  S  (/„,/  such  that. 

1  ’  y  =  T(a)  satisfies  a  +  t>  <  y[r,  t)  <  h  ~  b  in  Q. 

where  T  is  the  utfiiu'  bounded  operator  a  >—•  y  detiru’d  by  (1.1)  (1..4).  We  notiee 
that.  V,ui  C  L^{Q)  in  this  example,  and  the  relations  (2.7)  (2.9)  are  valid  in  IJ’(Q), 
\V'iA-'’(Q)  for  any  p  >  1. 
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Let  us  consider  the*  pair  [j/k.m]  -  [T ( h  —  fin),  it],  when’  »  is  given  by  (2.1.'}), 
p  >  0  will  lx*  precised  later  and  k  €  Ln(Q),  |w|/.r(g)  —  I  >s  arbitrary.  By  the 
continuity  with  respect  to  the  data  of  T,  we  get 

11/  ~  ,V»>livJ ■i-f(g)  $  Cp 

with  C  depending  only  on  p  and  Q.  IF  />  >  (//  +  2)/2,  the  anisotropic  Sobolev 
embedding  theorem  gives 

\y  -  'a.|(-(Q)  <  c-\Cp 

with  C|  independent  of  k,  p.  Taking  />  =  b/(2C\C).  (2. 1JI)  gives  i/„  €  A’  for  all  k. 

Proposition  2.3.  Let.  p  and  p  be  an  above.  Then  {q( }  is  bounded  in  U’  (Q).  where 
l/p+l/,/=  1. 

Proof.  We  use  the  pair  [//*,«]  in  (2.11),  (2.12)  and  we  add  the  two  relations  to 
obtain 


/  (l>e  +  <h){h  ~  PK  ~  -'P  —  ut  )d.rdt  +  /  {Nitf  -  ip ) ( li  -  a,) d.r dt  >  0. 

./g  Jq 

This  gives 

/  Pe(h  —  f>K  —  Eq, -i/f  )(l.rdt  +  /  Nur(u  -  a, )  d.r  dt  —  s  /  (jf  (hr  dt  >  f>  I  (/f  n  (hr  (If , 
■'g  .'g  -/g  ./g 

which  implies  that  (r/f)  is  bounded  in  U‘  {Q).  □ 

So  qc  — >  7*  weakly  in  U'  (Q ),  and  wo  can  pass  to  the  limit  in  the  necessary 
conditions  since  the  weak  convergence  in  U‘  [Q)  will  be  coupled  with  the  strong 
convergence  in  L‘‘(Q).  Thus  we  have 

(2. 14)  V.v  €  A-  jfV  +  7* )  (  ^  {!,  -  <r )  -  Ml/  -  if ))  <!■>■  <’t  >  o. 

(2.15)  Vu6U„,i  f  (Afw*  -  (/)(»  -  iT)  il.rdt  >  0. 

Jq 

Remarks.  (1)  These  conditions  are  also  sufficient  for  optimality. 

(2)  We  also  notice  the  completely  decoupled  character  of  (2.14).  (2.15)  and 
the  fact  that  the  Lagrange  multiplier  7*  is  in  L'1  ( Q ). 

Example  2 

Wc  consider  the  more  difficult  case  where  the  state  constraint  set  has  a  void 
interior  even  in  L^iQ).  In  the  general  problem  (V)  we  may  take 

(2.16)  v?(a\f)  =  ij’(.e,t)  =  t)  on  E, 
which  implies  that  K  has  a  void  interior  in  C,{Q ). 
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Wo  impose  a  very  weak  assumption  on  I\  and  wliieli  does  not  require 
any  interiority  conditions: 

3 f.gEL^iQ),  3p  >  0,  3u  e  U„,i  such  that 
(2.17i)  /(. r,  t.)  +  p  <  u(.r,  1)  <  <y(.r,  t)  -  />  a.e.  in  Q. 

(2. 1 7ii)  t)  <  yf{.r,  t)  <  y,,(; r,  f)  <  </>(.r,  t)  in  Q, 

where  yj  =  T{f)  and  y„  =  T (//).  We  notice  that  the  pair  [//.«]  =  [T(it).«]  is 
admissible  For  (V).  by  comparison. 

We  define  yK  =  T(u  -  / >k ),  Vk  6  L^(Q).  M/.^y)  =  1.  Since  it.  holds 
f(.i\  1)  <  »(.!•,  I)  -  i>h.(x,  I.)  <  //(.r,  t)  a.e.  in  Q 
l),v  (2. 17i).  we  set  again  by  comparison 

Vf(-r.t)  <  yK[.r,f)  <  yu{j\t)  in  Q. 

that  is  yK  6  I\  by  (2. 17ii).  As  a  conse<|uence.  the  pair  [yh . fi]  is  admissible  for  the 
problem  {Vt-). 

Proposition  2.4.  The  .sequence  {(/, }  i.s  hounded  in  Ll (Q)  and  q,  — >  ry*  weakly  in 
L^iQY  =  Ad (Q)  on  a  yenemlked  subsequence. 

The  proof  is  identical  with  the  proof  of  Proposition  2.3  by  using  t  he  above 
admissible  pairs,  However,  due  to  the:  weak  convergence  and  regularity  propert  ies, 
the  passage  to  the  limit  in  the  approximate  optimality  conditions  is  no  more  a 
direct  one. 

We  observe  that  <)yc /<)(  -  A yf  —  e <u  +  f  /.  We  use  this  in  (2. 1 1 ),  and  then 
we  add  (2.11),  (2.12)  to  obtain 

J  (Pt  +  <l()  (jjj  -  &II  -  f(/r  -  "r  -  d.r<H  +  [N  ur  -  qe)(u  -  uf)d.rdi  >  0. 
Then  we  have 

(2.18)  (pr  +<h)  (jjj  ~  A//  -  /j  d.rdt  -  ^  pA&h  +  <h)d.vdl 

+  /  N nr(u  —  u. )  d.r  dt  -  /  q,u  >  0  Vu  E  V,ut-  V/y  £  K. 

JQ  Ji) 

Proposition  2.5.  (i)  For  any  u  £  U„,i n/A(Q),  y  £  K  such  that  i)y/i)t  —  A//  —  /  £ 
L°°{Q).  in  have  the  first  order  necessary  condition  for  [V): 

(2.19)  +  f/* )  ( ^  -  A/y  -  rfcr  dt  -  J  // «*  d*  dt 

+  f  Nu*{u  —  u*)  d.rdt  —  f  q'u  >  0. 
./q  ./y 


•rl() 
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(ii)  If  the  net.  of  a dmissible  regular  pain  defined  in  (i)  is  dense,  in  the  set.  of  all 
admissible  pairs,  then  (2.1!))  is  also  a  sufficient  optimality  condition. 

Proof.  If  tilt*  t.t'st  functions  y  and  it  arc  regular,  then  (2.1!))  is  a  consequence  of 
(2.18)  and  of  Proposition  2.4. 

Conversely,  let.  [//,«]  he  any  adniissihle  pair  for  (p)  and  (,i/„ .  u„)  a  regular 
admissihle  setiuence  for  (P)  such  that  //„  — * ;/  in  II2' 1  (Q).  u„  — ♦  a  in  I2{(f).  Then, 
by  (2.1!))  and  the  fact  that.  u„  —  i).yn/<)t  —  A i/„  -  f.  we  have 


/  d*  —  At/,,  -  dedt  —  p*  ii*  d.r  dt  +  i V//*(i/„  —  id  )  tie  ill.  > 

ssing  to  the  limit  n  — *  ex,,  we  get 

/  d*  ^  TjJ  ~  A//  —  f'j  de  lit  —  I  p'  u*  i/.r  <•//  4-  ^  .Vt/*(//  —  // 


" )  ile  dt  >  0 


/•  ill  X), 


for  any  admissible  [//,«].  Then  we  have 

/  d*  ^(//  -  //*)  -  A(//  -  //‘)^  dedl  +  I  N a* (u  -  n*  )d , 

and  integrating  by  parts,  we  obtain  that  the  pair  [//*.  ti*]  is  optimal.  □ 

Remarks.  ( 1 )  The  opt  hnnlity  conditions  (2.1!))  are  in  a  seniidccoupled  form  since 
only  the  constraints  are  decoupled.  If  u*  (and  consequently  !l* )  is  regular,  or  i/*  is 
in  L2{Q).  then  the  completely  decoupled  optimality  system  may  la-  obtained. 

(2)  The  above  result  cannot  be  inferred  by  the  classical  approach  since  the 
Slater  assumption  is  not  valid  here. 

Exumplo  3 

We  give  an  alternative  approach  to  Example  2.  The  same  may  be  done  in 
Example  1  as  well. 

Assume  that.  ,Y  is  any  subspace  of  the  control  space  possibly  not  dense. 
Suppose  that  there  exist,  ii  G  V  (not  necessarily  in  /•',„/)  and  p  >  0  such  that 
;/  =  T{ii)  e  I\  and  ii  +  pc  i-  l',,,/  lor  any  e  G  ,Y.  |r|\  I. 

The  pairs  [//.  fi  f  pc\  are  admissible  for  (P.  )  and.  by  (2.1 1).  (2.12).  we  infer 


/  (/■>•  f  </r ) ( a  — -'1/  -  ii,  )  dedt  +  /  ( S  ii 

Iq  Jq 


-  i/.  )(ii  +  pc  -  a.  )  dedt  >  0. 


Then 


/>  /  if  e  de  dt  > 


I  Nu,{ii  +  fir  -  ii.)  drill  +  I  p,(ii  —  ?</.  -  ur )  tie  dt 
■Uj  ./  u 


for  any  e  G  -Y,  |r|.\-  —  1,  that  is  {ip }  is  bounded  in  A’*. 

If  A'  equals  Lr{Q),  then  we  get  that  {i/,  }  is  bounded  in  lS(Q)  even  in  the 
ease  where  l\  has  void  interior  in  L^(Q).  The  argument,  may  proceed  as  in  the1 
previous  examples. 
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3.  An  augmented  Lagrangian  algorithm 

As  an  application  of  tlu-  optimality  conditions  wo  prosont.  an  augmented  La- 
grangian  algorithm  for  state'  and  control  constrained  control  problems.  We  make 
the  basic  assumption 

(3.1)  <r  e  L2(Q). 

which  is  satisfied  in  a  variety  of  instances  as  discussed  in  Examples  1  and  3.  Then 
the*  regularity  conditions  for  i/  and  a  arc'  no  longer  necessary  and  the  optimality 
conditions  are  valid  in  the  decoupled  form  (2.14),  (2.15). 

Lot  ./(;;,  n)  denote  the  cost  function  in  CP).  We  consider  the  problem  in  the 
abstract  form 

(3.2)  Min  { ./(//.  u)  |  u  G  A\  a  6  y  =  T(u) 

where  T  is  dc'finc'd  by  (1.1)  (1.3).  Lot.  [//*.»*]  be  the  unique  optimal  pair  for  (P) 
(which  exists  under  the  usual  admissibility  hypothesis).  There  is  c/*  G  L2(Q)  such 
that  the  optimality  conditions  (2.14),  (2.1/))  hold,  and  />*  is,  as  before,  the  solution 
of  (2,4)  (2.0)  with  yt  replaced  by  y\  Let  us  define  the  augmented  Lagrangian 


(3.3)  CrUl'  U.q)  -  4 l/y  - 


+  i" (S - A" -f  - “)  ,lr‘" +  - A" - f - 

whore  v  is  a  positive  penalty  parameter.  Our  algorithm  is  then  as  follows: 

Algorithm. 

1.  Initialize  c/(i  G  l2(Q)  and  1/ .  1  €  L2(Q ). 

2.  Iterates  c/„  and  »„  1  being  given, 

2a.  find  j y„  G  l\.  solut  ion  of 

MinHfe/v  ^  (//  -  z,i)2<l.rdt  +  j  </„  -  Ay  -  d.r 

*  k  ^  ~ 1  . . ) 

2b.  find  u„  G  solution  of 

Miii„c |  y  J  a2  dx (It  -  j  <i„ud.nlt 

d.  If  0y„ / i)t  -  Ay, 1  -  f  -  n„  =  0,  then  STOP,  else 
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4.  assign  c/,,  +  1  =  <],,  +  p(0y„/dt  -  A y„  -  f  -  n„),  where  0  <  p„  <  P<  and 
go  to  stop  2. 

Theorem  3.1.  Undvr  the.  above  assumptions ,  wr  haw. 

(3.4)  u„  —>  a *  strongly  in  L'2(Q), 

(3.5)  t/„  — ►  y"  stmngly  in  H'U{Q), 

(3.6)  f/n+i  —  <1,1  — *  0  strongly  in  L2(Q). 

Proof.  Integrating  l)y  parts  in  (2.14)  and  noticing  that  Oy*/Ot~  A/y*  —  /  —  it*  =  0. 
we  obtain 

(3.7)  I  (vf  -  -  y*)dxdt  +  j"  r/‘  ^(/y  -  //)  -  A(yy  -  iy*)j  i/.ri/f 

+  '■  (^7jf  -  A//*  -  /  -  11*  j  -//*)-  A(j/  -  //*  )^  d.r  1//  >  0 

for  every  ,iy  6  A’.  Similarly,  from  (2.15)  we  get 


(3.8)  N  I  n*(M-it*)f /.rdf-  /  </*(«-  a*) d.rd/ 

./<y  ./y 

for  every  11  €  (/,„/.  Steps  2a  and  2I»  of  the  algorithm  give 


(it  -  n*  )(/.r  ilt  >  0 


/  (f/»  ~  s, 
■to 


,l)(ll  -  tin )  d.r  (It 


^  'I,,  ~  Hu)  -  A(i/  -  ,iy„)^ 


f  ( <hn 

Jo  \ 


A y„  -  f  -  11, , .  !  1  I  —  -  #/„)  -  A(|/ 


il.rdt  >  0 


A  /  un(u  —  <i„)  d.r  dt  —  /  (i„(u  —  ii„)  d.r  <lt 
J  Q  ■IQ 

~r  JQ(j§t~  ~  ^  ("  “  11 ")d.rdt  >  0 


for  every  1/  e  A'  and  1/  6  f/,,,;,  respectively.  Ltd.  us  substitute  1/  =  </„  to  (3.7). 
11  =  uH  to  (3.8),  u  =  y *  to  (3.9)  and  u  =  11*  to  (3.10),  and  then  add  the  obtained 
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inequalities.  In  this  way  we  get 


|//n  //  b  11  l/.J 


£  Ulu  ~  <D  ^(//h  -  //*)-  MlJn  -  //*)  -  («»,  -  »*)^  tlxtli 


IQ 

(a,U)  +r  ~(ll„  -  >n  -  Ml!,,  -  .«/*)  -  ("„  -  «*) 


i.HQ) 


+r 


/  (jy^!l"  ~ 11 ^  ~  ,;*0  ^ "" 


dt  <  0. 


Lot.  ns  denote  for  a  while  //„  =  //„  -  .1/*  and  ft,,  =  n„  -  a*.  Then  wt-  have 

/  ~  ~  “  •,/*^) 

-  f  (  4(//»  -  J/m-i)  -  A(j}„  —  1 )  J  (ft,,  -  u„..i)(h'<lt 

CM2)  ' 

+  ^  ~  A0»-i  ~  1  J  (''»  ~  drift 

+  2  ~  1  li't(y)  ~  l"'i  ~  "<>  1 1 /.-(g))  • 

Lot  us  write  (3.10)  first,  with  n  -  l  and  it  =  1/,,.  then  with  ti  and  11  =  it,,..  1,  and 
add  tlio  two  inequalities,  Then,  using  the  step  1  of'  the  algorithm  with  11  -  1.  we 
get. 


/  (f^W"  ~  .<)»  1)  ~  ^(/5»  ~  (»»  -  ii„-i)(lr<lt 

>  (jV  +  r)|ft„  -  f/„  .  1 

^  ~  ^1/,,-  I  ~  /  “  ”»  l)  (»«  -  «H 


)  t/.r  (It. 


Combining  (3.12)  and  (3.13).  and  untieing  again  that  On’  ft  ft  —  A//*  -  /  -  n*  = 
we  obt  ain 

r  j  (jfiiVn  ~  II*)  ~  &(Vn  ~  ,v‘)j  (»■„  -  11,,  \)drdt. 

—  "b  ~~  +  -  (jl'i,  ~  It  |'|/,(q)  ~  | It, I  -  I  ~  II 

+  ('•-/•')  L  1^  («,,  -  I  i„..l)tLriU. 


I 
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Sineo  r  —  p  >  0.  this  is  equivalent  to 

r  Jq  [ot^“  ~  ~  A(j/n  ~  V*  («»,  —  »n  i)i  l.rtll 

-  +  2^""  ~  +  2  (l"n  “  “  I 1  ~ 


2 


0i/„  - 1 


Ot 


!  /  ff  II  -  I 


and  lienee,  (3,1 1)  homilies 


+  ^(i/n  -  V*)  -  A;/„  -  /  -  u„  j  </.i(/f  + 


<|f/„ 

01 


A//„  J  a  „ 


+  {N  +  ^)|lf„  "n-ll/.Jig,  +  jj  (|«„  -  U*|/,J(y)  ~  | I  ~  lt*|/.w,g,) 
fy/ii-l 


+ 


/i  r 


«t 


A//, j  i  /  n  I,  _ 


<  0. 


t.J(c/> 


Let  us  denote 


(hit  i 


ot 


A//i,  i  f  ~  tin 


so  tlmt  we  have 


l  HQ) 


l.f/n  -  n'linQ) +  ^l"»  -  ii*i/, 


(3.14) 


>'  +  /' 


,iigi 

I  A 

fit  ./  I*  II 


+  (fV  +  5  )!«ll  -  "l,  if/.JfQ, 


-  '  i  ^(i/»  “  '/*)  “  A//„  -  /  —  ,i„^  r/.r  ilt. 

Moreover,  let  us  denote 

/i.i  =  A„  +  —  |f/„lii(g)  -  -  /  f/*f/„  f/.n// 

■*/'  I'  Jq 

and  use  once  again  the  step  |  of  tile  algorillun.  Then  (3.11)  heeonies 
ill"  “  +  iV|,i„  -  u*j^(y) 


+ 


l’  +  /l 

2 


<hi„  A  , 

fit  A  // 1 1  /  ii, i 


+  (Ar  + ; 


2  1 1 " o  "ii  ll/.J(g) 


S  /t,i  /'ri+l  +  - 


0y„ 

Ot 


~  Af/„  -  /  -  (!„ 


t 
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This  implies 

(3.1fi>  \u„  -  u'\lHQ)  +  N\u«  -  »'\'UQ)  +  'r}  -  A //„  -  /  -  «„  ' 

5i  /'n  —  /'(I  1  I  • 

so  dial  {//„}  iH  a  decreasing  sequence.  Moreover.  A„  >  0  and  hence 

I'"  S  ^  (l</»l'iaw>  -  2  ^ 

that  is.  {//„}  is  liniindt'il  From  below,  Therefore.  t.lic  sequence  {/,„)  is  convergent 
and  /«„  -  /(M  +  |  — *  0.  Tlir  inequality  (.‘1.15)  and  tin-  stop  4  of  t  in*  algorithm  imply 
t  lion  tin’  desired  convergence  results.  □ 

4.  Numerical  experiments 

Wo  shall  now  present  two  example  problems  and  give  the  lnnnerioal  results 
obtained  with  the  augmented  Lagrnngiun  algorithm.  The  disorot.izat.ion  of  the  al¬ 
gorithm  is  performed  by  using  the  finite  element  method  (FEM)  with  rospeet  to 
spare  and  the  Unite  difference  method  (implicit  Euler)  with  respect  to  time,  We 
consider  the  problem  (V)  with  the  state  system  (1.1)  (1,,'t)  and  the  constraints 

ii  6  U,„i  —  {  r<  6  L*[Q)  |  <  u(,i\t)  <  •i(r.l)  a.e.  in  Q  }. 

!l  €  K  -  {  n  €  H2A( Q )  |  f(.r,l)  <  u(J\t)  <  t /'(.»•./)  a.e.  in  Q. 

//(•c. (>)  =  !M) (r)  a.e.  in  ii }. 

Example  1 

In  our  first  example  we  have  ii  — ]0.  l[x]().  1  [c  1R2.  T  =  1.  /V  -  I  and 
;,/(■»'.  I)  ~  sin( rr.i'i  )sin(jr.ra)e'. 

/(.»’.  t)  -  (2n  +  l)sin(7r.ri)sin(7r./\>)»'  -  siu(M7r.ri  )sin(:lff.rj)(  I  (). 

Wa(.r)  =  siu(trj'i)sin(7r.r-j). 

Moreover,  the  constraint  functions  are 

rt  =  —  1 .  ,4=1. 
y( ■*•.')  -  •»(•«•,  -.rf )(.»■,  - 
iH.v.t)  =  l(i(.r,  —  .rf  )(.r-2  -  ./■: j)c'. 

The  “desired”  state  belongs  to  /v.  Furthermore,  cf,  is  very  clost>  to  tlie  upper 
bound  i/>,  and  they  coincide  in  the  point  (.I’l.ra)  =  (O.fi.O.I)).  Functions  and  ,/• 
at.  the  time  I  —  1  are  presented  in  Figure  4.1 
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FtCJt'HK  4.1.  Constraint  functions  and  i/1  at.  the  time  /  =  1. 

0  O 


Tlu>  data  is  chosen  such  Unit  there  is  an  admissible  pair  [//. »].  when'  //  --  :,i 
and  «(,»•,  t)  =  sin(;i7r.i’|)sin(37r.i'2)(l  —  f/2).  which,  however,  is  not  t h«*  optimal  pair. 

In  the  space  discretization  we  have  jVo  =  !)  x  !)  —  81  nodes  (//  -  0.1).  an<l 
in  the  time  discretization  we  have  l\t  =  10  time  levels  (J/  -  0.1).  Tims,  tin’ 
dimension  of  the  unknown  functions  is  810. 

As  the  initial  guesses  we  use  f/()  ~  0  and  ir  t  =  I).  The  minimize!'  used  in  the 
step  2a  of  the  algorithm  needs  also  an  init  ial  guess  for  //.  for  which  we  have  chosen 
ll(r.t)  =  //a(.r)  Vf  e]0. 1].  The  values  of  the  cost  function  and  the  penalty  term  in 
this  init  ial  point  are  given  in  the  upper  part  of  Table  1.1 

We  have  tested  the  algorithm  using  different  values  for  t  hi’  penalty  parameter 
The  parameter  p  in  step  4  is  chosen  to  lie  equal  to  r.  The  results  are  presented  in 
the  lower  part  of  Table  1.1.  In  all  four  cases,  the  algorithm  found  a  good  solution 
already  in  one  iteration.  In  the  case  r  =  l.  the  minimizer  used  in  step  2a  failed  to 
Hud  a  lower  value  for  the  cost  function  after  two  iterations,  and  in  the  other  cases, 


FlCit'ltK  4.2.  Control  n  at  two  time  levels;  Example  1. 

o 

f-t  0 


*1  l>s 

1  0 


0  • 
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Tahi.K  4.  1 ,  Results  of  the  Example  1 


./(.V,  it) 

1 

1 

< 

1 

|5 

initial  values 

0.11040 

0.9077 

r 

No.  of 
iter^. 

All. ») 

i 

1 

0.18275  •  10  ^ 

0.44888  ■  10  1 

2 

0.182:17  •  10 

0.77093  •  10  M 

10 

1 

0.18:137'  10 

0.00083  ■  10  r‘ 

100 

1 

0.18311  •  nr:i 

0.28708  •  10 

1000 

1 

()7l8343  •  10  ' 

"0.57037  -  Ilf7 

TAHI.H  1.2.  Results  of  tin*  Example  2 


No.  of 

/•  - 1 

it  CM'. 

./(?/.«) 

1  Bi-An-  /-»! 

0 

0.17204 

0.58508 

l 

0.21115 

0.27034 

2 

0.21037 

0.27051 

3 

().2()0()(1 

0.27148 

l 

0,20854 

0.20942 

5 

0.20808 

0.20751 

0 

0.20844 

0.20010 

7 

0.20838 

0.20870 

8 

0.20802 

0.20721 

0 

0.20700 

0.20003 

10 

0.20828 

0.20833 

No.  of 
iter. 

r  =  10 

•fill.") 

1 W-  *»-f  -  "1 

0 

0.17201 

0.58508 

1 

0.27574 

0.11028 

2 

0.27000 

0.11201 

3 

0.27875 

0.10585 

4 

0.27087 

0.11053 

5 

0.27873 

0.10410 

0 

0.27755 

0.10954 

7 

0.27032 

0.10377 

8 

0.27953 

0.10175 

0 

0.27851 

0.10538 

10 

0.27893 

0.10331 

Nii.  of 

r  =  1000 

iter. 

■fill.  ") 

Inf  --&II-  f-»  1 

0 

0.17204 

0.58508 

1 

0.28540 

0.10855 

2 

0.28703 

0.10453 

3 

0.28001 

0.10530 

4 

0.28087 

0.10575 

5 

0.28070 

0.10754 

0 

0.28721 

0.10087 

7 

0.28704 

0.10700 

8 

0.28795 

0.10700 

0 

0.28801 

0.10730 

10 

0.28900 

0.10045 

No.  of 

iter. 

r  =  100 

./(;/,  n) 

l7tf  -  A;/  -  /  -  »| 

0 

0.17204 

0.58508 

1 

0.28451 

0.10800 

2 

0.28018 

0.10401 

3 

0.29190 

0.09309 

1 

0.28772 

0.10127 

5 

0.20129 

0.09479 

0 

0.28837 

0.10008 

7 

0.28720 

0.10438 

8 

0.29040 

0.09790 

9 

0.20003 

0.09829 

10 

0.29101 

0.09798 

1 
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this  happened  already  after  olio  iteration. 

As  could  In-  expected,  t  he  larger  the  parameter  r  is,  the  bet  ter  the  const  mint. 
--  At/  =  f  +  u  is  satisfied.  On  the  other  hand,  with  smaller  r  the  value  of  t  he 
cost,  function  seems  to  get  somewhat  lower.  In  Figure  4.2  is  presented  the  control 
ii  obtained  in  the  ease  r  —  1. 

Example  2 

Fkiukk  l.d.  Constraint  functions  y?  and  (/>  when  .;•■>  —  ^  and  /  =  1. 


0  0  0.1  0.4  0  1  0  1  10 

*1 


Our  second  example  is  a  variant  of  the  first  one.  The  problem  data  is  the 
same,  except  the  following  modifications  have  bet'll  made: 

Now  we  have  =  1/2,  and 

I)  —  sin ( 7T.r i )  stiiif  7r.i  -j )» r . 

-  K>(.r i  -  .ri){.r2  - 


Fkjphk  1.1.  Control  ii  at  two  I  inn*  U'Vc*l>:  Kxamplr  2. 


o 
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In  this  cast'.  r.,i  docs  not  belong  to  l\.  The  constraint,  functions  y?  and  </>  arc  chosen 
sncli  that  the  set  K  is  very  “small":  see  Figure  4.,‘l.  Moreover,  then1  is  no  interior 
point  at  —  (0.5. ()..p>). 

The  pair  (/;.  «].  where  y  -■  y?  and  ii(.r,l)  —  sin(Hjr.i| )  sin(d7r.r-j)(  1  -  1/2)  is 
admissible  for  this  problem.  The  discretization  is  the  same  as  before,  as  well  as 
the  initial  guesses  for  t j  and  it.  The  initial  guess  for  //,  however,  is  different.,  since 
i /(.»•./)  =  ,i/ii(.r)  Vf  €]0.  1]  does  not  belong  to  K\  in  t  his  ease  we  have  used  y  ~  y>. 

Again,  we  have  tested  the  algorithm  using  different  values  for  /■.  The  step 
parameter  p  is  ehost'ti  to  be  e«|iial  to  r.  The  results  are  presented  in  Table  '1.2 
(With  the  iteration  'O'  we  mean  the  values  at  the  initial  point.) 

In  this  example,  the  algorithm  did  not  stop  in  the  early  iterations,  as  was 
the  ease  in  the  previous  example.  However,  due  to  the  large  computation  time, 
only  t.cn  iterations  have  been  calculated.  In  all  four  eases,  the  convergence  is  quite 
slow  after  the  first,  iteration.  If  wo  look  at  the  constraint  <)y/i)l  —  A//  -  J  +  //, 
the  parameter  r  =  100  seems  to  give  the  “best"  convergence.  (The  algorithm  was 
tried  also  for  r  —  It)'1  and  r  —  10r' ;  the  results  were  similar  to  the  case  /•  •—  1000.) 
In  Figure  -1,4  is  presented  the  control  it  obtained  in  the  case  r  =  100. 
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CONVERGENCE  OF  TRAJECTORIES  FOR  A  CONTROLLED 
VISCOUS  BURGERS’  EQUATION 

( -IIHISTOIMIKH  I.  HYHNKH.  DAVID  S.  (IIU.IAM.  AND  VKTOH  I.  SIIDIIOV 

Depart  incut,  of  Systems  Science  and  Mat  hematics 
Washington  University 

Department  of  Mat  hematics 
Texas  Tech  University 

A  US  in  At  "I .  Ill  this  paper  we  consider  a  houndary  <<111I1<1I  problem  fur  Dinners'  equip  inn 
on  n  Unite  interval.  The  controls  enter  as  (tain  parameters  in  the  boundary  conditions 
ns  in  [1.  2).  The  uncontrolled  problem  is  obtained  by  equation  the  control  parameters 
to  zero  while  the  zero  dynamics  system  is  obtained  by  equation  the  control  parameters 
to  infinity,  or  (intuitively)  as  the  "IiIrIi  Haiti  limit"  of  the  system  as  the  Rains  approach 
plus  infinity.  The  main  result  of  the  paper  is  a  nonlinear  enhancement,  of  the  classical 
root  locus  result  which  slates  that,  the  trajectories  of  the  closed  loop  system  converge 
to  the  trajectories  of  the  zero  dynamics  system  as  the  Rains  are  increased  to  infinity. 

lfltil  M  nlhrinttl  it  *  Sulijrrl  ('Itissijiculiim.  !).‘lHOr>.  Tilths,  !):|B5‘2 

Kty  i mud*  rwil  plmi.it*.  Boundary  control,  nonlinear  distributed  parameter  systems, 
zero  dynamics,  convergence  of  trajectories. 

1.  Introduction 

The  need  to  control  spatially  distributed  systems  or  systems  in  which  rigid 
dynamics  arc  coupled  with  the  effects  of  Unit  I  flow  mid  flexible  structural  moth's 
has  sparked  a  tremendous  effort  aimed  at  the  stabilization  or  control  of  distributed 
parameter  systems.  For  example,  the  existence  and  analysis  of  boundary  feedback 
control  laws  which  stabilize  classes  of  linear,  disl.rilmt.ed  parameter  systems  has 
at  t  meted  the  interest  of  many  researchers,  using  a  variety  of  techniques  drawn  from 
both  state-space  and  frequency  domain  methods.  While  the  differences  between 
these  two  methodologies  are  certainly  heightened  in  the  distributed  parameter 
case,  one  of  the  elegant,  aspects  of  linear  geometric  control  theory  is  its  capacity 
for  giving  intuif.iw  state-space  formulations  of  many  frequency  domain  concepts 
and  constructs.  It  is  also  wort  h  noting  that  the  extension  of  geometric  methods  to 

This  work  was  supported  in  part  by  gninls  from  NSK,  AKOSH  and  Texas  Advanced  Research 
Program. 
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lumped  nonlinear  systems  at  tin*  beginning  of  tin*  last  decade  spearheaded  a  virtual 
renaissance  in  nonlinear  control  theory,  yielding  systematic  methodologies  for  the 
design  of  feedback  laws  while  retaining  important  intuitive  aspects  of  classical 
state-space  and  frequency  design  methods. 

One  of  the  important,  feedback  design  methods  of  classical  automatic  control 
is  root  locus  theory,  based  on  the  observation  that  in  tin;  frequency  domain  out  put 
the  closed  loop  poles  of  a  system  vary  from  the  open  loop  poles  to  t  he  open  loop 
zeros  as  the  gain  is  increased  from  zero  to  infinity.  Suceesfully  exploited  for  decades 
for  finite  dimensional  systems,  this  fundamental  method  has  been  extended  to  the 
nonlinear  finite  dimensional  ease  ([4]),  where  it  is  known  that  as  certain  gain  pa¬ 
rameters  are  tuned  the  closed-loop  trajectories  approach  the  trajectories  of  the 
zero  dynamics.  On  the  other  hand,  root  locus  methods  have  also  recently  been 
extended  to  the  infinite  dimensional  case  in  [4]  where  a  fairly  complete  analog  of 
finite  dimensional  root  locus  theory  is  developed  for  a  class  of  parabolic  boundary 
control  problems  in  which  the  inputs  and  outputs  occur  through  certain  bound¬ 
ary  operators  and  a  closed  loop  system  is  obtained  by  employing  a  proportional 
error  feedback  law,  u  —  —At/.  In  this  case,  in  jl]  it  is  shown  that  the  infinitely 
many  closed  loop  poles  vary  from  t  he  open  loop  poles  to  the  open  loop  zeros  as 
the  gain  is  increased  from  zero  to  plus  or  minus  infinity,  depending  on  the  sign 
of  the  instantaneous  gain.  Defining;  the  zero  dynamics  to  be  t.hc  system  obtained 
by  constraining  the  output  y  to  zero,  or  equivalently,  as  the  system  obtained  in 
the  high  gain  limit,  it.  is  possible  to  enhance  many  of  the*  classical  results  on  sta¬ 
bilization  of  minimum  phase  systems  (i.c. .  systems  with  exponentially  stable  zero 
dynamics).  In  part  icular,  in  [4]  it,  is  shown  that  the  one  parameter  family  of  closed 
loop  spatial  operators  Ah  the  analog  of  [A  +  likC)  in  classical  finite  dimen¬ 
sional  theory  form  an  analytic  family,  in  the  gain  parameter  A.  of  unbounded 
operators,  in  Hilbert,  state  space,  in  the  sense  of  norm  resolvent  convergence  (cf. 
Kat.o  [11]).  This  result  together  with  a  generalization  the  Trottcr-Knto  theorem 
provides  a  simple  proof  that  the  semigroups  67(f).  with  infinitesimal  generators 
Ah ,  converge  in  the  uniform  operator  topology  to  the  semigroup  generated  by  the 
zero  dynamics,  ,VX (f ). 

Tin*  main  result  of  the  present  paper  is  to  provide  a  nonlinear  enhancement 
of  the  root  locus  results  obtained  for  linear  distributed  parameter  systems  in  [4] 
for  a  boundary  controlled,  viscous  Burgers'  equation.  Explicitly,  we  show  that  the 
closed-loop  trajectories  approach  the  trajectories  of  the  zero  dynamics  as  certain 
gain  parameters  are  tuned.  Since  the  zero  dynamics  is  exponentially  stable,  this  de¬ 
sign  method  also  provides  a  class  of  stabilizing  feedback  laws.  The  most  important, 
result  used  in  the  proofs  is  that  the  linear  part,  of  the  closed  loop  spatial  Burgers' 
operator  form  a  lioloinorphic  family  in  the  sense  of  norm  resolvent  convergence 
and  that  the  nonlinear  term  is  a  Lipschitz  operator  with  respect  to  tin*  Hilbert 
scale  norm  generated  by  the  square  root,  of  the  linear  part.  This  paper  represents 
a  special  case  of  the  results  found  in  [ti]  whore  we  consider  the  same  system  but 
with  a  nonzero  external  forcing  term  In  this  <«use  wc  do  not.  obtain  exactly 

the  same  result.  Namely  we  do  not  obtain  exponential  stability.  Further  in  [ti]  we 
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show  that  for  nonzero  forcing  terms  which  nro  intlopc-iultMit.  of  time,  t lierc  exists, 
for  every  nonzero  value  of  the  gain  parameter,  a  local  attractor.  It  is  also  shown 
that  as  the  gains  tend  to  plus  infinity  the  local  attractors  converge  to  the  single 
global  asymptotically  stable  equilibrium  for  the  zero  dynamics  system.  In  [7]  wo 
consider  the  problem  of  convergence  of  trajectories  using  a  priori  estimates  and 
Galerkin  approximations  for  small  Ll  initial  data.  This,  of  course,  represents  a 
marked  improvemnt  over  the  results  for  small  H 1  initial  data.  We  are  not  able  to 
extend  our  semigroup  methods  used  for  //*  initial  dat  a  to  this  more  general  case. 
On  the  other  hand  we  obtain  stronger  results  in  [Cj]  which  is  to  lie  expected  for 
smoother  initial  data. 


2.  The  Burgers’  System  and  Zero  Dynamics 

Consider  the  uncontrolled  viscous  Burgers’  system 

0  +  -  F(w(.r. /)),  r  d  ((1. 1),  t  >  0 

0  0 (1,0.  ie(.r.O)  ==  0(.r) 

where  ,4(>  is  the  unbounded  operator  A  =  -jp  with  dense  domain  in  L*[ 0,  1) 

D(A(])  =  {/€//*  |  /'(())=  /'(l)  =0} 


('  =  <l/rf.r)  and 

IV  \  ,lu' 

The  Controlled  Burgers’  system  is  delined  by 

+  f Ak-ii'(xJ)  -  F{w(.v,f)),  .r  C  (('.  I).  I  >  t) 

C2.2)  0  +•  A‘iiie(().  0  -  0.  ie,  (1. 1)  +  *-,«•(  1. /)  =  l). 

ir(,r.  II)  =  </)(./')■ 

where  ,4*  =  A  with  domain  'D(Ak)  --  {/  C  li2( t).  1)  :  /'(())  -  A',t/(0)  —  (I.  /'( 1 )  + 
Aq/(l)  —0}  and  A'  =  (A'u.A’i).  Note'  that,  for  =  Aq  —  0.  the  uncontrolled  system 
(2. 1 )  is  obtained  and  the  parameters  Ao  and  Aq  with  A»  +  Aq  >  0  are  considered  as 
boundary  controls  or  gain  parameters. 

Tin*  zero  dynamic*  for  the  controlled  Burgers'  system  is  the  system  obtained 
for  infinite  value  of  the  gain  parameters.  This  corresponds  to  the  system 

'(’/(■(',  A)  +  (A^tr{.rJ)  ~  F(ie(.c, /)),  .»•  €  (0, 1).  I  >  0 
ii’U.f)  -  0,  «'((),  0  -  0.  i/-(.r,0)  = 


where  —  A  with  domain  V(A^)  —  {f  €  f/a((),  1)  :  /(())  =  l),  /(l)  =  ()}. 
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(3.1) 


3.  The  Linearization  about  Zero 

The  linearization  about  zero  of  (2.2)  is  the  controlled  heat  equation 

+  fAkU'(.t\ /).  ;/•  e  (0.1).  t  >  0 

-  irr((hf)  +  Ao«-((U)  =0 

«'j(l.  0  +  A')ir(  1,  t)  =  0 

«>(.i\0)  =  </>(./■)• 

For  A’o  =  A'|  =  0,  neither  (2.2)  nor  the  linearization  (3.1)  is  asymptotically 
stable,  but  for  A'u  +  A*i  >  0  the  linearization  (3.1)  is  asymptotically  stable.  In  fact, 
At  is  a  strictly  positive  selfadjoint  operator  for  A-o  f  A‘|  >  0.  so  that,  by  the  Linner- 
Phillips  Theorem  (— f  4*)  generates  a  contraction  semigroup  S '*.(/)  satisfying 

||A*(0ll  < 

where  A;  (A-)  is  the  first  eigenvalue  of  4*..  In  this  case,  it  is  easy  to  show  that 

0  >  A i  ( A- )  —  n2,  A’().  A'|  —  oc. 

Tims  the  system  (3.1)  lias  solution  w(t)  satisfying 

l|M1(O||  =  l|AV(/)0||<r-'A',t),|HI 

where  ||  ■  ||  is  the  norm  in  L2( 0. 1)  induced  by  the  inner  product 

-I 


{<!>- '/’) 


-/ 


tl>(.r)il>(.r)<l.r. 


The  spectrum  of  4*.  is  given  by  positive  numbers  A  =  /r  as  the  roots  of  the' 
characteristic  equation 


(A‘ciA‘1  -  ft 


2  sin(p) 


+  (An  +  A  | )  cos (//)  =  I). 


This  ('({tuition  has  infinitely  many  zeros  {//,-}>  ,  satisfying 

0  -  l)ff  <  lij  <  ./*■  .i  =  1.2.- ■■  . 

Corres])on<ling  to  the  eigenvalues  A,  =  /rj,  we  have  the  complete  orthonormal 
system  of  eigenfunctions 

</’jW  -  Kj  (A'„^fei  +  cos(p  ,,r)  j  .  j  =  1. 2.  •  •  • 
in  L2((),  1)  where 


S';  = 


2/<2(A-f  +  f>2) 


V  (^a  +  /(/)( A'f  +  /(j)  +  (A’u  +  A'; )(p2  +  A'oA'i ) 

is  the  normalization  constant. 
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Thr  opi’mt-ots  Ak  define  nil  infinite  scale  of  Hill x-rt  spaces  "H"  (n  £  H).  If 
n  >  0  then  H"  consists  of  vectors  t‘>  £  Hl]  =  L2( 0,  1)  sucli  that 


\/i 


(8.2) 


In  = 


<  Xt. 


The  spnee  H"  is  the  domain  of  the  operator  A”J2  and  the  inner  product  in  this 
space  is  given  l>v 

(r/>.  </’)„  =  A't/2^ 

which  is  the  same  as  (II. 2)  for  i/1  —  <l>.  The  operator  A'l'2  is  defined  on  H"  by  the 
formula 

j- 1 

Using  the  fact  that  T)(Ak)  is  a  core  in  V(A[./J)  it  is  easy  to  show  that  the  norm 
in  H'  can  be  written  as 

(3.3)  IMI.  =  f  |^|af/x+  Mv»(0)|a  +  A',lvJ(l)|a. 

■/a 

The  spaces  H"  have  the  following  properties: 

1.  If,*  >  n  then  H*'  £  H"  and  |M|„  <  A, (A‘)<M  for  all  0  €  H',\  U‘ 

is  dense  in  H"  ■ 

2.  The’  imbedding  H'1  C  H"  is  compact. 

The  semigrmip  S^.(l)  is  given  by 


s\V)f  =  Zr 


from  which  it  is  easy  to  show  that  ||.*>'*(/)||  <  < 


4.  Global  Existence  for  Small  Initial  Data 

The  proof  of  the  following  result  concerning  global  (in  time)  existence  and 
exponential  stability  of  solutions  lor  small  initial  data  in  //'(().  1)  follows  exactly 
the  proof  given  in  Theorem  3.3.11,  Theorem  (i.3.3.  page  ID!)  of  (10)  and  Lemma 
.r> . ( i . 7 .  page  159  of  [12).  A  more  general  situation  is  considered  in  tin’  paper  [(>] 
where  the  controlled  Burgers’  equation  has  a  additional  forcing  term  /(.r. /).  In 
this  case  we  do  not  obtain  ti  ■  exponential  convergence  of  the  trajectories  to  zero 
as  t  goes  to  infinity.  Nevertheless,  even  in  this  much  more  general  situation  we  are 
able  to  obtain  convergence  of  the  trajectories  for  small  forcing  terms.  Furthermore, 
if  the  forcing  term  is  independent,  of  t,  then  we  establish  the  exist  in  [(>)  of  local 
attractors  in  H 1  for  each  positive  value  of  the  gain  parameters  and  prove  that,  in  an 


m 


(■tnivv.rtfrucv  of  trtijrctnrirs  for  a  rnntrnllrd  viscous  Htnycrs*  (’({nation 


appropriate  .sense,  the  local  attractors  converge  to  the  single,  global  asymptotically 
stable  equilibrium  for  the  zero  dynamics. 

Theorem  4.1.  For  k  =  (Mi-^i),  A:(),  A'|  >  lb  hi  +  A'i  >  0  and  any  H  satisfying 
0  <  :i  <  A i  ( A: )  <  tt2 ,  there  exists  / i  >  (I  such  that,  for  tjt  6  //'(l),  l)  with 

IKMIl  <  (>/  2 

there  is  a  unique  solution  z{t)  €  // 1  for  nil.  t  >  0  of 

z,{t)  +  =  F(;(/)),  ;(())  =  <■> 

and ,  motv.ouer,  the  solution  satisfies 
(4.1)  M*)||i  <2r ""IMI.,  /><). 

With  e  =  v/2(  1  4-  A,  (A1) " 1  ),/a.  (>  ran  he  taken  to  be  any  number  such  that 

<**>  "umnn  + #A|W  ~iiyn)  «  i 

The  following  simple  estimate's  are  used  in  establishing  the  theorem  and  also 
in  the  sequel.  We  state  them  without  proof  and  refer  to  [()]. 

Lemma  4.1.  For  each  ^  S  fi{  we.  hare 

IMIa<A.(fc)-'IMI?. 

where  l)  <  A i  ( A-)  <  h2  is  the  first  eigenvalue  of  A^.  Furthermore,  the  norm.  (II. II) 
is  equivalent  to  the  //*((),  l)  Sobolev  norm  and,  therefore  H'  —  //*(().  1). 

Lemma  4.2.  For  z  e  //'(().  1)  we  have  the  estimates 

ll*lk  <  V^llcll ,/>.  ||c|k  <e||c||, 

when 

11*115,.  =  IN'2  +  IM2-  ll-lk  =  esssup|c(.r)| 

and 

(4.;t)  r=  t/2(l  +  A,(A-)  l)l/2. 

With  tliese  estimates  it  is  easy  to  see  (ef.  [10])  that  F  is  locally  I.ipschitz, 
i.e.,  for  ||x: 1 1]  i ,  |]  Z’2 1|  i  <  A/,  there  exists  a  constant,  C  depending  only  on  M,  mid  k 
hut  otherwise  independent,  of  Z\,  such  that 

IIF(*,)-F(c2)||<C||«,-*a||,. 

This  allows  us  to  apply  the  basic  local  existence  result  found  in  [10]  and  (12] . 
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Lemma  4.3.  For  z  £  H1  and  F(z)  —  —  zz.r  we  have 

(4.4)  IIFU)||<f(||s||,)a 

where  r  is  defined  in  (4.3). 

Lemma  4.4.  The  following  estimates  hold 

1.  If !/  €  H"  then  for  all  t  >  0.  we  have 

<  r~,A,('rU||/;||f,. 

2.  For  ij  6  L2  and  all  t  >  0 

(4.5)  \\Sk.(t)',\\„  <  ((^)"/2  +  A,(fc),,/a) 


5.  Convergence  of  Trajectories  for  Burgers’  Equation 

Thr  main  result  of  this  paper  is  the  following  theorem  where  throughout  the 
remainder  of  the  paper  we  assume  the  hypotheses  of  Theorem  2.1. 

Theorem  5.1.  Let  zk  and  denote  the  solutions  of  (2.2)  and  (2.3).  respect iveli/ 
for  the  same  initial  data  (fit-  H[  with 

IMIi  <  p/2. 

Then  for  arbitrari)  h  >  0.  there  exists  a  K  >  0  so  that  for  h\).k\  >  K  we  have 

IM-./) -:■*(••  0|lx  <*■"'" 

for  all  t  >  0. 


In  order  to  establish  both  convergence  in  the  spatial  variable  for  increasing 
k m  awl  k i  as  well  ns  exponential  eonvergenee  uniformly  in  time  we  introduce  a 
shifted  semigroup  and  infinitesimal  generator.  For  0  <  H  <  A| (k)  let 


SbAt)  =  <'*Sk(t)  =  t 


.  -  < ( Ak  -./Mi 


.v^.)J(0  =  *-“,'*s\(0* 


<t.-u  ‘Ha 


with  corresponding  infinitesimal  generators  given  by 


+  dl ).  —  f(  — .4X  +  if/). 

The  family  of  operators  Ak,n  generate  an  infinite  scale  of  Hilbert  spaces  which  are 
related  to.  indeed  equal  as  functions  to,  the  Hilbert  scale  H"  generated  by  ,4;. 
Namely,  with 

„  A  ,(A’)~/f 

c*  ~  ~^r 


we  have 


c-;,/aK,/20  ii  <  non  <  iiA"/a0ii. 
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The  proof  is  straightforward:  First,  note  that 

WA'lfaw2  =  ||Mt  -  111)"'**$*  *  £(A,  -  /»)"|<Ma  <  f>.()'’K,f  =  I \K/2<i>f 

j=l  ./=! 

and  with  the  definition  of  Cti  above  we  have  (A,  -  /1)  >  Cit Xj  for  all  j,  so  that 

q»K/2*lla  =  Q'f>,)>/ 

<  £>,  -  m*j\2  =  iim*  -  iiir/2<i> ii*  =  Mklfatf- 

j= t 

Now  recall  that  a  classical  solution  of  (2.2)  satisfies  the  variation  of  parame¬ 
ters  formula  for  0  <  A'n  +  k\  <  oo 

s*(0  =  Afc(O0  +  / '  -  r)F(sfc(T))  dr. 

./n 

as  does  the  solution  of  the  zero  dynamics  (2.3) 

s-x(0  =  A'x(0</>+  /  ^(f  -  r)F(jx(r))dr. 

■It) 

Also  from  Lemma  4.2,  we  have  the  point.wise  c'stimate 
k(.r,f)-^(.e./)|<  r||sfc(0  -  ;x(0ll. 
with  e  defined  in  (4.3), 

So  to  compute  a  pointwise  ,'stimate  for  the  difference  of  the  solutions  we  need 
only  consider  the  H[  norm  of  the  difference. 

<■'<"] M'.f)  -  **,(•.  Oil.  =  '•'/f,!|.4l/-(ct.  -  sx)||  <  e",,||Ai/2(.S’,(t)0-.S'.x(f)0l|| 

+  c""  f  ||.4^[5,(/.  -  r)F(;*.(r))  -  Nx(/  -  t)F(;x(t)))||  dr 
J  0 

-  Mi/a[6fc./»(0^  -  ■WOtflll  +  f  Pi/a[St.rf(f  -  r)e"^F(c,(r)) 

«/o 

-.^,/,(f-r)e'rfrF(^(r))]||r/r 

<  C;W\\A)§[SkM  -  Soo.rf(«)0]ll  +  C^ri  |(  f  A$Skji(t  -  T)r'lir  F(sit(r)) 

Ji) 

-  -  r)c'rirF(*oc(r))dr|| 
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+  ^'/a||  f[Al&  -  A^S^A*  ~  tW>"F(zAt))<It\\ 

J  o 

=  1  +  11+111. 

For  the  term  II  wo  have  the  estimates 

c)/2ll  <  f  II Al'faA*  -  ry'iT[F{z,(r))  -  F(^(r)))||  dr 

J  0 

+11  f[A$SkA*  -  T)  -  A'll^A*  -  T)]f,r'<rF(;<x(r)) dr\\ 

J  a 

=  I  la  +  lib. 

For  the  term  I  la  wo  need  the  estimates 

r'llT\\F{zk)  -  F(Joc)II  =  F‘iT\\zkzkx  - 
—  Fl  H^A-r^A  —  Z/Xj)  +  -^(tA.r  — 

<  ^(IIcaJIUa  -  S-xlk  +  ll  =  xlk)l|Ci-  -  M.) 

—  (’*^r  (ll2A-l|l,‘lliV  ~  tntHi  +  e||c-x  ||  |)|Ua  —  -'vlll) 
<^,,iT(|UAll.+ll^lll)l|tA-txll. 

<  c.r"iT2c~,/iT  ||0||i||«a  -  i-xlli  <  apv"^T || tit  -  ^11, 
whore  wo  lmvo  used  (4.1).  Now  using  (4..r»)  wo  obtain 

s  (TStbrj +^<*),n) . . 

<  (1/2)  sup  efrtT||«k  —  s-xllt 

(1<T<| 

whore  the  last  inequality  follows  from  our  choice  of  p  in  (4.2).  Now  defining 

w(t)  =  sup  e'/,r||*k  -  ainJl!. 

U<T<  ( 

As  in  the  proof  of  Theorem  4.1  it  has  been  shown  that 

-&*(-, Olli  <l  +  llb  +  llt  +  [-At) 


(in 


(5.1) 
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and  we  iiotil  only  show  tlmt  the  Hint  three  terms  on  the  right  can  he  made  less 
that  f>  >  0  for  A'  sufficiently  large,  uniformly  in  /.  Then  wo  will  have 

^(/)  <  f>. 

The  term  /  is  considered  in  detail  in  Lemmas  5, 1  to  5.-1.  The  term  / lb  is  considered 
in  Lemma  5.(>  and  the  last  term  III  is  examined  in  Lemma  5.5. 

As  a  consequence  of  the  main  theorem  of  [4]  (sec1  also  [11],  Theorem  1.11  and 
Example  LID.  page  1174)  we  have  that  the  negative  sclfad  joint  operators  (-An) 
form  a  holomorphic  family  in  An.A’i  fc  [0.  oo]  with  An  +  A|  >0  in  the  sense  of 
Kato  ([11),  Theorem  2.25,  page  2(l(i  and  Theorem  1.3  and  Example  1.1.  page  .‘107). 
Therefore,  defining 

fffc(A)  =(XI  +  A,)  1 

for  any  A  £  (-ot.O)  we  have 

1 1 /? A ( A )  -  li X(A)||  — *  0.  A-  — *  -x 

where  A-  — •  oc  means  An.Aq  — *  oc.  In  one  form  or  another  most  of  the  following 
results  repose  on  this  strong  statement  concerning  the  fact  that  the  resolvents 
converge  in  the  uniform  operator  topology  as  An  and  A'|  tends  to  infinity. 

Let  us  now  recall  some  facts  concerning  the  resolvents. 

Lemma  5.1.  1.  Fur  ri’trn  f  C  L2. 

II ~  /II  —  <*,  s  —  +  x 

and 

IIW?*(*)||  <  1. 

It  also  fallows  that 

||.s-/fA.(.s)-’/  -  /||  -0.  .s  —  4-X. 

2.  For  all  t  >  0  and  s  >  () 

l|//*(*)(.s\(/)  -  .s*.(/))/M«)||  <  u  ,Al,‘l'|| Ih(«)  -  /M*)l|. 

3.  For  all  I  >  0  and  s  >  0 


|.S/(0  -  S\{l)}R^(s)2  =  Ih.(s)\Sk(t)  -  (t)}lK(s) 

+1  /ffr(«)  -  IK(*)}*\(t)IK(s)  -  sk(t){lh{ .s)  -  IK(*)]IK(s). 

I.  For  all  t  >  0  and  s  >  (I 

mW  -  S^(t)\R{(s) ||  <  (t  +  2)c-'a'“)'||/?,(«)  -  !U(s)\\ 


where  wt'  recall  that.  Ai(A)  <  Ai(oo), 
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Proof:  Part  1  is  a  well  known  consequence  of  the  fact  that.  — A*-  generates  a 
contraction  semigroup  (of.  [12]).  Part  2  can  he  found  in  [11]  (page  501,  Theorem 
2.14).  Part  3  is  simple  algebra  obtained  by  adding  and  subtracting  certain  terms. 
Part  4  follows  from  parts  1  through  3.  □ 

Again  we  recall  that  the  standing  hypotheses  an*  those  of  Theorem  2.1. 
Lemma  5.2.  For  awry  A  >  C)  we  can  find  a  A’  for  which  k\u  k\  >  K  implies 

\\fh(t)  -  StADW  <*<  Vf><). 

Proof:  Take  g  e  L2  such  that  |[r/||  <  1,  then 
\\[Sk-(t)  -  S*.,(t)\g\\ 

<  ||[5r(0  -  (/)](»  -  s2P^(s)2g)\\  +  *2]|[.‘h.(0  -  S^t)]R\;i\\  =  /  +  77. 

Now  from  Lemma  5.1.  part  1  then*  exists  .s0  >  0  so  that  s  >  s„  implies 

IIm  -  JRM'uW  < 

Tims  by  Lemma  5.1  part  2  we  have 

7  <  (11^(011  +  ||A\(0ll)  J  <  r 

Now  bv  Lemma  5.1  part  l 

77  <  *a(M-2)r ~'*ia)lIUh-N  -  /M*)l| 


<  *Vv  'x'{k),,2\\lh(s)-  /M*)ll  <  2 


where 


,Al(*)//2  <  mnx(2. 2e'  •') 

f>n  '  —  r  A |  (A) 


C  —  max(/  -l-  2)c",) 


and  where  for  *  fixed  as  above  we  have  chosen  A*  so  that  for  A\i.  fr|  >  A  wo  have 

h 


||/?,(.S)- AX(.S) 


2.s2f ' 


□ 


Lemma  5.3.  For  awry  ij-  €  A2(0, 1),  the  hounded  operators 

.  .  I  /•>  .  I 

(•r>-2)  ^ .4  x.;r 

converge  to  the  identity  in  L2  in  the  strong  operator  topology.  Further  if  C  C 
//*((),  1)  is  a  relatively  compact  set.  in  L2 ,  then 


sup  ||  [Bk 

V  'fJ  C ' 


0.  A-o,  A-i  — *  og. 


n 


( Uiv vnyv.it v.v  of  Ivujee.tori.'.H  for  a  rout? oiled  viscous  Ihoycrs'  rtfunfitm 


Proof:  73*.  is  bounded  by  the  closed  graph  theorem  mid  the  first,  part,  of  the1  proof 
follows  from  norm  resolvent  convergence.  bee,  for  example,  t  he  proof  of  Theorem 
3.13,  page  459  of  [11],  The  second  part,  is  a  simple  general  fact,  which  can  be  found 
for  example  in  [9],  Theorem  3.2  page  124.  □ 


Lemma  5.4.  For  0  G  U}  and  t)  >  0  there  exists  a  K  such  that  for  Ai.  k\  >  K 

/  =  c'/ 2 1|  a\!*  [.S',„,(0  -  6V„(0]  011  <  h 

for  all  t  >  0. 

Proof:  Tor  each  fixe'd  t  >  0  a  simple  Banac  h  algebra  argument-  can  be  employed 
to  establish  this  result  (cf.  [13]  Theorem  VIII. 20.  page*  280  ).  But,  to  obtain  the 
result-  unifoimly  in  t  >  0  a  bit  more  work  is  required. 

l|A^[Sfc,,(0  -  iw(O]0li  <  II  [Al^SfAD  -  Aj£,.SV,<(O|0|l 
+IIH13  -  =  ||[5*-.,,(0<,^x!u2  - 

-  /M^,5X,,(O]0||  <  il[5.,40[A^Xm  -  rO- 
+1115,(0  -a^OM^II 

+iii4!X1?  - 

n=  /  +  /7  +  ///. 

Now  dc'fiiic'  V!  =  .4'^.,0.  For  the  first  term  we  have 

(5.3)  7  <  -  /Id'll  <  Cf1'2*/ 3 

for  An .  A- 1  >  A’ | .  For  the  second  term 

(s.-i)  /"/:=  111^,40  -  v.,dO]dl  <c,'/2*n 

foi  A:n .  A- ;  >  l\2  by  Lemma  5.2.  And  finally  for  the  third  term  we  note  that  the  set 

is  a  n  'at.ively  coinpact.  set.  in  /4(0.  !)  for  i;’  G  L2(().  1).  Hence  by  Lemma  5.3.  wc' 
have 

(5.5)  UI  <  sup  -  715^,40011  <  Cj  'ri*/\\. 

/>n 

Combining  (5.3).  (5.4)  and  (5.5)  the  result  follows.  □ 

We  have  left  to  consider  the  two  remaining  terms  lib  and  III  in  (5.1). 
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III>  =  II  /  WXdU  -  T)  -  A^S^At  -  r)|r'  ,rF(c 
J  0 

C*.1/2///  =  II  /W,?  -  </2,].S\. ,(/  -  r)r'ifrf(: 


.(r))dr||. 


(r))  <It\\. 

Lemma  5.5.  For  any  fi  >  0  tlirrr  rxist.s  n  A’  >  0  so  that  for  ku.  A:,  >  A”  wr  him v 

C'/'2IIt  <  A 

/or  «///>(). 

Proof:  First,  note  that  with  /?*.  defined  in  (5.2) 

C,1/2///  =  ||[2?fr  -  /l  f  A'^S^At  ~  r)r"lTF(z^(T)),lT\\. 

■/() 

Now  wo  show  that  the  set 

5  =  U  {/  ~  r)r"1'A(^(r))r/r| 


r>a 

is  a  relatively  compact,  set  in  //**((),  1)  and  hence  the  result  will  follow  from  Lemma 
5.3.  Take  o  —  1  +  7  where  (1  +  7)/2  <  1.  Now  recall  from  (1.4)  and  (4.1)  that 

r"iT\\F(zAT))\\<r,  '•'I <l>f. 

We  proceed  to  show  that  the  set  5  is  hounded  in  FO  and  hence  it  is  a  relatively 
compact,  set  in  I.'2( t).  1).  We  have 


A'^S^At  -r)r"irF(z^(T)),lr\ 
T;..eS -  t),",tF(z^(t)),It 
<fWa  l‘  WA'^S^AI  -r)\\, It 

-c\C  [a-r^ 


r  ,[X'{k) 


<  C  <  yj. 


□ 
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For  till'  term  Ilbwv  extend  a  result,  from  Simon  and  Reed  (cf.  [Id]  Theorem 
VIII. 20.  page  280  ). 

Lemma  5.6.  For  ant / 1)  >  0  /./a  re  exist.; s  a  K  >  I)  so  that  for  h\,.k\  >  K  irr  have 

IJh<b 


for  all  I  >  0. 

Proofs  First,  we  need  to  reduce  our  ealeulatioiis  to  a  compact  t  ime  interval.  Thus 
consider 

||  -  r)  -  -  r )|r,  fr  /•’(;>.  (t ))  iIt\\ 

./(» 

=  II  ['{AI^SkAt)  -  -  t))  (It\\ 

Jo 

<  «1l0ll2  /  IIMj./^S'A...<(r)  -  /l!^i,A»Xil.((r)]||  dr 

Jo 

=  rl|0||a  /  ll('4[^.VA..;,(r)  -  rl^.e8\.,t(r)]||  r It 

Jo 

+Hl0lla  r  -  A'"aS^AT)]\\<lT 

Jin 

+HI0II2  ^  ll(^j‘n-..t(7-)  -  .l!/;>Vx.,.,(r)]||</r. 


For  the  first  term  after  the  last  equality  above  we  have 

/  IIMI'.vV.K’')  -  /l^(s'x..dr)]||i/r 
./() 

<  ["  (lll4/X.t(’-)|l+l|.V^,.S'v..,(r)]||) 

/4ti  r  ( A |  (A  )  ?#)•■* 


dr 


<  C 


■l 


-  r1" 

<  C  /  s  F't  ,i„  <  c \/Tf\  < 

J  a 


for  /(]  small  enough. 
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For  tilt'  lust,  t.mu  above1 


/  III^i/,rsV.;i(7-)  -  A ;j(t)] \\<It 

Jt  l 

<  f"  (llK:X<(r)ll  +  ll^!i-sV;i(r)]ll)  <h 

sri,  -  * 


<  —  C  "-'.Is  < 


for  / 1  large  enough. 

Finally,  with  t a  ami  t|  chosen  above,  we  ikh'iI  only  consider  the  integral  over 
the  fixed  region  [hi. ft]  which  is  compact..  Thus  we  consider  the  term 


f  mOv. 

Jtn 


At)  - 


ty.t(A.f) 


(A  x>it 

0.  A  <  II. 


The  function  is  a  uniformly  continuous  function  on  7?  x  |/u.fi|  and  vanishes  tit 
infinity  in  A.  Furthermore  by  the  spectral  theorem 

SldAk.t)  -  uAA^.t)  =  A1^ 

and  since  [hi./|)  is  compact  we  can  find  t  and  disjoint  intervals  { / y }  such 

that 

[he  f  1 1  -  IJ  1 1 


s»l>  kt(A.f)  -  fyp(A.»j)|  <  — - — 

;.R.icil  !)(r  I  -  mi) 


for  j  =  1.  •  •  ■  .  Ar  which  implies  by  the  spect  ral  theorem 


H»I>  I \Ak,JISkAt)  -  Avrv*.u(*/)ll  <  - — 

ACR.lt/,  Mp-l  -  Ml) 

for  j  ~  1,  •  •  •  ,  N.  A  similar  expression  holds  for  k  =  oc. 
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Finally,  and  once  again  as  a  c*oiist*€ pit *iit h*  of  the  spectral  theorem  (ef.  [Id] 
Theorem  VIII. 20.  page  28fi)  and  the  norm  resolvent  convergence  as  A-[ i ,  A- 1  go  to 
infinity,  that  there  exists  a  K  >  0  so  that  for  An,  k\  >  I\  and  for  /  =  1.  •  •  •  .  ,V 


■sup  -  .'i 

n-i, 


\/2 


.S' 


Combining  these  results  we  can  compute 

f  HMjl/'iSV.dr)  -  >l^<SV,/dr)]||  dr 
N  . 

=  51  /  IPi-X/'W  ~  ^.2rfS'>..,-t(r)]||  (It. 


N 


<  E  |  /,  -  /l'/jS',„.((s,/)|||  dr 

+  /  \\\^A\.Ar)  -  A'^S^A-\,))\\<lr 


<r 


□ 
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OPTIMALITY  CONDITIONS  FOR  BOUNDARY  CONTROL 
PROBLEMS  OF  PARABOLIC  TYPE 


IMKHMAHCO  CANNAHSA  AND  MAII1A  KIJSAHIiTTA  THSSITOHK 

Dipartimcnto  <li  Mutemut.ic.a 
IJnivorsit.n  di  Roma  "Tor  Vorgnt.a" 

Diparthnent.o  di  Matcmntira 
Uuivorsit.a  di  Roma  ‘  La  Sapienza" 

Ahsi  Uaoi-  This  paper  is  devoted  to  the  study  of  litiil.e  horizon  optimal  control  prolr- 
lems  with  hoiintlnry  control.  We  prove  n  snllicienl  condition  lor  optimality  of  trajectory 
control  pnirs.  usittR  n  non  smooth  nnnlvsis  approach.  We  formulaic  this  condition  in 
terms  of  an  Hamiltonian  system  lot  which  we  show  an  existence  and  iiniqniaess  result. 
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Ki  ll  word*  anil  iilirums,  Optimality  conditions.  boundary  control,  paruholie  ei|uations. 
Nnnnann  boundary  conditions,  analytic  semigroup*.  backward  uniqueness. 

1.  Introduction 

This  paper  is  concerned  with  the  problem  of  minimizing 
r 

(1.1)  j  L(*. J'(h;  lit- •'•().  it).  n(s))ds  +  <;>(.r(T:  it), 

in 

overall  measurable  functions  u  :  [/p.  7  )  — ♦  f  (such  ;t  function  is  usually  culled  a 
control).  Mere  (/n../,n)  £  [0.7]  *  A’,  and  r(s:  /M.  .rlt,  n )  is  t  hi*  mild  solution  of  the 
infinite  dimensional  controlled  system 

M  f  r'(f)  =  A.r(f)  +  /•'(■'■(/))-■• LY«l/) 

1  '  \  •»•( f„)  = 

The  state  space  ,V  and  the  control  space  V  are  real  Hilbert,  spaces  and  .1  is  (lie 
infinitesimal  generator  of  an  analytic  semigroup  on  X .  Moreover.  F  :  A’  —  X  is 
Lipsehitz  continuous  and  N  is  the  so  called  Neumann  map. 

Equation  (1.2)  is  the  abstract  version  of  a  parabolic  equation  that  is  con¬ 
trolled  through  a  Neumann  type  boundary  condition.  Further  details  on  this  con¬ 
nection  are  recalled  in  section  2.  where  we  also  list,  all  the  assumptions  on  tin' 


HO 


litmndtiry  control  problems  of  pmnbolu  tupr 


various  data.  Here.  we  just  wish  to  mention  tlu*  fact  that  the  running  cost  L  is 
allowed  to  bo  unbounded,  provided  that  a  coorcivity  condition  of  the  form 

3A(>  >  0,  A i  E  ■  A, ( t ,  ./■  t  u)  y  A(i|u|J  +  A i ,  Vf  G  [0,  /].■//  G  U. 


is  satisfied. 

The  literature  on  boundary  control  is  huge.  Clearly,  t  in-  most  investigated  ease* 
is  the  Linear  Quadratic  problem,  see  for  instance  [16],  [3].  (if)].  Among  nonlinear 
boundary  control  problems  one  of  the  first,  examples  to  be  studied  was  the  convex 
case,  see  (1],  [13],  that  requires  ti  linear  state  equation  and  a  convex  payoff.  As  Ibr 
general  nonlinear  boundary  control  problems,  most,  of  the  results  that  are  available 
in  the  literature  are  concerned  with  necessary  optimality  conditions,  see  e.g.  [9], 
[10]  and  [20],  The  Dynamic  Programming  approach  to  nonlinear  boundary  control 
problems  is  more  recent-  and  uses  viscosity  solutions,  see  [fi]  and  [7]. 

In  this  paper  we  focus  our  attention  on  both  necessary  and  sufficient,  condi¬ 
tions  for  optimality,  Necessary  conditions  will  be  stated  both  in  the  well  known 
traditional  form  of  the  Pontryagin  Maximum  Principle  (set*  Theorem  (3.1))  and 
in  the  Hamiltonian  formulation 

f  /(f)  =  As{t)  +  F(.r[t))  -  (-AYiDvH(t..v(l).  (-A)'V('l) 

(1.3)  { 

[  -  Ap(t)  +  |D,F(.r(t)  )]>(/)  -  /),.//(/,..•(/), (-/l)'V(f)) 

where  H  is  the  Hamiltonian  associated  with  /,.  As  usual,  system  (1.3)  is  assigned 
the  initial  terminal  condition 


(1.4) 


.r(f(i)  -•  ,r„ 

/>(T)  ^  —Dm(jr(T))  . 


As  it  is  dour*  in  [•!]  for  distributed  control  problems,  the  formulation  of  the  Pou- 
tryagin  Maximum  Principle  is  complemented  with  co  state  inclusions  of  the  type 
derived  in  [N]  for  finite  dimensional  control  problems.  Roughly  speaking,  such  in¬ 
clusions  establish  a  connection  between  the  co  state  associated  with  some  fixed 
optimal  pair  {.r*.//*}.  and  some  generalized  gradient  of  the  value  function  along 
tlu*  optimal  trajectory  r*.  We  recall  that  the  value  linn  tion  of  problem  (1.1).  (1.2) 
is  defined  as 


(1.3) 


V’(fn.  J‘o)  -  inf 

nC.t 


L(s,.r(«;  fa.  Jo.  u).  »{*))(/*  f  0(.r(T:  fu..r„. 


The  main  object  of  this  paper,  however,  is  the  generalization  of  a  sufficient 
optimality  condition  obtained  in  [4]  for  distributed  control  problems..  Such  a  result 
is  based  on  the  idea  of  replacing  the  initial  terminal  condition  (1.4)  with  an  initial 
condition  of  the  form 


(1.6) 


f  -'-(fo)  —  A) 
\  p{ta)  =  Ml 
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where'  —  p(|  is  n  cluster  point,  for  the  ,r  gradient  of  the  value  funct  ion  V  at,  (hi..rn). 
Mori'  precisely.  extending  the  result  of  [4]  to  boundary  control,  we  prove  that.,  for 
any  such  po.  problem  (1.3)  (1.0)  has  a  solution  whose  .r  component  is  an  opt  imal 
trajectory  of  (1.1)  (1.2).  Other  kinds  of  sufficient  conditions  for  boundary  control 
problems  arc  discussed  in  [12], 

Moreover,  in  this  paper,  we  prove  that,  the  solution  of  system  (1.3)  ( 1.0) 
is  unitpir.  This  uniqueness  result  seems  to  be  new  even  for  distributed  control 
problems.  Since  in  system  (1.3)  one  equation  is  forward  and  the  other  one  is 
backward,  a  natural  approach  to  the  problem  of  uniqueness  is  to  use  backward 
uniqueness  techniques.  A  detailed  discussion  of  these  techniques  is  contained  in 
[14],  In  this  paper,  however,  we  adapt  (as  in  [!»])  the  method  of  [17]. 

We  conclude  with  an  outline  of  the  paper.  In  fj2  we  recall  basic  material 
on  boundary  control  problems,  including  some  properties  of  the  value  function  of 
problem  (1.1)  (1.2).  In  jj3  we  state  necessary  conditions  for  optimality  through  the 
Pontryagin  Maximum  Principle  (Theorem  3.1).  We  then  formulate  its  Hamiltonian 
version  and  we  show  an  existence  and  uniqueness  result  for  this  system,  which  is 
also  a  sufficient  condition  for  optimality  (Theorems  3.3  and  3.4). 


2.  Preliminaries 


Let.  T  >  (Mu  €  [0,7’]  and  U  C  1R"  be  open  and  bounded  with  smoot  h  bound¬ 
ary.  Consider  the  following  boundary  value  problem  with  Neumann  conditions 


(2.1) 


~ (*,0  =  <V(U)  +  /(.<•(/. 0)  iu  Co. 7’)  x  n 
•  ;r(f(|,£)  =  •'•(,(£)  on  il 

7T  (M)  =  u(t.O  on(/ii,T)x$2 

Ov 


where  .rn  f.  L2{il),  a  t;  L2(h),T’:  L2(0il)),  and  /  :  R  — *  R  is  Lipschitz  continuous. 

Given  continuous  functions  L  :  ((>.  7'J  x  x  — »  IK  and  </> :  /,*(H)  — 

1R.  let  us  consider  the  problem  of  minimizing  the-  functional 


r 

(2.2)  ./(hi.  u)  ~  j  L(t..r(t,-).  u(t.  -))(lt  +  i/)(.r(7’,  ■)) 

in 


overall  controls  u  €  L2(hn  T; /.a(tWl)),  where  ,c  is  the  solution  of  (2.1). 

Problem  (2.1)  (2.2)  may  be  rewritten  in  abstract-  form  us  follows. 

Let  X  =  L2{il),U  =  and  define  the  unbounded  operator  A  in  X  by 


D(A)  = 


ju'  €  H2(U) 


} 


Ax  =  Ax  -  x. 
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Next,  we  rifflin'  the  Nfuimum  map  N  :  U  — > -  A'  ns  (sec  [!)]) 


iVtl  = ;/'  <=> 


A.r  =  ./■  in  S  2 


II  <m  Oil 


Formally.  Munition  (2.1)  may  bo  written  ils 


(  .r'(t)  =  Ar 
\  J‘(to)  =  .On 


=  Ar(f)  +  F(.r(*))  “  tJVa(0 


n<  )(0  -  /(.r(0)  +  .r(0. 

Tin*  right  luuiri  sidf  of  tlio  equation  (2.11)  is  not  well  riofluori  as  the  range  of  Ar 
is  not-  contained  in  D{A).  However,  we  note  that.  N  lias  some  regularizing  effect, 
Indeed,  A’  :  LJ(i)il)  — *  //  j  { S 2 ) .  which  may  lie  expressed  in  abstract  form  using  the 
fract  ional  powers  of  -  A.  In  fact. 


/J((~/D")  = 


•  €  H*"(U)  ;  ^  =  <)j  if  2  <  ()  <  i. 


The  fact  that  operator  A  is  the  generator  of  an  analytic  semigroup  in  X  implies 
that  for  every  0  G  [0. 1)  there  exists  a  constant  Mo  >  0  such  that 

(2.4)  |(  —  /l),V,  '.r|  <  ~\.r\.  VI  >  0.V.I-  G  X. 

Moreover  let  o  €](1.  j[.  Then,  a  well  known  interpolation  inequality,  see  c.g,  [IS], 
states  that  for  every  n  >  0  there  exists  ('„  >0  such  that 

(2.o)  |(-4r.i1  <  fT|(-/l)2.r|  +  r„|.r|.  V.c  fc  !){(-- A)i ). 

By  classical  regularity  results.  <V  :  (!  —  /)((-.■ », ')  for  all  0  <  .1  <  :j. 
ritereforc.  equation  (2.11)  can  be  written  as 

(2  in  /  •'•'(')  -  Ar(f)  +  l'(.r(t))  +  (-,l)J A' ,/,(/) 

\  >VU)  = 

where1  Nj  =  ( —  z4) 1 N.  Clearly,  equation  (2.(>)  has  to  be  understood  in  mild  form, 
that,  is 


(2.7)  ,i(0 


i 

'"’■'.fa  +  j  A  "MF(.r(.s)),/.s  +  (-.4)"  I  r"  "'A  hi  <  f  <  T. 
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It  is  well  known  that  (2.7)  lms  a  unique  solution 

.»'(•;  hi ,•'■()>  «)  6  C{[U).T]  :  X) 
under  the  following  assumptions: 

’  (i)  A  :  D(A)  CX-*X  is  a  densely  defined  dosed  linear  operator: 

(//)  the  inclusion  D{A)  C  X  is  compact  and  A  =  A*; 

(2.8)  ■  (,•//)  3a;  >  0  such  that  < Ax,.r )  <  -u>|;r|a,V.r  €  D(A)\ 

(iv)  F  :  X  — >  X  is  Lipschit.z  continuous: 

(e)  rte]±.£[. 

The  value  function  of  problem  (2.1)  (2.2)  is  defined  as 

(2.11)  V(fi,.j-i,)  = 

inf 

nkl.'Vn.T-.f) 

where  L  :  [O.T]  xA'x(/-R  and  <j> :  A"  —  1  are  assumed  to  satisfy  the  following 
V/?  >  0  and  some  constant  f/,  >  0: 

(/)  L  e  C([(1.T]  x  X  x  U) 

(ii)  \L(t..r.'  ii)  -  L{t,  t/'U) | 

<  C„|.r  -  j/|.Vf  €  [0,T),«  €  V ,  |.r|.  |//|  <  li 
(Hi)  L(t..v.  •)  is  strictly  convex 

(iv)  3Ao  >  0.  Ai  6  R  :  L(f.J\  n)  >  A,,|m|2  +  A,.Vf  €  (0.  T).  n  6  If 

(v)  \L(l.jr.v)  -  L(t,.v.i<)\ 

<  0,(1  +  I" I  +  |c|)|».  -  e|.  V/  €  [0.7*].  "■  >'  €  (A  M  <  /? 

(iv)  [0(.r)  -  (,';((/) |  <  Ci,\.r  -  i/|.V|.r|.  |//|  *'  ll 

A  control  u*  e  L2(i»,T:U)  at  which  the  intiuuuu  in  (2.11)  is  attained,  is  said 
to  he  optimal.  Equivalently,  u*  is  optimal  ii 

r 

V(h,..rn)  =  j  L(.s.:r(.s;l(1  .r„.  u*  ).«*  ((«))•/>  +  -, '>(•''(7’:  hi.  .r„.  u' )). 
iu 

The  following  Lemma  will  he  useful  in  the  sequel  to  prove  the  Pontryagin 
Maximum  Principle.  We  denote  by  ./  the  payoff  func  tional  associated  to  problem 
(2.9),  he. 

r 

(2.11)  ./(!„,. n,;it)  =  j  L(t,x(t\ n),u(t))dt  +  </>(.'(T ;  fm"c>.«)). 

Iu 
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Lemma  2.1,  Assume  (2.8).  (2. 10).  Then,  far  any  R  >  0  there  exists  a  constant 
Mu  >  0  such  that.,  for  any  .n,  €  A',  with  |.c,,|  <  /?,  and  any  control  n  £  LJ(t„.T:  V). 
there  exists  Ti  £  L2{t[\.  T\  U)  satisfying 

(/)  77)  <  ./(/(i,. /'n;  a) 


("•)  |77(OI  <  V/e[/n.r]. 


Proof  In  t.|u>  following,  wo  will  iishuhio  that  hypothesis  (2.10)  holds  true  with 
Cn  =  C  independent  of  R.  Thou,  the  constant  My  in  (//)  above  is  also  independent 
of  R,  as  we  will  show  below,  The  proof  of  the  general  ease  is  similar  and  is  left  to 
the  reader. 

Lot  a  £  L'i( tn,T:U )  and  define,  for  any  n  £  N. 


/ 


n 


and 


Moreover,  hit  ns  set. 


{'eM 

"„(')  =  { 


:  I "  ( ' )  I  > 


n 

{T^ty 


"(' )  if  til,, 
()  it  f  £ 


} 


./■(/)  -  x{t:  f„ n)  .  .(■„(/)  -  ./•(': bi. ./•().  a, ,) 
Then,  denoting  by  |/„|  the  Lebesgne  measure  of  /„,  wo  have 


r 

./(b,. ./.|i;  u„)  -  ./(/„.  .I-,,;  a)  +  j  [A(/.  ./  „(/).  </„('))  -  /-(/.  ./•„(')•  "('))]'" 

7 

+  j  [L(t.  .r„(/).  «(/))  -  L(/..r(0.  »('))]'"  +  (T))  -  r/>(.»(7’))] 

(2.12) 

<  ,/(/(i, .fo :  a)  +  | A 1 1  |/„|  -  A(i  j  \n(r)\2dr 

In 

i 

+  ('  j  \x,,{t)-x(t)\dt+('\.r,,(T)-.r(T)\. 


Now.  n*calIiiiK  (2.7)  and  (2.4), 

M 

(2.111)  (s)  -  ,r(.s)|  <  C,  I  |;r„(r)  -  ,r(r)\<lr  +  T, 


tn 


j  (»('•)! 
./  («-!■)* 


\ /..('Of''' 
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whore  \/m  denotes  the  characteristic  function  of  the  set.  /„.  Lot 

t 

>l(l)=  f\xn(»)-A")\d"- 

in 

Then,  integrating  (2.11$). 

/  f  .*< 

>l(i)  <  C\  I  Il(a)its  +  C\  j  (In  J  I  Ar)flr 

t  ()  /|»  /(I 

t  I 

=  Cl  I  f  \"(r)\{t 

to  to 

<  ft  I  ll{«)ds  +  — ■  —~f  I  l»(t')l'fr- 

f  II  /  ff 

Hence,  by  GronwnH‘s  Inequality. 

nH)  <  ,S  '  '  j  l«('-)kir  -  C2  j  |t/.(r)|(/r. 

From  (2.13)  and  the  estinmte  above,  it  follows  that. 

.H 

(2.1-1)  k„(*)  -.!•(«)  |  <  ft  f  |tt(r)|</r  +  C\  I  ~t|i\ /„('•)</'•■ 

i„  in 

Using  (2.14)  in  (2.L2)  we  obtain,  after  some  tedious  computations. 

(2.15)  ./(/,)•  •»’(»;  </„ )  -  ./(fa n) 

<  | A , |  |/„|  -  An  j  |i/(r)|"</r  +  j  |«(r)|r/r  t  (\  j  f~-~,dr 

/„  /„  i„ 

Finally,  wo  claim  that  the  right  hand  side  of  (2.15)  is  negative  for  sufficiently  large 
n,  which  will  yield  the  conclusion  of  the  Lemma.  Indeed. 

|A,|  |/„|  ~  An  [  |i/(r)|2r/r  |A,|  !/„|  -  <  0 

In 

provided  n  is  large  enough,  say  n  >  ii\.  Similarly, 

C.i  j  | »(r)|i/r  -  l-\{)  j  \u(r)\2dr  <  C,  J  |u(r)|rfr  -  ^  j  |«(r)|rfr  <  0 

/„  ’  In  In  '  In 


H(> 


llnuiiitani  ruvhiii  problr.mtt  of  pomholit:  h/fii 


if  ;/  >  ii’2.  Furthermore, 


M[) | 

(' T-ry 


dr 


\»{r)fdr  <  C 


\! 

/„ 


!«(>■)! 
(T  -  r)'1 


f/r  — 


(T  -  r) '» 


dr  <  0 


if  //  >  //,!.  Tlu-  claim  follows  and  the  proof  is  complete.  | 


We  now  recall  the  definitions  of  some  generalized  gradients  that  will  lie  used 
in  the  sequel.  Let  D  he  an  open  .subset,  of  A'.  The  superdifferential  of  a  function 
r  :  D  —>  R  at  a  point  To  €  D  is  the  (possibly  empty)  set 


(2.10)  D+  e(.r„)  =  {/;  e  -Y  :  lim  sup ^  <  1)1  . 

I  k-j-nl  J 

We  denote  by  D*e(ru)  the  of  all  vectors  p  €  A'  for  which  there  exists  a  sequence 
(.I  ,, }  of  points  of  D  such  that 


{(/)  ./■„  — *  ,r„  as  n  ->  +x 

(//)  e  is  Freehet  differentiable  at  .r„.V/» 

(Hi)  De(x„)  —  /»  as  n  —  +oc 

If  c  is  Lipsehitz  in  a  neighborhood  D(l  of  .in.  then  r  is  Freehet  differentiable  on  a 
dense  subset  of  Do  (see  (l!)j).  Hence.  D’i-’(.r«)  ^  0. 

Next,  we  recall  a  Lipsehitz  regularity  result  for  the  value  function  \ ‘  defined 
in  (2.9)  proved  in  [7]  (see  also  [(>) ) . 

Proposition  2.2.  Assume  (2.8).  (2.10).  Tlun,  I  hr  mine  function  V  defined  in 
(2.9)  is  continuous  on  [0. T]  x  ,Y.  Moreover,  for  iiiit/  It  >  j.  and  f)  t:  [0.  1[,  then 
exists  C'no  >  0  such  that 

\V(t.r)-V(t.i,)\<Cl{,n\(-A)  "(r  -,//)| 

for  all  I  6  [(),  T  -  yj]  aiul  nil  x.  //  C-  A’  satisfi/ini/  |.r|.  ]//|  <.  It.  In  port icidnr.  for  oil 
such  I  and  x. 


(2.18) 


IK  V(t,x)  c  />((-.•!)"). 


3.  Finite  Horizon  Problem 

In  this  section  we  will  derive  necessary  and  sullicient  conditions  for  the  prob¬ 
lem  of 

(•'l  l)  minimizing  ■I(tu,xt)\  u)  overall  controls  a  e  l.i(t[).T:T) 

where  ./  is  defined  in  (2.11).  In  addition  to  hypotheses  (2. 8). (2. 1(1).  we  will  assume 
that 

2)  (')  F  is  Freehet.  differentiable 

(ii)  f  is  Freehet  differentiable  with  respect  tor. 


J 

i 


I 
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Notice  that  the  above  assumptions  and  (2.8)  (2.10)  hnply  that  DF  and  l),  L  are 
hounded  on  all  hounded  subsets  of  A'.  Moreover  we  lu-smne  t  hat  for  suitable  C| .  <-2 


(3.3)  \D,L(t..r.v)\  <  r]L(l..r.n)  +  r. 

Let  77  =  L2(to.T\U).  j(  )  =  and  pi  €  P‘o(7(T)). 

We  recall  that  the  eo  stair  associated  to  the  triplet  (77,./\p>  }  is  the  mild 
solution  to  the  problem 

f  =  Ap(l)  +  [DF(7ii)}'i>(t)  +  DrUt-Un.int))  .  I  <c-  (/„.  7‘[ 

('U)  1  ,>(T)  = 

Theorem  3.1.  Assume  (2.8).  (2.10).  (3.2)  mul  (3.3).  Let  j 77. 7)  l»  mi  optimal 
pair  for  problem  (3.1),  pr  6  P  1  d»(7r(T)).  mill  let  p  lie  the  corn  sponilinii  ro  stall  . 
Then. 


(3.5)  -  p(t)  €  DfV(l. 7(1)) 

for  all  I  €  [to,  7’j  and 

(3.G)  -(.v,,7I(o.(--4)''p(0)-  w.nt).n(n)  =  mt.nnA-Ar'mn) 

fi  r  a. e.  t  6  |/[).T],  where 

(3.7)  H{t..r.p)  =  sup [-{Npu.p)  -  L{t..r,n)\. 

net' 

Proof  hi  view  of  (3.5)  and  of  Proposition  2.2  we  conclude  that.  p(f)  €  Di(-A)'1)- 
Vt  €  [<o,T[.  Therefore  the  left  hand  side  of  (3.0)  is  well  defined.  From  the  Dynamic 
Programming  Principle  and  Lemma  (2.1)  it  follows  that  for  |.ro|  <  /?  and  ful¬ 
fil  <  Ta  <  T 


(3.8)  V(f„,.r„)  = 

r„ 

inf  ^  f  L{s, .r[»\ to. . r, u  ii)yti(s))tls  +  V(T„..r(To:l,i. .r{,.  u))  :  |u|  < 


A  hi 


(T-Ta)1 


Then  we  can  apply  the  Maximum  Principle  contained  in  [  Ij.  Theorem  0.1.  So  we 
conclude  (3.5)  and  (3.0). 


Remark  3.2.  From  hi/pot.he.ses  (2.10 )(iii)  and  (3.2)  it  fallows  that  II  is  differ- 
entiahlr  with  respect,  to  (.r.  p).  So,  bp  (3.0)  and  (3.7) 

(3.9)  77(0  =  -/V;/V/<L  ■'■(/)■(  ~  !)  '/>(/) ) 

for  a.e.  t  6  [/o.T].  The  abort ■  ripinhon  anil  (3.5)  tpeltl  tin  feedback  lair 

(3.10)  77( t )  (•-  -  .v* />,,//( /.j=(n.(  .!)'/>;  rif.rim 

for  a.e.  t  f.  [f ii .  I  ). 


k 


I 


xs 


lltiiiinlnn/  rnnitnl  ftrtihhm ■>  .,/  fiiiiiilmlii  I ill" 


Till'  next  result  limy  lie  ilireetly  ilel'iveil  lullnwillK  •  lie  slime  reiiMinillK*  eull 
tililieil  ill  |1|.  rilisiielll  V1) 

Theorem  3.3.  Assnim  (2.N).  (2.10).  (3.2)  mul  (3.3).  >’»«/*/*#.«  ilml  <<  >-  hulnt 
ihjfrn  nlnililt  mill,  fin  nil  II  ■  (I. 

|/>,  //(/.  .»  ./»(  />J //(#.  «/.(/) i  4  I />,.  //(#..#-./*)  /),.//</.  v- '/ 1 !  ■  <  n\'  '  .V!  ‘  !/'  <1 

fin  sinm  i  iiiisIiuiI  (  ft  •  0  am/  nil  r.  //.  /».  </  1  A  satisfi/itn/  .r  .  !»/''  If  l.i  I  l  In.  i'n  1  1 
jO.  /  j  ■  A  mul  /<ii  •  !  >‘\  it  ii.  .'til  I'ln  n.  tin  si/sh  in 


(3.11) 


,T(/t  .l.rl/l  •  /'(i<t  i'  (  ll  '/>,.//(/  i't).  i  ll'/i"' 

(  //(/I  l/»(/l  *  .'/>,/■  I  m/)]  >i/|  /»,//(.  i  it  M  1  ‘/il/i 

with  tin  nut  ml  lii  initial  <  mnlil  mu 


.1  (/„) 
/■i  /  i 


/  >.  .1  ill). 


Inis  a  siilutnni  l.i./ij  *ui  h  Ilml  i  j*  mi  nfitininl  tin/ntmii  lm  /inihli  in  i3  |i  min 
sJHilulimt  tn  snttu  iimhiilii  Mint  nn  i .  /i  is  tin  in  stnh  tissm  nth  il  In  n  ninl  snhsjns 
/!(/.,)  /In 

I  lie  ill  ii  U  e  Du  silent  Ill  some  -ense.  a  -ullli  I* 'lit  i  <*n<  ll*  |i  Hi  Ii  >1  opt  Him  lit  \ 

I  Ills  1 1  lilt  lit  inn  Wnlllil  We  nil  ill  1  I'I  till  1 1  ■  "III  I  nil  III  Uill  mills'  illiupl'iies-.  u|  -I  ill  1 1  loll' 
lot  (3  11).  t  ll|((lleness  results  loi  pmlileiii  (-ill  )  have  Imsii  ntii.un<s|  m  the  lineal 
i  lIN',  MS'  jl  Ij  III  the  next  Tlnxilein  We  s||inv  mi  existeiiee  mi<l  Ulill|ne||e— .  teslllt  lot 
mi  liniiiiltuniiili  system  nl  kiini  (311;  nplai  ini'  t  lie  tei  uniml  <  n  slate  <  l.-it  inn  with 
.'III  illit  illl  line  llv  mlllpt  lllli  t  lie  -Jimelei  |lllli|ili”l  17  we  <  mi  i|e|  |\e  t  he  l<  ill<  >\VI  t  lU. 

Theorem  3.4.  I><«iiu  r2-V.  ri  I0i.  i.32i  u»>/i3  3l  V*i/i/m»*  that 


/ >,  Hit..! 

/»)  I>, 

iitt.  i/.  </ 1 

■  //,  //(/.  1  .  /<!  0r II)  1  v  </  i 

1  II  1  7 

•  f,  if 

fnt  stmit 

i  tm.sfunt 

i  n 

mnl  nil  i  .  if  /,  ./  ■  \  Is  t  ■ 

M,  It.  / 

\  >imi 

/<n 1  i  r,\  ’t/n.  r,i  i 

/  in  n  th 

i  llaiiiiltninnii  .  i/s  Ii  m 

1 

f  r’U) 

ii(/i  i 

1)  '//,.//!/.  >1/1.4  ll'/.i/ll 

Ml,,l  /  ,, 

13.12)  i 

i 

1  fiit ) 

i/»t/i 

/>,  Hi  t .  i  it  1. 1  1 1  '/a  in. 

/<(/.,  i  /<n 

has  n 


ii  tiiifui  siiliilniii  :  / .  />  l 


Proof  Illi'  existeiiee  purl  Is  a  -tmehtlniWanl  eons,  s  (lienee  n|  t  In  -  almve  riiisiiem 
Wit  limit  loss  of  nenelllht  V  We  set  11  |.et  i|.»  make  the  fnllnwuiu  <  haiif  n| 

Mil  tallies 

rili’il  system  (3.12)  IwenltH" 


«t.'t  I  .*)  './(/) 


I 

t 


! 


liml't  ii  ( ’annatsa  and  \1aiia  I  h 


Hnuiutnry  control  problem *  oj  parabolic  type 


t lm«*ii  ;(/)  iiikI  </(/)  satisfy  th<'  system 


’  An 

=  Az(t)  +  k-(t  -  T)z(l) 

={<») 

-DJWA 

•U  *7(0)  i  7  (/) 

=  =('/■)  -  <» 

*/{/) 

-.‘h/(M  +  *■(/  - 

7)7(0 

.  vll)) 

-/i) ':(/).(- 

.1)  0y(/))  +  /,,(/) 

-  7(7)  =0 

fz(l)  -  <  '  >  "//.,(/)  Mild  /,.(/)  ^  <  iiVS//((f) 


/^//(u-.'D'cf/M-.-u  V/))  --- <■" s'-  njiu.i-Ay'mtu-Ay'pit)) 


*  i  t  !_] 


1  /y,.//(M-<4):<i7(0.  (-/i)'p(O). 


Ilicii  multiplying;  the  first  equation  of  system  (.‘U(i)  l>y  c' 
t  ion  by  </(/)  we  get 


(/)  and  the  second  cqtni- 


l:'(')la  =  <.4;(0.:'(0)  +  <*•(/  -T):(/).:'(/)) 

ninl 

l'/(H|'!  =  {~Aq{t).<i'(t))  +  {k[t  -  T)<i(t).q'(t)( 

+  {D,lH(t,(~Ay1z(t).(-Ay1,i(t)).q'(t))  +  ( f „(!),,/ (t))  ■ 

Tint  above  equalities  can  be  rewritten  as 

-(DtHVA-AfzW.i-AY'qit)).  z'(t))  +  (fz(t).  At)) 

and 

|f/(/)|J  =  ^<<-^(0.9(*)>+fc(t-T)|9(t)|a}-||c/(0la 
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Integrating  on  [0, T],  recalling  tlnit.  ;  and  q  vanish  at  initial  and  terminal  points, 
wo  got 

T 

f{W(t.)\2+~\^)\2)di 

0 

/  r 

<  [\z'{t)\2<lt+l-  ll\DsH[IA-A)!,zU).i-A)t,q(n)[i  +  \2)<H  . 

i>  ’a 

CU7) 

r 

o 

/  / 

<  twit) \  f  miH(tA-AY'z(f)A-~AY,<l(0)\2  +  |/„(0l'V  • 

ii  ii 

Therefore  this  yields 
l 

A'  j  {]'.(> +  |f/(/)|aW/ 

11 

(3. IK)  '  ' 

<  /(l/.-(')f)  + AY':[I).(  .l)'</(/))|-' 

i)  ii 

+  (-.1)  '•.(/).(  ,t)  'i/(/))i- )<//  . 

Moreover.  from  the  interpolation  inequality  (2.fi)  it  follows 

| I)Jl(tA-A)J-.(l).(  -/l)'r/(/))| 

-r  ^-'1  /V7(/.(-.-l) '?/(/).(  .-l)-,/»l/))| 

<  ,  ~-T~L~d(t)\l)rll(t.  ( -  /l)  \/i('M  .■l)’Vi(M) 

(3.19)  -  l)l,H(t.(-A)"n-AnA-AY,i.2(t)) I 

<  Li,ctu-rli0[t)  [!(-/l)  '(//,(n  -  ;/j(/))|  +  |(  A) '(/MO  -  /M/))|] 

=  Ml(-  A)  '.'{01  + l( -AY VrfOll 

<  L„«\\(-A)^(t)\  +  |(-  .4)*f/(0ll  +  /d/f«lU(0l  4  M0|| 


iinuridai'y  nmfrol  problems  of  parabolic  type 


Similarly  wc>  have 


(:i.2o)  |D,.//(/.(-/l);,c(0.(-/l)'VO)l 


/w,rT[|(~/l)i;(/)|  +  |{-yk)if/(/)|]  +  L,,C„[\z(l)\  + 


Noticing  that  from  estimates  (H.1D)  and  (d.20).  for  smnr  positive  eonstant  (' 
it  follows 


(H.21)  \n;IWA--AY':UU~AY'W))\i 

<f'/w/ff[|(-“.-t)i;(f)|a  +  l(-.-4)i#/(rirJl  +  a.iiCnWADf  f  M/)|a|. 


(••1.22)  |/y/(U~.-l)'c('M-.t)  V'»)|* 

.1)-' '(/)!*’  t-  II  -  t  |-/( 

Multiplying  4>V  :(t)  the  first  conation  of  (il. Ill)  and  integrating  we  obtain 


I  11  A)^(l)\‘,lt 


I  I 

■  (AT  t  I)  I  \.-.[l)\-<ll  f  j(\l)_ll(l.(  A) ■':(/).  (  -  .1)  '</(  0)i*  t- 


riiereldre  from  (U.21)  it  follows 


( 

I  !(  4)^  :<n|- 


<11  ■  (A 7  ill/  | :(M|J<// 


Cl.2:»)  4 


f  'I- 111 


y°  j(  |(  .1) -•  cl/)!-1  t  !(  /1)l«,(/)|a).«  t  ‘  I 


I 

j (|:(f)l2  +  lv(')P)<//. 


On  tin1  oilier  Immt 


boundary  control  problems  of  pumbohr 


i  -L 

j (H>  n  +  \p(t)\i)dt  >  [ •M,-r>i(\nt)\i  +  i/»(/)i2)rf/ 

"  n 

if 

£  (k^  f  (l.vCOI2  +  |/i(0l2)rf* 


and  the  following  holds 


j  ,M>  r,i(l*r(f)|a  +  \u„(l)\2)<lt 
0 

7 

<  j  <MI  ,)(/)p4  !/»(/ )|J)f// 


“  \T )  J  +  l/i(/)|"W/ 

I 

1 

-  ( )  ,k  l>  /  (|.v(0|-f  (•  . 


In  conclusion,  from  (.1.27).  C1.2S)  and  (:i.2!>)  we  gel 


;■  j  r 

T  /  U//(/)|2  i  |/#</)|-'),//  ■  C(k-)  j  V  j\ j. 


(l.'/inf-  i  |/dn|J)d( 


l-itnii  the  almve  ine(|iiulitv  we  .,1,1, 


T 

! (l.'/(ni-“  i  !/,(/) | ->//  .ii  il.s  k  •  y 

li 

and  we  conclude  that  |«(/)|  l.’.mi  ..  o  I  \  ,, 

.-.tain  this  result  on  [O.T],  B  "  ‘  "‘IS 
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PONTRYAGIN’S  PRINCIPLE  FOR  OPTIMAL  CONTROL 
PROBLEMS  GOVERNED  BY  SEMILINEAR  ELLIPTIC 

EQUATIONS 


KlMiAHDO  CASAS 

Departnmcnto  do  Matematieu  Aplicada  y  Ciencins  <l(-  la  C’omputacibn 
Universidad  do  Cantabria 

AhsIHACT.  tu  1. 1 1  is  paper  wo  prove  iui  extension  of  I’nutiyugiMs  principle  for  optimal 
coat  ml  problems  governed  by  xemilincnr  elliptic  partial  differential  equations.  The  con- 
trol  takes  values  in  a  bounded  suliset.  not  necessarily  convex,  of  some  Kuclidcun  space; 
the  cost  functional  is  of  I, arrange  type;  and  some  general  equality  and  inequality  state 
constraints  are  imposed.  To  drove  I’ontryagiii's  principle  we  combine  a  suitable  pe¬ 
nalization  of  the  state  constraints  wit  h  Kkeland's  principle.  In  the  absence  of  equality 
state  constraints  we  establish  the  optimality  conditions  in  a  qualified  form  for  "almost 
all"  problems.  In  a  first  stage.  the  classical  spike  perturbations  of  the  controls  used  to 
derive  I’ontrvugin's  principle  are  replaced  by  a  new  type  of  variations. 

1991  Math  cm utics  Subject  (■Ins.iijicatiori.  -I9K20;  Secondary  .'l.'t.Ki.'i 

Key  word*  and  phrases.  Pontryugin’s  principle,  semilinear  elliptic  equations,  state  con- 
straints,  Kki  land's  variational  principle. 

1.  Introduction 

Many  papers  dealing  wit.lt  optimality  conditions  for  control  problems  gov¬ 
erned  by  partial  differential  equations  have  been  written  in  the  last  twenty  five 
years,  but  only  a  few  of  them  have  been  devoted  to  Pont  rvagin’.s  principle.  This 
makes  a  big  difference  with  the  theory  of  optimal  control  for  ordinary  differential 
('([nations,  where  this  principle  is  the  usual  way  of  formulating  the  conditions  for 
optimality.  The  motive  of  this  difference  is  that  the  methods  used  for  finite  di¬ 
mensional  systems  can  not  he  readily  extended  to  infinite  systems,  arising  some 
diffic  ulties  in  the  way  of  this  extension.  Nevertheless  some  new  ideas  have  appeared 
leading  t.o  the  first  results;  let  us  mention  the  papers  by  Fattorini  and  Frnnkowskn 
[14],  Li  and  Yao  [lfi]  and  Li  and  Youg  [l(i]  for  problems  governed  by  parabolic 
(•([nations:  Bonnans  and  Casas  [.'!],  [4].  [fi],  Butmans  and  Tiba  [(>].  Casas  and  Youg 
[!)]  and  Yung  [IN]  for  the  elliptic  case. 

This  research  wils  partially  supported  by  Direccibn  General  de  Invest  igucibn  (’ieiitificr  y 
Teenies  (Madrid). 


Pnntryny in's  principle  far  elliptic  equation s 


This  paper  denis  with  Peiiitiyagins  principle*  for  state'-i-oiistraiiii-el  control 
problems  governed  by  seinilineiir  elliptic  *-e[untions.  '1'lie  principle  proved  here  is 
stronger  than  any  of  the  previous  ones  corresponding  to  elliptic  equations  because 
of  the  generality  of  the  state*  constraints  or  the  assumptions  on  the'  data  defining 
the  problem.  In  particular,  less  regularity  of  the*  domain  and  the  coefficients  of  the 
equation  is  required,  and  no  continuity  with  respe*et  to  the  control  of  the*  functions 
involved  in  the  prohlenn  is  nssumt'd.  Morceive-r  some  proofs  have  be*on  simplified  by 
using  different  methods.  In  spite'  of  these  re-marks,  this  pape*r  e-oedd  T.e*  vie-we-el  as 
a  cenubiinttiou  e»f  the*  iele-es  introiluei-el  in  (.r)j.  [!)]  and  |lxj. 

hollowing  |f>] .  we*  will  prove  twee  minimum  principle's,  e-alle-el  -ve-ak  einel  strong 
respectively.  The'  term  stremg  is  elite  t e >  the-  fact  e>f  providing  optimality  conditions 
in  a  epialifieHl  form.  This  strong  version  of  Penitryagin's  principle  is  proveel  euilv  for 
problems  without  equality  state  ceaistraints  anel  it  rec|iiires  an  additional  hypoth¬ 
esis:  a  stability  conelition  of  the  optimal  e-ost  with  respect  to  small  perturbations 
of  the  feasible-  state-  se-t.  This  e-oiielitiein  was  first  use-el  by  Beamans  [2):  se-e-  also 
[5]  anel  [!)].  Unlike-  [5],  ikj  stability  assumption  is  ne-e-ele-el  lie -re-  te»  prove-  the  weak 
principle*,  this  is  achie-ved  by  using  a  eliffe-re-nt  penalization  e>f  the-  state-  e-eaistraiiits. 
previously  Utilize -d  in  [9]  and  [18]. 

As  me-ntieme-el  above-,  the  proof  e if  the-  minimum  prine-iple-  is  base-el  on  a  pe¬ 
nalization  proce-eltire  e»f  the-  state-  ceaistraints.  in  this  process.  Kkelmid’s  principle 
plays  an  e-sse-litial  role*.  Another  important  feature-  eif  the-  preieif  is  the  use-  eif  sonic 
special  variations  eif  the-  eemtrols  eliffere-nt  of  the-  classical  spike-  pe-rt  urbatieius.  This 
iele-a  was  first  e-mployeel  by  Li  anel  Ytui  [Lri]  lor  e-veilution  iirolile-ins.  and  later  it  was 
adapted  to  elliptie-  preible-tns  in  [18]  anel  [9].  In  this  pape-r,  we*  give-  a  ue-w  proof  of 
this  adaptation,  which  is  simpler  anel  le-ts  a  be-tte-r  mu le-rst milling  of  the-  nature-  of 
t  lii-si-  pert  urlnit  ions. 

The-  plan  of  this  pape-r  is  as  follows:  in  fj2  we-  formuhile-  t lie-  control  prohle-ui 
and  provide  some  e-xample-s:  and  in  fj.'l  anel  >jl  we  prove-  the-  weak  anel  strong 
versions,  re-spect  ivcly.  of  Penitryagin's  principle'. 


2.  Setting  of  the  control  problem 

Let.  SI  C  R".  //  >  1.  lie-  an  open  liotiueli-el  se-t,  with  Innnnlary  L  of  e  lass  f'1  if 
n  >  .'i  anel  Lipschitz  if  ii  <  T  In  Si  we-  e-onsiele-r  the*  eliffe-re-nt  ini  eipe-rator 

n 

AU  ~  -  Yl  '  , //I- 

'■J  I 

where-  Uij  €  U(S2),  1  <  i.j  <  n  and  satisfy  the*  usual  e-lliptieity  assumption:  there- 
exists  A  >  0  such  that. 

tl 

£  "u(.r)U/  >  A|£|2  Vj*  €  Si  and  V?  fe  1". 
i.j=i 


Kduardo  ('.usius 


■I 

i 


Let.  I\  be  a  compact  subset.  of  R"\  in  >  1,  unci  /  :ilxRxK  — >  R  u  Lebcsgnc 
mensurable  function  of  class  C1  with  respect  to  the  second  variable  satisfying 

•  \  r 

f  —  (.r,  y.  a)  <  (1  V(.r.  q.  u)  6  SI  x  R  x  K 
<hi 


0) 


Vn /  >  l)  Be/’ a/  6  X»"(S2).  s  >  n/2,  such  that 


!/(•'■■  o.  «)l 


<>!/ 


t!\\t(-r)  n.c.  j:  €  S 2.  V|//|  <  A/.  Vi/  €  A’. 


If  F  is  not.  of  class  C1,  but  it  is  only  Lipschitz  and  n  —  2,  them  we-  also  assume 
that  s  >  4/3. 

Given  a  function  a  :  il  - — *  A*.  we'  consider  the  state  equation 


Ay  =  «(■'■))  in  SI 

i/  —  0  on  r. 


Theorem  1.  Under  the  previous  assumptions,  fir  every  Janet  ion  ti.il  — -*  A’. 
sueh  that  .r  e  $2  — »  /(./•.//.  «(.(•))  €  R  At  measurable  for  e.aeli  //  g  R.  //a  rc  exists  a 
number  p  >  n  sueh  that  (2)  has  a  unique  solution  ;/„  in  the  Sobolev  spore  U’|!','(S2). 
Moreover  there  exists  a  constant  Cr  >  0.  independent,  of  ft.  sueh  that 


(3) 


ll/Ai  II  U'j  '-(U)  —  Ov  • 


f 


This  theorem  follows  from  the  classical  theory  of  partial  dilfomitinl  ('([nations. 
The  first  thing  to  remark  is  that  /  is  a  nonincroasing  monotone  function  and  it  is 
enough  to  use  a  global  or  local  cutting  procedure  of  /  (see,  for  instance.  [3]  or  [7]) 
to  obtain  the  existence  of  a  solution.  The  ir(l1,,’(12)-regulnrity  follows  from  the  fact 
that  L'(tt)  C.  T1‘-  for  every  p  €  (n.ns/(n  —  s)J  if  s  <  n  and  p  <=  In.  ex.-)  if 

s  >  n.  and  that  operator  A  is  an  isoniorphisut  from  H*,| onto  U’ “ 1  -,’(S2):  sec' 
Money  [17].  VVhc'ti  n  <  3  and  T  is  only  bipsehit/.  then  the  H,| ’’(Ill-regularity  is 
not  always  true,  however  there  exists  t  >  0  depending  on  SI  sueh  that  for  every 


/'€ 


4  “f  f 

,  4  +  f  ^ 

if  n  =  2 

3  +  t 

3  4-f  \ 

2  +  f 

.3  +  f  I 

if  n  =  3 

operator  A  :  — ♦  IV*  ~ 1  ’/J(£2)  is  still  an  isomorphism:  see  Dahlherg  [12]. 

An  important  consequence  of  the  previous  theorem  is  that.  yu  €  C 

Co(S2).  where  C*o(S 2)  denotes  the  space  on  continuous  functions  in  SI  vanishing  on 
T.  Moreover  the  previous  inclusion  is  compact. 

Established  the  fundamental  result  about  the  state  equation,  let  us  go  to  the 
formulation  of  the  control  problem.  Firstly  we  consider  a  Lebesgue  measurable 


t 


100 


l'<mlTi:nilw’t  pnriripln  for  rlliptir  rqunlitmx 


function  L  :  J2  x  R  x  A' 
satisfying 


of  class  Cl  with  respect  to  the  second  variable 


VA/  >  0  E (j>M  G  Ll({l)  such  that 

(4)  4 

|L(,r,  0.  it) |  4-  u)  <  0a/(.c)  m.c.  .r  €  S2,  V|;y |  <  A/,  V/<  6  A". 

k  *>y 

Let  us  denote  by  U  the  set.  of  admissible  controls:  measurable  functions  u  :  fl  — *  K 
such  that 

6  Si  — ♦  (/(.t,  y.  u(x)),  L(.r,  y,  w(.r)))  G  M2  is  measurable  V,y  G  K. 

Let  Z  be  a  separable  Banach  space  and  Q  c  Z  a  closed  convex  subset  with 
nonempty  interior.  Finally,  let  G  :  — >  Z  an<l  F  :  H''0l’,,(J2)  — *  Rf.  I  >  1, 

be  two  mappings  of  class  Cl.  Then  we  can  state  the  optimal  control  problem  a.s 
follows 

Minimize  ./(«)  =  I  L(x,yll(x),u(x))dx 

(P)  Jil 

u  G  U ,  G(;t/„)  6  Q.  F( jia)  =  0. 

Let  us  show  how  the  usual  examples  of  state  constraints  can  be  handled  with 
this  formulation. 

Example  1.  Given  a  continuous  function  <j  :  U  x  R  — ►  K  of  class  C1  respect  to 
the  s  ;cond  variable  and  a  number  A  >  0.  with  f/(;r,0)  <  A  V.r  G  F,  the  constraint 
<i{x,y„(x))  <  A  for  all  x  €  12  can  be  written  in  the  above  framework  by  putting 
Z  =  Co(n),  G  :  W,J"(12)  —  C7„(S2),  defined  by  G(y)  =  //(•.;;(■)),  and 

Cniil)  :  i(.r)  <  A  V.r  G  11}. 


Example  2.  The  constraint 


/  l.'/d-r 
■hi 


)  |  dx.  <  A 


is  considered  by  taking  Z  —  Z,'(12),  G  :  H''0l,,’(J2)  — ♦  L'(12),  with  G(y)  =  //.  ami 
Q  the  dosed  hall  in  £'(0)  of  center  at  0  ami  radius  A. 

Example  3.  For  every  1  <  j  <  k  let  gj  :  x  R  — >  R  be  a  measurable  function 
of  class  C]  with  respect  to  the  second  variable  such  that  for  each  M  >  0  there 
exists  a  function  G  £*( ft)  satisfying 


M*.0)|  +  <rfM(x)  a.e.  x  G  Q,  V|j/|  <  A/. 


h<iumti<)  ( 


I(i) 


I  lim  t  lie  roust  mints 

I  !lft  W„ t .»• ) l»/.r  '  f',.  I  •  l  ‘  k  . 

■hi 

are  included  in  the  formulation  of  fp)  by  choosing  G  {G\ . f.\  )' .  with 

■hi 

Z  =  K1'.  and  Q  (  -  x , /q ]  x  ■  •  ■  *  ( ~  x. ]. 

Example  4.  The  equality  constraint* 

[  /,(.r.  ,/(1(.r)W.<— < t.  1  <  j  _  /. 

■hi 

can  also  be  ineluded  in  problem  (P)  in  the  obvious  way  by  assuming  the  same 
hypotheses  as  in  Example  II. 

Example  5.  Let  {.tq  c  S 2.  then  the  equality  constraints  //„  (■'•/)  =  V  1  <j< 
/,  are  well  adapted  to  the  above  formulation.  Indeed,  since  VV ’n' ' r (5 2 )  c  <7o(H),  the 
functions  Fj  :  — >  R  given  by  Fj(y)  =  y(xl)  -  fij  are  well  defined  and 

they  are  of  class  C1.  Then  it  is  enough  to  take  F  =  (Fi . Ft)'1’. 

3.  The  weak  Pontryagin’s  principle 

The  aim  of  this  section  is  to  prove  the  following  result 

Theorem  2.  Let.  p  >  n  be  given  by  Theorem  1.  If  u  is  a  solution  of  (P).  then 
there,  exist  a  >  0,  y  €  ft  €  (Si),  p'  =  p/(p  -  1).  //  e  Z'  and  X  e  Rl 

such  that 


(5) 

(G) 

(7) 


C 


d  +  Wfi\\z'  +  |A|  >  0; 

Ay  -  f(x.y(x),u{x))  in  SI. 
0  on  F; 


A’ ft  -  ~~(r,f/(x).  u{x))ft  +  n^(j\i/(.r). «(.»  )) 

oy  <)y 

+  \DG(y)}' ft  +  [DF(y)]‘ X  mil, 

(  tp  —  0  on  F; 


(8)  (ft,  z  -  G(y ))  <0  V;  e  Q- 

(9)  /  H,-l(x,y(x),u(x),ft(x))dx  =  min  /  H,ll(x,y(x),v(x),ft(x))dx‘, 

■hi  Jn 


HI2 


I  *fttt  t  i/(i  i/ifi  *  fit  it  it  tftlt  fm  i  Ihfilii 


trhi  n 


II.A  '  !l  “  r  I  *»/.;  r. //.  »i)  *  ,*/(.»■.  //.  n  I 


Moniin  r.  if  inn  i if  tin  fnllii 111111/  nssii lii/ihntis  in  sitltsjii  tl: 

(All  Fiini'luitm  f  ntnl  I.  tin  riinlititnitis  with  /»  tin  thm1  tntnilili  mi  A. 

( A 2)  Th>  li  i  Tints  a  si  t  ii<i  >  52.  with  liin!  1521.  .<*«  /#  Hint  till  fnmlniti 


.rt  i2  •  t/(.r.  a.  n ).  I  At.  a.  ii  ))  i 


/>  rtilillllllillis  III  5 III  fill  I  ft  I  II  lfj.nl  I  ji  *  A  . 
lin  n  tin  follnicinii  funiitirisi  iiliitnni  t mills 


(Id)  //,,(, r. »/(.»').  »(.»').  r'(.i  ))  “  mill i/(.r).  r. /(.r))  ii.i.ji  52 

»•«  Jv 


l.(>t  us  siv  Imw  tlu-  previous  optimality  conditions  arc  written  I'm  some « *5’ t . h ■ 
state  constraints  given  in  1  he  examples  of  >|2. 

Example  6.  Lot  ms  assume  that  the  constraints  associated  with  ( I  ami  /■'  are 
those  given  in  the  examples  1  and  I,  respect ively.  Then.  taking  into  account  that 
Z'  —  0,(52)'  is  identified  with  the  space  of  real  and  regular  Horel  measures  in 
52.  denoted  hy  :\/(52).  Theorem  2  claims  the  existence  of  a  measure  //  f  .5/(52).  a 
uumher  d  >  0.  a  vector  A  f;  It1  and  two  functions  //  H’j''(S2)  and  +  e  H’J  ''  (52) 

such  that  (5).  (ti).  (!))  and  possibly  (1(1).  and  the  following  relations  hold 

•‘t‘r  *.-/(•'  •  //(•'  !•  »(•»))*  1  "  v*  (•»'•</(.»■).  </(•<  )) 

thj  (h/ 

i  (hi  <//, 

+  ihj <•*  ' ,/( ■'  )*/'  4  /  .  A;  r^—  f  .1-.  i/(.r ) )  in  52. 

i  i 

^  =  ()  on  L: 

/  ('(■'■)  -  <y(.c.  i/(.r))W//(.r)  <  tl  V:  c  f  ( S  2 ) .  with  :(.r)  •  A  V  .r  <■  52. 

■hi 


Example  7.  If  the  state  constraints  are  given  .us  in  the  examples  2  and  T  then 
ft  €  Lx'( 52)  and  the  adjoint  state  equation  (7)  and  inequality  (K)  hecouie  now 

r  f }/  ^ 

(  ■!)(■>')■  »(.;■))  +  /<  +  y  A/i,. j  in  52. 

k  yj  =  0  on  f : 


)  ~  .v(-i'))d.r  <  0 


Vi€L‘(H)  with 


where  A[x  j  denotes  the  Dirac  measure  centered  at  . 


,r  <  i1); 


Y  A  1  t|/tf  <  l<  i  < 


finally.  hi  ii>  remark  ilml  il  tin-  constrainix  associated  tu  (i  lire  given  as 
ill  I'.xainple  :i.  llii'li  1 1  {//,}*  |  *  F1'  mnl  (M!  st (iti*s  (lull  // 1  •  0  fur  t’verv 

./I . k. 

Now  we  go  mi  tu  | >n •  vi-  Tliiiiri'in  2.  First  of  all  we  need  twu  lemmas.  which 
iIi’sitiIh*  i lie  type  of  vaiiat ions  of  tin-  controls  used  in  the  proof. 

Lemma  1.  I.et  </  e  /,'(12)  ami  h  £  //(SI).  I  ■s  *  <  +  x  (liven  p  (  (0.  I),  let  us 
ilennte 

t',,  (  /'.  r  S2  meusiiiiihle  :  |/-.'|  ^  p|S2|}. 

Thill 


whi  rr  \l:  is  the  elnroeteristie  finirholi  of  unit  ji  is  ani /  mil  number  satisfi/ini) 

{[<p<  +x  if  s  >  n, 

1  <  p  <  »«/(»  —  s)  if  s  <  n. 

Proof.  Given  />  £  (0.  1).  l<’t.  us  take  <  >  0  arbitrary.  Let  us  denote  by  13  the  closed 
unit  ball  of  U’}  '1  ($2).  where  //  =  /;/(/>  -  1).  From  the  assumptions  on  j>  and  the 
Sobolev’s  imbeddings  (see.  for  instance,  Adams  (1|)  if  follows 

I*(i 2)CH'-,,"(i2)  and  \\\1/ (U)  C  l/ (il). 

the  imbeddings  being  continuous.  Above  we  denote  s'  ~  »/[s  -  1).  Let  us  assume 
that,  s'  <  +oc,  otherwise  it  is  enough  to  change  the  integrals  by  the  suprenmm 
norm  to  accomplish  the  proof. 

We  can  take  a  partition  of  S2.  with  |S2,|  >  I).  such  that 

un  5Z  /  > -  iTTT  /  ,lr  <  ‘ "  v'/  *  IL 

This  can  be  proved,  for  instance,  by  using  the  interpolation  theory  in  Sobolev 
spaces;  s(>e  Ciarlet  [10], 

For  every  ;/  6  D  let  us  define  ij  ;  S2  — >  R  by 

v\u,(j-)  ~  irr-T  [  y{Z,)<l£  Vj-  e  nr  l  <  j  <  r. 

Is*/ 1  Jilj 


Then  (11)  implies 

(12) 


\\v  -  yllL-'(jp  <  f  VyzB. 


Pimlryagin'n  pnonplr  for  rlliphr  rqnntmn.i 

Now  we  can  approximate  </  mid  It  in  every  ilj  by  simple  t'i motions 

r, 

•■)  =  Z/V>Y F.,  (•*■).  MO  =  52^./ X 


with  tty,  Jv  e  R.  being  a  partition  of  Si,  with  |f’"|  >  0,  and  sneli  that. 


/  !//(•*•)-  '  -  MOK 

■/st,  ist, 


»■  <  'l*M- 


Let  ns  take  £''  C  /•’"  stub  that  |£"|  =  />|F''|.  Defining  F'  =  |JF".  wo 


have  that 


hi,  hi,  l> 


1  <  j  /■. 


[  h ,(,r)tl.r  -  I  \  (.v)hl(.r)tlj\  1 
■/‘t,  /it,  /' 


Hually  we  take  F  F'.  Then  | /•,' |  -■  and  lor  every  //  (i  li  we  him 


/((.»)/ 


).</(•'■  )'/-i  i 


I  ^1  (./)j  /t (./•)//( .r)t/.r 


+  /  0  +  *'0  ^ I !'/(■' ')  //(.r)|«/.r 

+  (l  +  “)  ll/'l!/.-(St)ll.'/-  .'/li/. -’(in- 


From  (11)  we  deduce 


(*  +  “)  H,lll/>"(it)ll«  “  .Vllf'(tt)  ~  f  (1  +  IWI'-' 


On  t ho  ot licr  lianil.  fitiin  (|:t)  nml  ( |.ri)  we  obtain  It »r  nil  ;/  £  H 


ijltflu,  ^  ^  1  -  \ ,,  (  »  )^  M  r),/j 
^1  -4  -  j  f  II//II  /. 1  csi)  <”  <  ■ 


Tlmn  (Hi)  ( IN)  imply  dial 


(HD 


ir  1  "iu» 


(l  +  f,)(r  +PII/.-,  «..)• 

wlu'iv  wi1  Itnvo  usotl  t liai  U’  1  ■'' ( 1 2)  -  (W)^  . 

On  tli(>  ntln-r  liainl.  usiiiK  (HI)  anil  (14)  wo  not 

IX('V‘)*H  ■■  £!.(.(' 


(2(1) 


<  f 


U  K'-»' 

K)11"' 


)</■' 

?/,(•'•)</•»• 


Tin’ll  Oil)  ami  (20).  I t»>»;i%t lit*!'  with  tlm  fart  that  »  >  0  is  mbit tary.  pi-uvo  tlu> 
It-nnna,  n 


Lemma  2.  Suppose  p  >  n  given  bp  Theorem  1.  Li  t  ii  o  U  nml  hi  ;/  /«■  /7.s  a.x.so- 
riuteil  stati .  77ion  /or  every  p  €  (0,  1)  we  run  find  a  mensurable  set  C  W.  ird/i 
| /ip |  —  p|!l|,  sueh  that  if  we  define 


f  «(.r)  if.ven\E„ 
\  i’(j')  »/•»'  €  E,„ 


with  v  6  W,  and  t/  we  denote  by  y,,  the  state  corresponding  to  u„ ,  the  following 
equalities  hold 


Vp  =  V  +  f>2  +  r,„ 


lim  - 

/*— o  ft 


(21) 


I 


f’tmtryaym '*  pnticiplt  for  rlliptic  rquntumti 


,;"  +  /•!!.  li.n  -|r"|  —  0. 


./{«,,)  =  ./(«)  +/»c"  +  r  .  liin-lr  | 

’  /l—O  />  ' 


whin  ;  6  H'lll  ,’(Ji)  mitisfirn 


Az  =  ~(.r.u.u)z  +/(.i.«.  *')  -  /(•'•«•»)  i»  12 
All 


Proof.  Let  us  define 


//(.»•)  •-  L[.r.u(.r).  /•(.!■) )  -  A(./\  .t/(.r).  //(.»•)) 


/<(.»•)  ~  /(,r.  i/(.r).  (’(.r))  -  f(.r.  i/(.r).  n{.r)). 

Tlit'ii.  thunks  tu  the  hypotheses  (1)  anti  (4)  we  have  tlmt  2i  e  A" (11)  ami  <y  e  A '(12). 
Then  we  eau  apply  Lemma  1  to  obtain  the  existence  of  a  measurable  set  Er  C  12. 
with  | A'(,!  =  /i|$2|.  satisfying 


Putting 


-  - 


it  is  easy  to  obtain,  by  siiht rafting  the  equations  satisfied  by  //,,  ami  //.  respeet  ively. 
that 

(20)  /U,,  -  n1’ (.r):,,  +  -  \ ,  .  A  in  12. 

where  ( 

«'’(•»•)  =  j  —(•'••  //(■'•)  +  .(.el  -  //(■/■)].  u,,(.r))ilH. 

It  is  not  diffieult  to  eht't'k  with  the  help  of  the  M’,J',’(12)  regularity  of  /L  that 
(^0  ~  '’(in  ■*  b. 

In  particular,  because  of  the  imbedding  H',J,’(S2)  C  C(S2).  we  tletluce  from  (27) 
together  with  (1)  that 

(28)  in  2/(12). 


K<I1UU<I<1  (  'tiSilH 


:u7 


This  relation.  (20)  and  the  convergence  (l//>)\,.  h  —  h  in  II  1  '’(SI)  implies  that 
—  :  in  II’,! wliirli  proves  (21). 

On  the  other  hand 

•/(a,,)  -  •/(»)  _  j, 
l> 


I  I  /  T*  (•' '//(•'  )  4  %, ■(■»')  -  #/(•'•)].  u,.(x))tlOz,,{.r)  -  ~  (.»•.//(■»  )•  !/(.»■) );(.!•) I  d.r 

,/u  I.A,  d//  d//  | 


IX' 


0  wlmn  ft  —i >  0. 


which  proves  (22). 


I’ntof  itf  Throirm  2. 

Since  is  separable,  we  can  lake  in  a  norm  ||  ■  ||/  such  llial  endowed 
with  the  dual  nnrni  ||  ■  ||/'  is  strictly  convex.  Then  the  function 

<Iq  :(X.  II  •  II/)  ~~  K 


<Iq{s)  =  ini'  I!//  -•  i||/ 

m  Q 

is  convex.  Lipschitz  and  Gateaux  differentiable  at  every  point  :  £  with  Odyi:) 
[WyU)}.  where  the  Clarke's  generalized  gradient  and  the  snbdilfercnlinl  in  the 
sensi’  of  the  convex  analysis  coincides  for  this  function.  Therefore.  Riven  5  € 
Odyiy),  we  have  that 

(2!))  a  -  //>  +  </y(//)  <  «/,,(;)  V;  €  Z. 

Moreover  ||V//y(c)||/'  -  1  for  every  :  if  Q,  see  Clarke  [11]  and  Casas  and  Your 


Let.  its  t  ake  :  U  — *  R  defined  by 

./,(«)  =  {[(./(a)  -./(«)  +  O'  1*  -f  <iq((:(!,„))2  4  |/'(//„ )|w },/J • 

It  is  obvious  that  ./,(a)  >  0  for  every  a  e  /V  and  ./, ( a )  =  r.  On  the  other  hand,  if 
(I  denotes  the  Ekehuid’s  distance  in  U\ 


tl( a.  e)  =  |(.r  e  W  :  u(.r)  ^  e(.r)}|. 

then  ./,  is  continuous  in  (U,d).  Therefore  we  can  apply  Ekeland's  variational  prin¬ 
ciple  [13]  and  deduce  the  existence  of  a'  €  U  such  that 

(30)  d(n' ,u)  <  s/i  and  0  <  ./,(«')  <  ./,(«)  +  >/«/(«'.  a)  Vm  e  M. 


Taking  E,,  and  a),  as  in  Lemma  2, 


a.;,(.r) 


/  «'(*) 

\  v(x) 


if  .r  6l!\  Ep 
if  ,r  €  E,„ 
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with  /'  €  U  arbitrary,  we  got  with  the*  help  of  (21)  and  (22) 

nsws  *«>=*«£> 


[(■/(»;,  )-■/(..)  +  . )>)'-[(./(ii')-./(8)-i-,)'|» 

/»(•/.(»;,)  +  •/.(»■  )1 

•IqW,,))2  -  <Iq((1(h'  ))j  4  !/•■(?/;, )|-  -  !/••(//'  )|a 

{(./(«•)  -  ./(«.)  H*  +  (e.lXH; </•);')  +  (/‘’0/ )./W)s')l 

•/,(»') 

+  ( I /)0'(  ,/•)]* /.'.:•>  t  ((/>#••(«'  )|*  A'.;'). 

whore  e 

•d;'  =  —  4- /(.»•> //'.»•)  -  /(.r. //' ,  »' ). 

(>!l 

<"■'  -  ^  |  t /,(./■.;/.  e) )  |  i/.r. 

„  -  (•}(**’ )  ~  •/(»)  +  «)*  ,  _  __  /•’(//' ) 

■A  ( «■ )  ‘  -A  (»»*)’  •/,  ('C)‘ 

«  =  (  •IqWW  )N<Iq(!(u'  ))  if  (.'((/' )  (,) 

^  \  0  ot  herwise. 

Now  let  us  remind  that  .1  :  ll',J  (,(W)  ---•  H'  1  '’(SI)  is  nil  isomorphism;  see 
the  comments  alter  Theorem  I.  Then  .1'  :  H  J  (U)  ll‘  1  (S?)  is  also  an  iso¬ 

morphism.  therefore  we  can  introduce  tin*  adjoint  state  +'  (-  U’J  (12)  as  solution 
of  t  lie  equal  ion 

(:»2)  .'tV'  --  rj"(-r>  u'  ■  )/  t  [/K.’l//' )|*/<'  t  | />/■’( ;/' )]*<V  . 

Thus,  from  (.'ll)  and  (112).  we  obtain 

(;M)  /  (//„,  (.»'.//  (.»').  u'  (.r). *?'(.»•))  //„.  (.!•.//'  (.r).  r(.r).^'(.i  ))|f/.i- 

■hi 

<  v/T|»!|  Ve  e  M. 

Now  we  puss  to  the  limit  when  t  ■—  t).  To  <lo  this,  let  us  remark  that 

W)  "f  +  lip'  \\/'  +  | A*  =  1. 

Then  we  take  subsequences,  denoted  in  the  same  way,  satisfying 


f  n,  — »  o  in  R,  A'  — *  A  i 
\  //'  — •  fi  in  tin1  weak*  topi 


in  R" 

pology  of  Z'. 


Kflimrdn  < 


10!) 

On  I  lie  ol  her  hum  1. 1  li*-  convergence  //  --  //  in  c  f’n(0)  follows  IVom 

(>S0).  1  Ih%u.  usiiiK  ( •15 ) .  ii  is  easy  to  puss  to  tlic  limit  ill  (32)  mid  ( 33 )  mid  to  deduce 
(7)  mid  ())),  Now  reminding  1  lie  definition  of//'  mid  £'  mid  (2!)).  we  deduce 

(311)  <//’ .  -  -  din' ))  <0  V;  €  Q. 

Passing  to  the  limit  in  this  expression  we  obtain  (N).  Let  us  prove  ( 5 ) .  To  do  this, 
let  us  suppose  that  b  =  |A|  =  0,  then  from  (34)  it  follows  ||//'||x'  —  1  «-s  <  —  I). 

f»  fl 

Let  us  take  c»  &Q  mid  r  >  t)  such  that  u)  CQ.  Then  (3(i)  implies  that 

<7(;/ ))<()  V;  e 


Hence 

'•ll/'ltf'  =  «up  (p'.i)  <  (p'.0'(</)  -  in). 

JC- II,  ( :„) 


Passing  to  the  limit 


()</•< 


lim  (//' , 

i  -.a 


(;(<i )  ~  iu>  =  (//.('•(//)  ~  m). 


which  proves  that  //  ^  I) 

Finally  let  us  deduce  (10)  from  (!>).  Assume  firstly  that  (Al)  holds.  Let  us 
take  a  numerable  dense  subset  of  K.  Let  /•'  and  {/•),}>. ,  be  measurable 

subsets  of  12,  with  | /-,|  =  |S2|  =  IFJ  for  every  j.  such  that  the  Lehosgue  point  sets 
of  functions  ./■  €  12  — «  // (,r. //(.r).  »/(.»•), ^(.r))  and  .»•  6  12  ---  //(.r.//(.r).  rr  r*(.r)) 

X 

ate  F  and  F,.  respectively.  Let  us  set  Ft]  -  /'flip)  F,|.  Then  we  have  | =  ]S2|. 

,i  I 

Now  Riven  ./•„  6  /•'„  arbitrary,  for  every  f  >  (I  and  ./  >  1  we  define  the  admissible 
controls 


J  //(.r)  if  r  li,  (.»•„) 
^  i'j  otherwise. 


Then  from  (!))  we  deduce 


-7 — rr  f  //„(.r.  i/(.r).  n[.r).^(.r)),l.r 
.  br»)l  .///,(.,„) 

-  iTTTTTi  /  //.,(.r.  //(.!■).  r,.  *>(■!■) )i/.r.  l<j. 


Passing  to  the  limit,  when  /  — » (I  we  get 


//(l(.r,),/7(,ro), //(./•„),  ^(.r,,))  <  yUn).  i'j,  ^(.rn))  V.r„  6  Fn,  V./  >  l. 

Taking  into  account  that  v  — —  H„(rn, j7(.ro),»\i£(.r„))  is  continuous  and  that 
{t;j}jii  is  dense  in  A',  (1U)  follows  from  the  above  inequality. 


i 

■I 


i 


I 


l 


i 

t 


t 

i 


I 


.  . .  - 


no 


Pmih'ifwjw's  principle  for  elliptic  ctfiintwmt 


Now  l(>t  11s  suppose  that  assumption  (A2)  holds.  Lot  F^  bo  a  measurable 
subset  of  12  such  that 

(37)  lim  — -  ^(.'•o)|Vd;r  -  0  V.r„  g  /> 

'  -»  \B,  (;C|))|  J D,(.r„) 

where  s'  —  s/(s  -  1),  »  given  in  (1).  Then  |F^|  —  |S2|.  Lot  M  ~  ||.i;|j^  and 
tl'm  €  L"(  12)  satisfying  (1).  Finally  wo  put  F„  =  n  Fm  n  12e  n  F,  wlioro  F  is 
taken  as  above  and  Fm  is  the  sot  of  Lobesguc  points  of  | '/’ a / 1 *' •  Thus  wo  have  that 
|fh|  =  |$2|  and  taking  spike  perturbations  as  before,  wo  deduce 


L 


!/(.)■).  (/(.l  ).  y  (.(■))(/.(■ 


\tt>  (•'■«•)!  Jn. (io i 

<  r.— 7 — -T  /  u(.r),  e,  y?(.r))f/.r  V./-„  e  Fu  and  Vo  t  A-. 

I  ii  (•'•«•)!  .//i.  (.,„) 

Since  .ro  e  F.  wo  can  past  to  the  limit  on  the  loft  hand  side  oft  lie  inequality.  Lot 
us  study  the  right,  hand  side. 


-mzxL . wfaiL 

+  TfT7 — TT  /  M-r)  ~  v?( •'•a ) | /(.»\  ;/(./•).  e)</.r. 

I "i  wall  .In,  (./■„) 


/(•'•.  //(•'•).  r)(l.rY~(.i\ ,) 


to.) 


The  first  two  terms  converge  to  //„ (.ra.  //(./'u).  e.  y?(./’o ) )  because  of  the  continuity 
of  the  integrands  in  ,io.  Let  us  prove  that  the  last  term  goes  to  zero. 


/  M(0 

./  /ir(.#‘n) 


V?(-,'a)|/(.c .  //(.c).  o)f/.o 


|/L(.r„)| 

iafraii  III. ,  J**0 “ 


I  / 


\ 

i7f7~T  /  I (.o)|Mf/.o 


thanks  to  (.’17)  and  the  fact  that  ./’n  €  fb,  n  A,^,  n 


4.  The  strong  Pontryagin’s  principle 

In  this  section  we  will  prove  that,  in  the  absence  of  equality  constraints. 
Theorem  2  holds  with  n  ==  1  for  “almost  all”  control  problems.  We  will  precise 
this  term  later.  The  key  to  achieve  this  result  is  the  introduction  of  a  stability 
assumption  of  the  optimal  cost  functional  with  respect  to  small  perturbations  of 
the  set  of  feasible  controls,  This  stability  allows  to  accomplish  an  exact  penalization 


Kihuirild  Owns 


I II 


of  I  lie  state  constraints.  First  of  all  let  us  formulate  the  control  problem  to  be 
studied  in  this  section 

,p  .  f  Minimize  J(u) 

1  «€M.  (//,,)  €  Qt 

with  the  same  notation  and  assumptions  of  §2  and  setting  Qt.  —  Q  +  /?/.(()).  for 
every  b  >  0. 

Definition  1.  We  say  that  (P/,)  is  strongly  stable  if  there  exist.  <  >  0  and  C  >  0 
such  that 

(:is)  inf  (Ps)  -  inf  (P*»)  <  C[b'  -  b)  V/>'  6  [/)./>+  »]. 


This  concept  was  first  introduced  in  relation  with  optimal  control  problems  by 
Pountvns  [2]:  see  also  Bonnans  and  Casas  (5j.  A  weaker  stability  concept,  was  used 
by  Casas  [«]  to  analyze  the  convergence  of  the  numerical  discretizations  of  optimal 
control  problems.  The  following  proposition  states  that  almost  all  problems  (lh) 
are  strongly  stable. 

Proposition  1.  Lit  7>n  >  0  hr  a  number  surli  that  (1\, )  bus  feasible  rant  nils. 
Then  (P*)  is  stronqlij  stable  far  all  b  >  bo  except  at  most  a  zero  Lebesijne  measure 
set. 

Proof.  It  is  enough  to  consider  the  function  li  :  [/>n.  -Fx )  — •  1R  delined  hv 

m  =  iiif(iv) 

and  remark  that  it  is  a  noninerensing  monotone  function  and.  consequently,  ditfor- 
entiahle  at  every  point  of  [<V  +  x  )  except,  at  a  zero  measure  set.  Now  it.  is  obvious 
to  check  that  (P*,,)  is  strongly  stable  at  every  point  where  h  is  dilfereutiuhle.  □ 

Now  we  carry  out  an  exact  penalization  of  the  state  constraint.  To  do  this, 
we  will  use  tin1  distance  function  dq,  associated  to  the  set  Q*.  and  deline  in  the 
same  way  as  in  the  proof  of  Theorem  2. 

Proposition  2.  If  (Ih)  is  stronqlu  stable  and  a  is  a  solution  of  tins  problem .  thru 
three  exists  qo  >  0  surh  that  a  is  also  a  solution  of 

(;{!))  inf  .1,,{u)  -  .7(h)  +  f/r/y,(f.’(.V.,)) 

for  ever i/  q  >  q t). 

Proof.  Let  us  suppose  that  it  is  false.  Then  there  exists  a  sccpience  {</*-  J-jtk  i  n‘nl 
numbers,  with  <p.  — »  +<x,  and  elements  C  U  such  that 

•/(ttfc)  +  wt<iAG(Vk))  <  '7 (it)  vk  >  1, 
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where  in,  is  the-  state  corresponding  to  //*■.  From  here  we  obtain  that 

du*{G(uk))  <  — — - - -  — ♦  0  wlii'ii  k-  —  +oc 

m 

nml  G(uk)  &  Qs-  Let  t>k  >  h  he  the  siniillest.  iiumher  sueh  that  Cl(yk)  €  Q/,k..  Since 
<V  — «  b.  we  can  use  (US)  to  deduce 

C(h  -*)>  inf  (P*)  -  inf  (IV,)  >  ./(«)  -  ./(tit) 

>  <h <Iq„  (C»(|/A })  =  7a(^a  -  I1')  VI  >  A', . 

which  is  not.  possible.  □ 

Since  ./(J  is  not  Gateaux  differentiable  on  Q*.  we  are  going  to  modify  slightly 
this  functional  to  attain  the  differentiability  necessary  for  the  proof. 

Proposition  3.  Li  t.  us  take  q  >  qo  and  far  everij  i  >  I)  li  t  us  consider  the  pivblem 

(P*.,)  Inf  ./„..(»)  =  ./(«)+  {‘^(O’O/,,))'  +r2},/a. 

ii€m 

77ir»  inf(P/s., )—  inf(P,t)  ic/ten  f  —  0. 

Proof.  It  is  an  immediate  consequence  of  the  inei|uality 

•/,,(»)  <  ./,/.,((/)  <  ./,,(k)  +  i/f  V/i  G  W.  □ 


Finally  we  are  ready  to  prove  the  strong  Pontryagin's  principle. 

Theorem  3.  If  (lb)  is  stronqlji  stable  and  a  is  a  solution  of  this  problem,  then 
Theorem  2  remains  to  be  true  with  d  =  1 . 

Proof.  Propositions  2  and  3  imply  that  u  is  a  it,2  solution  of  (TV,),  with  a ,  —  t) 
when  f  — *  0.  i.e. 

•/<;.,(«)  <  inf  (IV, )  +  it2. 

Then  we  can  apply  again  Ekeland's  principle  and  deduce  the  existence  of  an  ele¬ 
ment  u'  G  U  such  that 


d{ii  ,  li)  <  it,.  (id  )  <  («). 

and 

•L,.,(id)  <  d,h,(u)  +(T,d(id  .it)  Vu  G  U. 

where  once  again  d  denotes  the  Ekeland’s  distance.  Now  we  argue  as  in  the  proof 
of  Theorem  2  and  replace  (31)  by 


Ivlunrrin  Cnxns 


1  i:i 


where  /('  €  2'  in  given  by 


w^+'»rVW))  "W)*Q‘- 


otherwise, 


Therefore  we  lmvo  ||//'  ||jf*  <  7  for  every  f  >  0.  Now  we  can  take'  a  subsequence  that 
converges  weakly*  to  an  element  //  6  72 .  The  rest  is  as  in  the'  proof  of  Theorem  2, 
taking  o,  =  1.  □ 
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AllsTHACT.  Wo  consider  a  genera)  optimal  control  problem  for  h  distributed  parameter 
described  by  n semillncnr  pnrabolic  equation.  Wo  show  that  tho  Hamiltonian  In  Invariant 
over  optimally  controlled  tmjectorios,  and  that  it  vanishes  when  the  terminal  time  Is 
free.  The  method  Is  that  of  approximation  of  the  original  eontiol  system  by  a  sequence 
of  “smoothed"  control  systems 
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1.  Introduction 

Lot.  E  be  a  Banach  space,  A  the  infinitesimal  generator  of  a  strongly  continu¬ 
ous  semigroup  S[t)  in  E.  Consider  the  optimal  control  problem  of  minimizing  tin* 
functional 

,7m  (0  =  /  Mn(T).u(r))<lr 

7ti 

among  all  trajectories  of  the  autonomous  scmilincnr  differential  system  in  E 
l/(0  =  Ay(t)  +  f{u(t ),  u{t)).  i/(0)  =  f, 

subject  to  a  control  constraint  u(t)  g  1/(0  <  t  <  t)  and  a  target  condition  y{t)  £  V‘. 
In  situations  where  it  can  be  proved,  Pontryagiu’s  maxinmni  principle  has  two 
statements:  one  is  that  the  Hamiltonian 

H{y(t),za,2(t),v)  =  +  (z(t),Ay{t))  +  {z(t)<  f{y[t),  v)) 
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is  maximized  over  U  by  r>  =  ii[t)  along  the  trajectory,  where  </(•)  is  the'  opti¬ 
mal  control.  y(t)  the  o])tinml  trajectory  and  the  cost  ate  ;(/)  solves  the  adjoint 
variational  equation 

cU  =  -{-4*  +  ajim-Hnnm  -  m  = ; 

in  0  <t<f:0y  indicates  Frochot  derivative  with  respect  to  y  and  (in, ;)  ^  0.  The 
other  statement  is 

H(m,zlt.z(t).li(t))  =  c  (<)</<  o 

with  r  —  0  if  the  terminal  time  t  is  free.  In  both  statements  we  face  the  prob¬ 
lem  that  the  Hamiltonian  (precisely,  the  term  (;(/).  Ay(t)))  may  not  be  defined: 
there'  are  situations  where  f/(t)  (reap.  z(t))  does  not  belong  to  the  domain  of  any 
fractional  power  of  A  (reap,  of  /!*).  This  is  not.  important  for  tin’  first  statement, 
since  {;(/).  Ay(t))  does  not  depend  on  e  and  can  be  dropped.  However,  this  is 
not  the  ease  for  the  second  statement,  and  the  only  results  of  this  sca  t  we  know 
(coming  from  the  maximum  principle  rat  her  than  from  the  dynamic  programming 
approach)  are  those  in  [3].  They  are  very  restrictive  on  nonlinearities;  for  instance 
the  most  general,  if  applied  to  a  semilinear  heat  equation 

(1.1)  J//(b.r)  =  A//(/..r)  +  /(//(/,  .f))  +  u(/.. r ) 

in  lJ(Sl)  (Si  a  domain  C  R"')  would  require  /^-continuity  of/,  thus  preempting 
(for  instance)  any  powers  of  y. 

We  present  in  this  paper  a  new  approach  to  invariance  of  the  Hamiltonian 
based  on  another  of  the  results  in  [If]  and  on  an  approximation  process.  It  is  not 
more  or  less  general  than  the  ones  in  [.'I),  but  applies  for  instance  to  (1.1)  in  the 
space  C(S1)  of  continuous  funct  ions  in  SI,  and  is  very  tolerant  of  nonlinearities:  for 
instance,  we  may  take  as  /  in  (1.1)  a  polynomial  or  arbitrarily  high  order  or  even 
a  function  of  faster  growth  as  long  ns  certain  dissipativit.v  conditions  that  prevent 
finite  time  blowup  of  solutions  are  satisfied  (see  ?j2 ) .  See  !j(>  for  comparison  with 
[•'(]  and  for  possible  generalizations. 

2.  The  control  system 

Instead  of  the  Laplaciun,  we  work  with 

m  m  in 

(2.1)  Ay  =  y  <)l(<ijk(-it)<)l'!l)  +  T,  bJ(.r)i)'y  +  c(.r)y, 

./=  I  A- 1  j^l 

in  a  bounded  domain  Si  C  1R'"  with  boundary  T  of  class  The  leading  coef- 
Hcients  an-  are  continuously  differentiable  in  Si,  Ujk  —  ii/.j  and  i,k  (.v)Zj£k  > 
k||£||2  (J'  €  SI,  {  e  R"1);  the  bj  and  r  are  continuous  in  Si.  We  imlicated  by  :i 
either  the  Dirichlet  boundary  condition  y  =  0  (x  e  F)  or  a  variational  boundary 
condition 


clwi/(j')  =  y(x)y(x)  (x  e  T), 
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where  <Y"  is  tin*  ctmarmn!  drrimtivr ,  i.o.  the  derivative  in  the  direction  of  the 
counnnai  vector  { (;ir) }  =  the  outer  normal  vector  on 

T.  The  coefficient  y(.r)  is  assumed  continuous  in  I\  In  general,  A(A)  is  A  with 
domain  restricted  by  a  boundary  condition  A- 
The  adjoint  A'  of  (2.1)  is 

nt  m  m 

A'u  =  ‘WM-'O?/)  +  K-'  ).v; 

j-i  i  j= i 

and  tiie  adjoint,  boundary  condition  fi'  is  A'  =  A  for  the  Dirichlet  boundary  condi¬ 
tion:  for  a  variational  boundary  condition  it  is 

»‘J  !l(r)  =  h(-v)  +  >>(■<■))  U(r) 

with  h{x)  sb  I!  bj(.r)i/l(. v). 

Denote  by  C(J2)  the  space  of  continuous  functions  ;/(•)  in  S2  endowed  with  the 
supremum  norm:  Co($2)  is  the  subspaee  <lefined  by  y  =  0  on  f.  Tiie  dual  C'(i2)‘  of 
C(12)  can  be  identified  with  the  space  £(J2)  of  regular,  hounded  Borel  measures 
//  in  S2  witli  the  total  variation  norm:  the  duality  pairing  is  (inf)  =  J  f(.r)/i(d,r). 
The  dual  Cb(S2)  can  be  identified  with  the  subspace  of  E(S2)  whose1  elements  vanish 
in  f.  We  have  the  isometric  imbeddings  f  (S2)  C  /d(J2)  C  £(S2). 

Let  A  be  a  variational  boundary  condition,  and  let  A,  (A)  be  the  operator  in 
C(il)  defined  as  follows: 

D(Ar(/*))  =  |  //  €  f|  tra-"(«),n  4//6n!l) 

and  A,  (A)y  —  Ay.  where  ira,'(12)p  denotes  the  subspace  of  the  Sobolev  space 
U’2,,'(12)  whose  elements  satisfy  A  on  f.  The  operator  A,  (A)  generates  a  compact 
analytic  semigroup  S,-(t:A.A)  in  C(il).  If  A  is  the  Dirichlet  boundary  condition 
the  same'  is  true  in  the  space  Po(SD:  in  the  definition  of  the  domain,  wo  require 
Ay&Ct)(n). 

The  dual  semigroup  S,(t\A.A)*  in  E({2)(£n(S2)  for  the  Dirichlet  boundary 
condition)  is  compact  and  analysic  in  t  >  0  but  not  strongly  continuous  at  t  =  l); 
however,  Sr(t\  A,  A)* /i  —  //  C(J2)-weakly  in  E(i2)  (S0(D)  for  the  Dirichlet  bound¬ 
ary  condition).  The  restriction  of  Sr(t\  A,  A)*  to  L'(S2)  is  a  compact  analytic  semi¬ 
group  A\  A')  ( A '  the  adjoint  of  A ,  A'  the  adjoint  of  A)  whose  infinitesimal 
generator  A\(A')  is  characterized  as  follows:  D(A\(A'))  consists  of  all  elements 
y  €  L‘(S2)  such  that  there  exists  c(=  A\ (A')y)  in  Li(S2)  with 

/  y(.r)(A(A)/’)(.r)d.r  =  f  z(x)v(x)dx 
Ju  J  n 

for  every  v  in  the  subspace  C^(il)n  of  all  y  €  C(2)(f2)  that,  satisfy  the  boundary 
condition  A •  The  dual  semigroup  S\(t\  A’.A'V  is  compact  and  analytic  in  t  >  0,  but 
not  strongly  continuous  at  t  — *  0,  although  has  the  same  weak  continuity  properties 
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as  S,  (/;  A.  il)* .  Fintvlly,  5,(2;  A ,  rt)  is  the  restriction  of  5|  ( 2 :  A',  d')*  to  C-'(W)  (f'n(S2) 
for  tlie  Dirichlet  boundary  condition).  Restriction  relations  also  hold  for  the  gen¬ 
erators:  A\(li')  is  the  restriction  of  Ar{(1)*  to  the  domain  D(A\(/i'))  =  {//  6 
L'(f2);  Ar{fi)*u  €  L'(52)}  and  Ar{t1)  is  the  restriction  of  A\[fi')*  to  D(A,[:i))  = 
{ll  €  C(i2);  Writ  €  C(52)}  S2)  for  the  Dirichlet.  boundary  condition). 

We  fix  below  the  operator  A  and  the  boundary  condition  A  and  use  the  short¬ 
hand  5,(0  =  5,(2; /t./f),  5^(2)  =  5|(2;  A',/T)*,  5{(0  «  5,(2;A',d').  S'K(f)  = 
5,(2 :  Ay  5)*,  so  that  5,(0  (resp.  5J ( 2  J )  is  tin*  restriction  of  5-*.  (2)  to  C(il)  (reap, 
of  5{j(0  to  L'(S2)).  Likewise,  we  write  Ar  =  A, -{if).  A\  =  A\{rl').  Also,  we  leave 
to  the  reader  to  add  “Gi(52)  for  the  Dirichlet  boundary  condition"  or  “£()(52)  for 
the  Dirichlet  boundary  condition"  whenever  necessary. 

Tin-  control  system  is 

(2.2)  y'(0  =  A-y(0  +  f(y(0)  +  »(/).  y«t)  =  C 

and  is  modelled  on  (1.1),  so  that,  the  boldface  letters  mean:  y(2)(.r)  =  y/(2,.r), 
and  u(2)(.r)  —  u(2.x).  Instantaneous  values  of  y  are  in  (7(5 2).  We  want  to  admit 
L^(((),T)  x  S2)  as  control  space,  thus  we  cannot  take  u(2)  €  C(12).  To  find  the 
“right”  control  space  we  take  an  arbitrary  separable  Banach  space  A'  and  call 
Z,^(().  7’;  X')  the  space  of  all  A'-weakly  measurable  A' ’-valued  functions  </(■)  en¬ 
dowed  with  the  essential  suprennun  norm  (separability  of  A'  implies  measurability 
of  the  norm).  In  this  notation. 


(2.3)  L*((0,7)  x  52)  •-=  Li>(0,7';Lx( 52)) 


tints  we  assume  u(-)  €  7,^(0,  T\  L^(tt))  in  (2.2). 

By  definition,  solutions  of  (2.2)  are  C(S2)-vnlued  continuous  solutions  of  the 
associated  integral  equation 


t 


(2.4)  ff(t)  =  5,(/)C  +  /  5,(2  -  r)f(y(r))</r  +  /  (2  ~  r)u(r)i/r 


f 

Jtt 


where!  we  use  S^(t)  D  Sr{t)  since  u(')  takes  values  in  Lx(5  2).  A  It  hough  u() 
is  merely  weakly  measurable,  r  — •  5.^(2  -  r)u(r)  is  strongly  measurable.  ([(>. 
Lemma  4.1])  thus  the  last  integral  is  a  Buchner  integral  and  produces  a  contin¬ 
uous  C(52)-valued  function.  The  operator  f  :  C($2)  — *  (7(52)  in  (2.2)  and  (2.4)  is 
f(,y)(>r)  =  f{y(x)).  If  f(y)  is  locally  Lipschitz  continuous  with  respect  to  y  then 
f  is  locally  bounded  and  lorally  Lipschitz  continuous  and  this  is  enough  to  insure 
local  existence  and  uniqueness  of  solutions  of  (2.4);  of  course,  we  require  /(())  =  0 
for  the  Dirichlet  boundary  condition.  We  shall  call  y(2,u)  (or  y(2,  (,',  u)  if  (  is  not 
fixed)  the  solution  of  (2.4)  for  u(  )  €  L^(0,  T\ 

We  say  that  (2.2)  (or  any  control  system)  has  the*  global  existence  property 
(GEP)  in  an  interval  0  <  t  <  t  if  for  every  C ,  K  >  0  there  exists  L  =  L{C,  K)  >  0 
such  that  if  ||C||  <  C  and  ||u(-)||  <  A'  then  y(2,C,  u)  exists  in  0  <  t  <  f  and 
||y(2,C.  u) ||  <  L.  One  of  the  many  conditions  that  produce  the  GEP  is 
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Lemma  2.1.  Assume  that 

(2.5)  (fi.m)  <  til  +  llwll2)  (y  e  C(12),  It  €  0(1/)), 

wheir  the  duality  sot  (")(//)  C  £(12)  o/  an  element  y  6  C*(12)  t.s  the  set.  of  all 
,i  €  E(l~2)  such  that,  (ji.y)  =  ||/«||2  =  ||//||2.  Then  (2.2)  has  the  GEP. 

To  see  what.  (2.5)  moans  for,  say,  the  Diriohlot  boundary’  condition,  note 
that  if  ;/(•)  €  C\,(S2)  then  (-)(//)  consists  of  all  /i  €  S(S1)  supported  by  e  -  {.r  € 
S2;|//(.t)|  =  ||//||}  and  such  that  ||//||  =  ||//||,  \i  >  0  in  r+  =  {./■  6  12;  ;/(./’)  - 
\W)\\),  II  <  0  ill  c_  =  {.)•  e  12;  y(.e)  =  -||//(x)||}.  Accordingly,  if 

(2.0)  (*//»*  !l)f(!l)  <C(l+  |//|)  (~oo  <  !/  <  to) 

then 

0‘. /(«(•)))  =  //(.V(x))/, «/.0  =  f  "H"  2/(x)/(i/(j’))|/t|(d.r) 

“  fj[(l  +  l//(  *-)|)|//|(r/.r)  =  c(||,/||  +  ||.y ||2)  <  2c(l  +  ||i/||2). 

so  that  (2.5)  holds.  Condition  (2.0)  is  easily  scon  to  be  sat  isfied  by  any  polynomial 
containing  only  odd  powers  with  negative  coefficients,  for  instance  ,f(y)  —  -//2A't  l. 

3.  Approximation  of  the  state 

The  scheme  uses 

(S.l.n)  y'„(f)  =  A,y„(t)  +  Sr(sn)({S,.(s„)y„[t))  +  .S’x.(f„)u(f).  y»(<>)  =  C 

with  r„  >  (I,  e„  — •  0.  As  for  (2.2),  y„(/,(,u)  indicates  dependence  on  C« u.  We 
assume  that  ||.V,(f)||  <  Cr'*1  with  w  >  ()  (which  can  always  be  achieved  by 
a  translation)  so  that,  fractional  powers  (- A ,.)"  can  be  defined;  since  .S', .(f)  is 
analytic,  if  o  >  0. 

(3.2)  IK-ATMOII  <  C„f  “  (/>()). 

Lemma  3.1.  Let  f)  <  n  <  1.  Then  the  operator 

(3.3)  A„ </(•)=  fi-ArY'SnV  ~n)\i(cr)da, 

J  a 

is  compact  from  L^([),  T;  L'*-(S2))  into  C*(0, 7’;C’(S2)). 

The  proof  is  basically  the  same  as  that  of  its  abstract  counterpart,  Theorem 
3.1  (or,  rather,  Theorem  9.1)  in  [7], 

We  use  below  the  fact,  that  L^((),  T;  ^(12))  =  Ll  (0,  T\  L1  (12))*  (which  is  ob¬ 
vious  by  (2.3)).  We  recall  that  Ll((),T;  L1  (!2))-weak  convergence  of  a  sequence  im¬ 
plies  boundedness;  also,  a  L1  (0.  T ;  L1  (12))- weakly  compact  set  has  to  be  bounded. 
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Corollary  3.2.  Let  u(-)  €  L ^(0, f;  Z.'^t(S2))  be  such  that  y(f,u)  exists  in 
0  <t<  f\  {<„}  c  C(fl)  with  C,  -  c,  {u„(-)}  c  L^H).t'.L^(il))  with  u„M  - 

u(-)  L*  ((),/;  IA  (ll))-weakty.  Then,  if £  > 0  there  exists  n  =  nf  such  that  y„{t.  („•  u„) 
exists  in  0  <  t  <  t.  far  n  >  ne  and 

(3.4)  ||y„(f,C...u„)  -  y(f.<,  u)||  <  5 

(3.5)  ||(--4r),,y„(/,Ci.u„)||.  ||(-^.ry(i,Cu)||  <  Cnt  " 

(3.(5)  U-A.  Y'y.At.CnM,,)  -  (-i4r)"y(/.  C.  u)||  —  0 

uniformly  in  h  <  t  <  t  for  any  ft  >  0  [in  0  <  t  <  t  if  <\  =  0). 

Proof  Denote  by  [0.  f„]  t .lie  maximum  subintervnl  of  (0.  i)  whore  y„  (f.  C, .  uM )  exists 
and  satisfies  (3.4).  In  this  interval,  wo  have 

(-4),l(y,,(^.C„.u,l)-y(/.c.u))  =  (-A,rsAn{C„ -O 
+  I  {-A,.y'S,.(t  -  T  +  s„){f{S,.[e„)y„[T.C,,u„)) 

./a 

-  ((SAs„)y(rX<u))}dr 

+  I  {-ArY'Sc{t-  r +  e„){f(6V(e»,)y(r,C.u)) 

-  f(y(r,C,u)))r/r 

(3.7)  +  /  (-Ar)n(SAt-T  +  eH)-SAt-T))t(y(T.C.u))tlT 

./n 

+  /  (~ArY'(S^{t  -  r +  s„)  -  S^(t  -  t))u„(t)(It 

Jy\ 

+  [  {~A,.y'S^(t  -  r)(u„(r)  -  U(r))i/r 

•/II 

=  f  {-At.TS,.(t  -  r  +  enmsr(e„)yH{T,C„,uH)) 

./() 

-  f(^V(e,,)y(/-.C.u))}f/r  +  K„(t) 

whicli  we  first  estimate  For  a  =  0.  In  the  first  three  integrals  making  tip  K„(f) 
we  break  up  the  interval  of  integration  into  (0 ,/>t)  and  (/>f,f)  with  ()</;<  1.  In 
the  first  interval,  we  use  uniform  continuity  of  5, .(f)  and  S^{t)  in  f  >  0;  in  the 
second  the  bound  for  un(t).  The  three  integrals  are  shown  in  this  way  to  tend  to 
zero  uniformly  in  0  <  t  <  t.  The  same  is  true  of  the  fourth  using  Lemma  3.1,  We 
estimate  by  Gronwall’s  inequality  and,  taking  n  >  a  certain  ne  we  deduce  that 
||y„(f,Cn. un)  -y(f,C,u)||  <  s/2  and  contradict  the  maximality  of  [0,f„]  unless 
tn  =  t. 


f 

i 
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The  estimations  for  n  >  0  use  tin*  generalized  Gronwull  inequality  [11,  |>. 
188  Lemma  7.1.1):  if  b  <0,  7  >  -1  and  11(f),  u(t)  are  non  negative  and  locally 
integrable  in  0  <  t  <T  with 

v(t)  <  n(t)  +  b  (  (t  —  er)‘>v[eT)it(T  (0  <  t.  <  T). 

•In 

then  then'  exists  C  depending  only  on  7.  T  such  that. 

u{t)  <  <i(t)  +  Cb  I  (t  -  n)\,(a),ln  (()</<  T). 

•In 

The  treatment  of  all  integrals  is  the  same  ami  we  omit  the  details.  Note  that  the 
singular  behavior  at  /  =  0  comes  only  from  the  first  term  (-  A, .)"(<(, 1  —  ()  of  n„(t), 
not  from  the  integral  terms. 

Corollary  3.3.  Assume  (2.2)  lias  the  GEP  in  l)  <  t  <  t.  Then  (3.1.n)  has  tin 
GEP  in  0  <  t  <  i  for  11  large  enough,  with  eonstants  C,  K,  L(C.  K)  +  e,  s  >  0. 

Proof.  Let  ||(,*||  <  C.  ||u(-)||  <  I\ .  Use  Lemma  3.2  (n  -  0)  with  C<  =  0  U „(•)  = 
U(*).  Notice  that  the  estimation  of  the  first  three  integrals  making  up  K„(t)  is 
independent  of  u  and  that,  the  fourth  integral  is  absent..  We  then  obtain  that 
y„(t,(,u)  exists  in  0  <  t  <  t  ami  satislies  ||y„ (/, C. u)||  <  L  +  s.  Compactness  of 
Sr(t)  (or  Lemma  3.1)  is  not  used  here. 

We  assume  from  now  on  that  (2.2)  has  the  GEP.  The  proof  of  t  he  following 
result  is  very  similar  to  that  of  Corollary  3.3  and  is  tints  omitted. 

Corollary  3.4.  Let  0  <  o  <  1.  {ua-(0}  a  If  (0,  f;  Ll(il)) -weakly  convergent  se¬ 
quence  i.n  AJ'(t),  f; //*'(1!)).  Then 

(3.8)  l|(-4)"y(L<;.Ufr)  -  (-/t(.)'’yU.C.u)||  —0  us  k  — 

(».»)  l|(-.4,.),,yl,(LC,W.)-(-d,)',y,I(LC.u)||  -  0  as  k  —  x 

uniformly  in  0  <  t  <  t. 

A  cost  functional  for  (2.2)  is  a  real  valued  function  gu(t,  y,  u)  defined  in  /  >  0 
and  for  each  f,  for  y  =  y(-)  €  C(0,f;C(il))  and  u  =  u(')  6  L^((),  t\ LX(U)).  It  is 
weakly  lower  seinieonlinvous  (WLS)  if 

(3.K1)  ya(t, y,  fl)  <  litn  sup  j/nUn-.y,  Ufc) 

k— *<Xj 

for  every  sequence  {4}  £  R  with  t*.  — *  t,  every  seeptenee  (yv(  )}  £  C(l),  4;  C(S2)) 
with  y(')  — »  y(-)  in  C((),T;C(f!))  and  every  sequence  (uft(')}  £  L£,(0,T,;Lot,($2)) 
with  Ufc(-)  — *  (!(•)  L*((),  T;  Ll  (Q))-weakly.  (Here  T  >  t  and  the  passage  from  spaces 
in  [0,tn]  to  spaces  in  (0,  T\  involves  obvious  extensions.) 


luvai  ialirr  af  thr.  Hamiltonian 


1 22 


Wo  equip  the  control  system  (2.2)  with  a  WLS  cost  Functional  y»(t,  y(<,  u).  u) 
and  a  control  .set  U  C  L,t(52);  the  admissible  control  space  C,„/(0,  T ;  U)  consists  of 
all  u(’)  €  L™(0,  t\  L'X,(S2))  such  that  u(£)  €  U  a.e.  The  optimal  control  problem 
includes  a  target  condition  y(t,  C,  u)  —  Y  =  target.  set  C  ('([]),  and  we  assume  Y 
closed.  Call  m  the  minimum  ol  i/o(^y(C<u),u)  in  ('„,/((), /;  U)  subject  to  the  target 
condition.  Assuming  that  -oo  <  m  <  oc,  asecpience  {uA'(-)}>  u*  ( ■ )  £  C„,/(0,  /*;  If) 
is  a  minimizing  sequence  if  we  have 

(3.11)  lim  sup  i/(i(4.y(C.u*‘)-ufc)  <  m,  lim  dist(y(tfc, <. n* ). Y)  —  0. 

The  definitions  are  the  same  for  (3.1. n). 

Theorem  3.6.  Let  C, „/((), T:U)  be  L'(l),T\  L'(U))~ weakly  compact  in  £,£((),  T: 
L*(tt)),  and  assume  i/n(f.  y,  u)  is  weakly  lower  semieontinuous.  Let  { uv ( ■ ) } ,  UA‘(-) 
€  C, „/((),  t-k\ U)  be  a  minimizing  sequence  with  tk  —•  t  <  no.  Then  [a  generalized 
sequence  of)  {uA'(')}  converges  L1  (0,7’;  L1  (Si))- weakly  to  an  optimal  control  u(  ) 
fo?  (2.2).  The  same  result,  holds  for  (3.1.n). 

Proof:  By  the  GEP  we  know  that  (y(/.u1'))  is  bounded,  so  that,  using  Alaoglu's 
theorem  in  L'^(l),T\Lr,~(tt))  we  may  select  a subsequence  (denoted  equally  {uA(-)}) 
such  that  both  {uA(-)}  and  (f(y(,  uA))}  are  L'  (0, 7’;  L'  (12))- weakly  convergent. 
Then,  using  Corollary  3.4  we  deduce  that  {y(f,  u1)}  is  convergent  in  C(0.  T\  C(Ji)). 
Some  acrobatics  an*  necessary  to  take  care  of  the  moving  tn.  For  a  very  similar 
argument  see  for  instance  [9,  Theorem  4.4) .  The  reasoning  for  (3.1.n)  is  of  course 
the  same. 

We  note  that  if  u(  )  €  C, „/((),(;  (/)  is  such  that  y(f,(,u)  £  V’  then  a  mini¬ 
mizing  sequence  for  (2.2)  automatically  exists,  although  not  necessarily  with  {h} 
bounded.  The  saint'  result  holds  for  (3.1.n). 

A  popular  cost  functional  for  (1.2)  is 

(3.12)  ,t/o(F.y,  u)  =  f  I  fn(y(r..r,C  u).  u(r..r))d.rdr 

Jo  Ju 

where  u(t,x)  =  u (t)(r),  y(t,x, C,it)  =  y(t. C-u)(.r).  The  proof  of  the  following 
result  is  standard  and  we  omit  it. 

Lemma  3.6.  Let  /<>(//, «)  be  continuous  in  HxR  and  convex  in  u  for  y  fixed.  Then 
Uo(t.  u)  is  weakly  lower  semicontinuous. 


4.  Approximation  of  the  costate 

We  assume  that  f  is  continuously  differentiable,  so  that  f  has  a  Frechet 
derivative  df  with  respect  to  y  in  C(U)  given  by  (elf (y)z)[x)  =  f(y(.r))z(r).  The 
derivative  is  continuous  with  respect  to  y  in  the  space  (C(f2),C(fl))  of  bounded 
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operators  from  C'((l)  into  itself.  TIk1  adjoint  variational  equation  corresponding  to 
(2.2)  is 

(4.1)  ■'{«)  =  -{A\  +Of(y(*))*}*(«)-g(«).  ■(*)  =  « 

in  L'(J2),  to  be  solved  backwards  in  ()<t<t\  here  j€£(D),  g(-)  €  T:  £(S2)) 
and  y(  )  €  C{0.t\C(il)).  The  operator  <)f(y(f))*  is  multiplication  by  f’(y(x))  and 
is  thus  continuous  in  (E(J2),  E(fi))  and  in  (Ll(il),  Ll(U)).  The  treatment  of  (4.1) 
parallels  that  of  (2.2)  with  £(fi)  taking  the  role  of  L~(D)  and  Ll(il)  taking  the 
role  of  C(ft).  A  solution  of  (4.1)  is  a  continuous  solution  of  the  integral  equation 

(4.2)  z(»)  -  S'zif  -  s)z  + J  S\(<T  -  «)yf(y(ff))*a(«)+  ^  S'^rr  -  n)g(rr)th, 

where  the  first  integral  is  a  Bodmer  integral.  So  is  the  second,  on  account  of  strong 
measurability  of  <r  — *  S'^((T  —  s)g(rr)  [(i,  Lemma  4.1],  Note  that  wc  use  .St  in  the 
first  integral  since  solutions  hdoug  to  L'(i 2).  Due  to  linearity,  (4.2)  enjoys  global 
existence. 

Since  {A’,(ffn)9f(Sl.(f,1)y(.s))}*  =  S..(«„)*M(6\.(ff„)y(*))*S,.(ffH)*  and  Sx(t)  is 
the  restriction  to  LHSl)  of  S,(f)*,  the  adjoint  variational  equation  corresponding 
to  (3.l.n)  is 

z'(s)  =--  -{A\  +  S,1(«,l)yf(AV(f,1)y,.(.s))*A’,,(f,,)}z„(.s)  -  g„(*), 

(4'3) 

also  to  be  solved  backwards  in  0  <  f  <  f  with  cM  €  L(S2)  and  gn(-)  ~  0^7  ;  i2(S 2)); 

as  in  (4.1),  y„(>)  €  <7(0,  f\C[(i)).  The  associated  integral  equation  is  the  corre¬ 
sponding  replica  of  (4.2). 

Lemma  4.1.  Let  0  <  n  <  1.  Then  the  operator 


A „g{‘)=  j  (-A'J'S'vio  -  s)g{a)d(T. 


is  compact  from  L~( «.T;E(W))  into  <7(0.  T:  />'(»)). 

The  proof  follows  from  the  same  abstract  scheme  as  does  that  of  Lemma  3.1 
(Theorems  3.1  and  9.1  in  [7]). 

Below,  we  use  the  equality  L>  (0,  T\  C’(S'i))*  =  L~((),T;  £(!!)).  This  is  a  par¬ 
ticular  case  of  the  formula  L 1  (0,  T;  A')*  =  L*(  0,  T;  A* )  valid  for  any  Banach  space 
A;  see  [7]  for  references. 

Corollary  4.2.  Let,  {*„}  C  E(0)  be  C (Si) -weakly  convenient  to  z  e  E(12)  end  let 
{g, »(.)}•  C£~((),f;  E(D))  be  L1  (0,f;  C (Si)) -weakly  convenient  to  g(  )  cL^(i),t\ £(12)). 
Finally,  let  y„(-)  —  y(-)  in  <7(0, f;  <7(S2)),  and  0  <  a  <  1.  Then 

(4.5)  ||(-4)"«„(.)ll,  \\(-A\Tz(t)\\<cnt-' 

(4.6)  iK-^r^c-)  -  (-^rzcoii  —  o 


121 


hwnrmnrr  nf  the  llnviiltninnn 


uniformly  in  0  <  t  <  t  —  f>  for  every  A  >  0. 

Proof;  The  proof  is  just,  t  he  same  us  t  hat,  of  Corollary  3.2  wit  h  one  minor  difference; 
the  non  integral  term  on  the  right  side  of  (3.5)  is  (-A, .)'’#,. (/)(£„  -  0  with  {(„ }  C 
C(I2),  Ci  — *  C  strongly,  while  here  the  corresponding  term  is  (-/T,  )''££.(/  -*)(.:„  - 
;)  with  { }  C  £(S2),  z„  — *  c  C(i 2)- weakly;  however  eonipaetness  of  S{:(t  -  *) 
makes  this  a  moot,  point. 

5.  The  maximum  principle  and  invariance  of  the 

Hamiltonian 

VVc  consider  a  cost  functional 

(5.1)  //o(f.y(Cu)'U)  =  f  f„(y(r.C.u).u(r))i/r 

./a 

where  /M  ;  il  x  L'^[il)  R  has  a  Predict  differential  i)u fu(y.u)  with  res|)ee|  to  y, 
We  assume  that  fi>(//.  u)  is  C’(S2)-eontinuous  in  y  for  ii  fixed  and  that  <)ufu(y.  n)  is 
C(f2)-rontinuous  in  //  ns  a  £(f2)-valued  function  for  u  fixed.  Moreover,  we  require 
I  -i •  fu(y.  u(/))  measurahle  and  bounded  and  /  —  d(/fo(//.  u{/))  C(J2)-wcnkl,v  mea¬ 
surable  and  bounded  for  every  up)  £  P,^(<).7‘;  Initially,  we  assume  that 

//n(f,y.  u)  is  WES  and  that. 

(5.2)  $>(//•  a)  >  />  >  o  (//  e  n»).  >i  €  U). 

For  a  functional  (3.12).  all  of  the  above  will  hold  if  fh(//.  //)  is  continuous  in  12  x  R. 
continuously  differentiable  with  respect  to ;/  in  J2x  R  and  positive'.  The  system  (2.2) 
is  assumed  to  have  the  CEP.  so  that  all  the  approximating  systems  (3.1.n)  will 
also  have  the  CEP  for  n  large  enough.  We  assume  that  the  control  set  f ',„/((),  7';  (/) 
is  V  (0. 7’;  Z.1  (S2))-weakly  closed  in  /^(l).  T;  Z.x($2))  and  that  the  target  set  V  is 
closed. 

Assume  that  a  control  up)  £  C„,/((l. T:U)  exists  with  y(/.c,'.u)  £  )'  for  some 
t.  Then  (see  the  remarks  at  the  end  of  tj3)  a  minimizing  sequence  for  (2.2)  exists. 
C'ondition  (5.2)  implies 

(5.3)  //a(Ey(C-u).u)  >  bt 

thus  for  every  minimizing  sequence,  {/„ }  is  automatically  bounded.  Hence,  by 
Theorem  3.5,  an  optimal  control  v(  )  exists  in  an  interval  ()</<<. 

We  consider  the  approximating  problems  (3.1,n)  with  the  same  admissible 
control  space  C,„/(0. 7';  U)  but  a  different  initial  condition  0,.  The  cost,  functional 
is 

(5-4)  ?Am(Pyii(C,u),u)  =  /  f„„(y„(r,C„u),u(r))i(r 

in 

where  f„„(y,u)  =  fo(A'.(<r„)y, n).  Obviously,  f,m(f/. u)  satisfies  (5.2)  and  has  a 
Predict  differential  dyfnn(y,  u)  —  Sr(£„)*dvfa(Sc(en)y,  u)  sharing  all  the  relevant 
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properties  of  (;/,»).  We  cheek  easily  that  //„„  is  as  well  WLS.  The  target  set 
V„  is  constructed  us  follows.  As  a  particular  ease  of  Lemma  11.1, 

=  «»P  ||y„(/.  C-  u)  -  y(/',  (,  u)||  —  (1. 

Mec',„,(a.f.() 

We  set.  Y„  =  {//;«list(//, F)  <  2/>„)  ami  choose  C »  €  P(Ar)  tending  to  C  (hi  the 
norm  of  C(i)))  in  such  a  way  that  y„(/,Ci,v)  €  Y„.  Accordingly,  a  minimizing 
sequence  for  (3.1. n)  exists,  thus  an  optimal  control  u"(-)  exists  in  some  interval 
[0,  (,,}  hy  Theorem  3.5.  We  have 

!/n(L.,y(C.tt").u") 

=  ?/<».(/«. y..(Cr,.uH), a")  +  {//ii(/,(.y(C.uM).Q")  -  //»« ( /« - y., (C». •  a" )•  ti" ) } 

<  //mi(Ly»i(Cn.v),v)  +  y(0 u" ).u")  -  //„„(/„.y„K„.u").u")} 

<  //n(Ly(C.v),v)  4-  {.(/  on  (f » y  n  (Co »  v).v)  -  .i/o(Ly(C.V),v)} 

+  {//i)(L(. y(C.u,,).u")  -  y,.K.,.u',).tT)} 

with  the  two  curly  brackets  tend  to  zero  in  view  of  Corollary  3.‘2.  It  then  results 
that  {0" }  is  a  minimizing  sequence  for  the  original  problem  (2.2).  Applying  once 
again  Theorem  3.5.  we  deduce  that  a  subsequence  (also  denoted  (u''(')})  converges 
/,'((). T;  L1  (il))-weakly  in  Z.j]f  (0. 7’:  /.x(Sl))  to  a  control  u(')  which  is  optimal  for 
(2.2)  in  an  interval  0  <  t  <  /. 

Theorem  5.1.  Their  mints  (;„„,  :„)  6  R  x  i!(S !)  such  that 

(5.5)  ;»„<(>.  €  Ny„ (y„ (/„.<„. u")).  |:„„|  +  |U„I1  =  I 

(^V„(y»(Lt*Ci.l>'’))  the  normal  rone  to  Y„  at  y„ (/„.  C,.  u'1 ))  such  that  if*„(t)  is 
the  solution  of 

(i)  *'»  =  ~{A\  +  .Vl(^)0/(y,l(.s.c..u',)r.v;u-,1)}z„(s) 

-  i.»NiV(fll)'<Vo(‘sV(s'»)y.l(«.Ci.u").u',(s)).  *„(/)  =  ;„ 

and 

H„(y(a^ll.iX").:,lll,zll(s).u"{s))  =  c,mFa(y(«.C„.u").ii"(.s)) 

(r,.7)  +  {(-A\)ll2t,,{s),(-A,  )1/2yK Ci.u)) 

+  (4„(.s).5|(e„)f(S|(e„)y(.s. C». ft")))  4-  (A'i(e„)z,1(.s),a"). 

then 

(5,8)  //,l(yK<„,u"),;,m,z„(s).u"(n))  =  max  C„ ,  U"),  c„„.  z„(.s).  r) 

ml' 

(5.0)  .f/„(y(.s,(„,Q’,).;.„.,Z,.(s).U"(s))  =  r„ 

tt.c.  tn  0  <  t  <  t,  with  e„  =  0  «/  the  terminal  time,  is  free. 
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Theorem  5.1  is  a  particular  ease  of  [(},  Theorem  (>.4j  except  for  (5.9);  note 
that  the  target  set  contains  interior  points,  which  guarantees  tin-  third  condition 
(5.5)  (see  the  comments  in  [6]  after  Theorem  (>.4). 

We  sketch  a  proof  of  (5.9).  We  note  first  that,  (.’i.l.n)  can  he  written  in  the  form 
yj,(/.C„,a")  =  j4,.y1,(f.C,,u")+$(0  where  y[, (<),<„. »»")  =  C.  G  D(A,.)  and  where 
=  A’,.(£'„)f(5(.(f)l)y„(t,Ci1.0"))  +  S\.(£„)\i(t)  and  A,4(t)  are  strongly  mea¬ 
surable  and  hounded.  It  follows  then  from  the  theory  of  linear  abstract  parabolic 
equations  that  y„(t, Ci-O")  €  D{A,)  n.e.  and  is  Lipschitz  continuous  and  differ¬ 
entiable  a.e.  with  y|, (/.<„,  u")  =  A,y„ (/,<„.  U")  4  f>Ae„)f(S,.{s„  )y„(f  .  C„.  u" ))  4 
A’x(fii)u(/).  Exactly  the  same  considerations  apply  to  z„(*)  but.  since  tin1  final 
condition  =„  is  in  E(U).  only  in  intervals  <)<*</-  b.  b  >  0.  At  any  rate  the 
function  (y,i (*,  Cm  um).z» (s))  is  locally  Lipschitz  continuous  in  11  <  a  <  I  and 
its  derivative'  can  he  directly  calculated  at.  any  s  where  y„(.s.<,'„,u")  and  z„(.s) 
can  he  differentiated;  likewise,  the  derivative  of  fii(y»(-«. u).  U(/))  (as  a  function 
of  ,s)  can  be  calculated  a.e.  Doing  this  and  using  the  differentia!  equations  for 
y„(s.(„,UM)  and  z„(*). 

(0/0s)\H._-t  <*(*.  t)  =  (i)/()><)\„ilH„[y(ii.Cl.u").z„„.z,l(")~ti"(t))  =0 

in  a  set.  r  of  full  measure  in  [(),/]  iinlepeuilent  of  I.  Since  t;>(s . /)  is  s-Lipschitz 
continuous  independently  of  t  then  tin1  function  <,■(*)  --  inf,,.  <>(*,  t)  is  Lipschitz 
continuous,  hence  absolutely  continuous,  so  that  there  exists  a  subset  <  n  C  c,  still 
of  full  measure  in  [()./]  where  f'fs)  exists,  In  this  set  we  have 

l/'(s  -t-  //)  -  l/'(s)  r/»(.s  4  h.H  4  h)  -  <:>( » .  .s) 

-  ^  - 

< !>{s  4  /(.  s  4  ll )  —  <!>{s  +  li,  .s)  0(m  4  h.  .<*)  -  t.‘>(.«*.  ,s) 

“  h  +  h  ' 

If  h  e-  r  ii  the  left  side  and  the  second  term  on  the  right  have  a  limit  as  h  — »  0.  thus 
so  does  the  first  term  on  the  right.  Since  <;>(■•<  4  h.  *4li)S  o( s  4  h.  s)  for  li  of  any 
sign,  this  limit  must  be  zero.  It  follows  that  •■•’(s)  —0  almost  everywhere,  thus  v(«) 
is  constant,  proving  (5.9).  The  statement  for  free  terminal  time  problems  involves 
using  an  auxiliary  system  and  is  essentially  the  same  used  in  [.‘1  pp.  150-52].  so  \,v 
oinit  the  proof. 

Theorem  5.2.  Let  the  t.uiyct  set  )  lie  covvct  with  nonempty  inti  nor.  Thin  tlirir 
cj'ists  (so. ;)  €  R  x  E(J1)  *uch  that 

(■r)d(»  m,<».  N  4  ||  =  ||  =  l 

ami  .inch  that,  if  z(s)  solves 

*'(")  =  ~\A\  4df(y(s.Ca))*}z(.s) 

-  =a»^f«(y(«.C,Q).u(s)) 


(5.11) 


i(f)  =  = 
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tf(y(«fC.  a)-=o- *(»)•“(*))  ®  *»»Wy(«-C-u).a(*)) 

+  ((-^,)1/2z(.s),  (-Ar  )1/ay('*.Cfl)> 

+  (*W,f(y(««c.u))) +  {*(«),»> 


(5.13)  H  (y(*.  C  u).  5o.z(.s),ii(«))  =  uwuc  W(y(«<  C  “)>  *('*)■ '') 

(5.14)  f/(y(*.0u),2„.z(*),u(*))  *=*■ 
t/„7/,  c  =  ()  if  the  problem  in  free,  terminal  time. 

Theorem  5.2  will  he  proved  (of  course)  taking  limits  in  Theorem  5.  i •  Note  nrst 
that  the  sequences  {z„ }  coming  out  of  Theorem  U  are  hounded;  moreover, 

everything  in  H„  is  iumnded.  (the  second  term  by  Corollary  4.4  and  C  oiolhu.s  4.2 
so  t.iiat  e„  must  he  hounded.  Hein  e,  we  may  take  a  subsequence  if  necessary  and 

assume  that 


(5.15) 
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the  last  -  understood  C (Si)- weakly  in  S(S1).  To  take  limits  directly  in  the  Hnniilto- 
.mi  would  not  work,  since  { a"  ( ■  U  wju»t  weakly  convergent;  we  use  the  integrated 
version  of  (G.«)  ami  (5.9).  The  first  is 

(5. Hi)  f  //„  (y»  (.s.  C„,  A"  )■  «...  •  («)• ' v(-s)),/-s 

<  j  //,.( y,.(s.CH.u',).^„.ZM(.s).u,,(.s))</.s 

for  measurable  sets  e  C  [0. t]  mid  every  v(  )  G  (\t,i("-hU):  the  second 

(5.17)  ^//..(y,1(«.CM.u).;i,.Z„(.s).u"(.s))<,.s  =  e11mea»(f)- 

Clearly,  we  can  go  from  (5. Hi)  and  (5. 17)  to  (the  integrated  versions  of)  (T14)  mid 
(5.14)  if  we  can  show  that 

(5.18)  j  //(y(«.C*  d),  2ii,z(s).  v(s))ds 

=  lim  /'//„(y(s.C„.Q'‘)-M„.z«(«).v"(s)Ks 

in  just  two  cases;  v"  =  v(-)  fc  <7„rf(0, *: C/).  aud  v-(-)  =  u"(  );  We  concent unite  on 
the  seeond  ease.  To  take’  limits  in  the  second  term  of  the  Hamiltonian  (o.7)  \\i  um 
Corollary  4.4  for  y„(s. u“).  Corollary  4.2  for  *'*(t)  and  the  dominated  conver¬ 
gence  theorem.  The  second  term  is  handled  in  the  same  way.  using  Corollary  4.4 
and  continuity  of  f .  Finally,  the  third  term  is  disposed  of  using  Corollary  4.2  (winch 
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implies  that  z„(<t,u").  tints  S\ (f,,  )z„(fr.  iV ).  is  convergent  in  //(()./;  Ll(U)))  and 
the  Z, 1  (0.  f;  Ll  (JJf)-weak  (convergence  of  u"(-)  in  (il)).  At  this  point  , 

everything  is  over  if  — *  0.  Otherwise,  we  st  ill  have  to  prove  that 

(5.19)  |'f„„(y„('i.(,»u"),u"(,H))rf.s  =  Jim.  I  fn(y(-s. C,  u), u(«) )tln. 

This  is  obvious  if  we  write 

f<.,l(y(-‘i.C»-a").u',(.s))  =  {c„.s  -  //„  i  (y„(«,  u" ),  .  z„(.s).  u(«)) 

where  H„  i  comprises  the  terms  in  the  Hamiltonian  with  whose  convergence  we 
can  count  on,  This  ends  with  (15.13)  and  (5.14).  We  must,  still  prove  the  second 
condition  (5.10)  or,  equivalently,  that  (.;<),  c)  ^  0.  If  =  lint  ^  0  we  an1 
through:  otherwise,  ||c„||  — *  1.  We  use  the  second  condition  (5.5).  written  in  the 
form 

(;„..</)<<)  (!/  e  Ty„ (y, 0“))). 

Y„  the  tangent,  cone  to  Y„  at  y„(f„.C„.  u").  Since  V  is  convex  and  has  interior 
points  idl  the  Tyn  (yM(f»i.C»i«  a" ))  contain  a  common  bidl  and  ;^(l  by  [(>.  Corollary 
2.9],  thus  ending  the  proof  of  Theorem  5.2.  We  note  that,  the  convexity  condition 
on  Y  is  probably  excessive,  and  it  is  likely  that-  assumptions  on  the  tangent  cones 
of  Y  of  the  type  used  in  [fi.  >j2]  suffice,  although  we  have  not  been  able  to  prove 
this. 


6.  Final  comments 

The  Hilbert  space  setting  in  [3]  is  due  to  the  use  of  "maximal  regularity" 
results  [1]  for  i/(f)  =  Aij{l)  +  /(f).  These  have  been  extended  to  Banach  spaces 
including  IJ‘  spaces  in  [2],  but  IJ'  extensions  would  still  be  very  restrictive  on 
nonlinearities.  On  the  other  hand,  the  results  in  [3]  are  not  strictly  less  general 
than  the  ones  hen*:  for  instance,  tin*  GEP  is  not  needl'd. 

Relaxed  controls  ((that  is,  measure-valued  controls  /i(f))  can  be  installed  in 
any  scniilinear  system  //(f)  —  Aii(t)  +  /(f. //(/).  »/(f))  under  very  general  assump¬ 
tions  [4]:  with  them,  the  system  becomes  //(f)  =  Ai/(t)  +  F(t.  //( f ) )//( f ) .  linear  in 
the  control,  and  all  the  theory  in  this  paper  can  be  developed  with  minor  changes: 
tin'  "two-space"  set  up  and  its  dual  L'(!2).E(ft)  is  handled  as  in  [<i] 

or  using  the  theory  of  Phillips  adjoints  (see  [7]).  However,  it  is  essential  that,  the 
semigroup  5(f)  generated  bv  A  be  compact,  as  the  arguments  in  this  paper  make 
clear.  It.  seems  possible,  however,  to  extend  at  least  some  of  the  results  to  the  case 
where  the  control  n  itself  enters  in  the  equation  through  a  compact  control  term. 

Another  interesting  line1  of  generalization  (requiring  an  analytic  semigroup) 
would  be  to  relax  assumptions  on  the  nonlinearity  by  means  of  “front-mul-back 
smoothing  with  fractional  powers",  a  trick  well  known  for  the  Navier-S  token  equa¬ 
tions;  we  assume  here  that  ((-A,,)_',)*f((-.4r)~“(-)),  not  /(•)  is  locally  hounded 
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mid  locally  Lipschitz  continuous.  D((-. 4, .)'*)- valued  solutions  of  the  system  (2.2) 
are  constructed  through  t.lu>  integral  equation 


{-A,-Y'y{t) 


(-A,.y'Sr{iK+  —  r)((— /1| )  ‘  ,l)*f(y(r))dr 

./« 


+  [  (~Ar)  "S^(t  -t)u(t)<It 
■la 


which  can  he  solved  in  the  customary  way  when  o  +  :i  <  1.  The  adjoint  equation 
can  he  dealt  with  in  the  same  way.  However,  convergence  of  (  — /l|)l/aSB„(/.  li" )  and 
of  (  — ,4,.)l'/iy(h  u"),  essential  in  the  argument*  in  |j4.  seems  out  of  reach  unless 
o  +  ;i  <  1/2.  This  is  excessive  for  dealing  with  realistic  noiiliiuarities  involving 
grad  //(.r). 
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AlisTUACT.  We  propose  a  modeling  strategy  for  structured  populations,  in  which  in¬ 
dividuals  are  not  necessarily  identical.  The  heterogeneity  is  obi  allied  by  modeling  the 
population  ns  comprising  homogeneous  subpopiilntio.’.s.  By  using  a  vector  measure,  we 
combine  the  suhpopulations  with  an  abstract  integral  to  obtain  tile  density  of  the  po|> 
ulation.  We  show  that  tills  approach  lends  to  a  semigroup  formulation  of  the  dynamics 
in  n  space  of  vector  measures,  and  we  develop  some  estimation  methods  for  determining 
the  initial  structure  from  observed  data. 

11)91  Mathematics  Subject  Classification.  'Hit!  10,  921)25,  92DI0 

Key  words  and  phrases.  Hate  distributions,  vector  measures,  semigroups,  estimation. 


1.  Introduction 

Many  biological  applications  of  dynamical  systems  and  control  t  heory  involve 
populations  that  are  structured  in  terms  of  size,  age.  or  spatial  distribution.  From 
predicting  future  populations  to  developing  optimal  harvesting  strategies,  models 
provide  important  information  for  biologist.  Tims,  it  is  emend  to  develop  models 
that  predict,  population  behavior  in  an  accurate  manner.  This  paper  focuses  on 
a  particular  aspect  of  model  improvement,  that  of  incorporating  individual-based 
information  into  aggregate,  population- wide  models. 

Tlie  original  motivat  ion  for  this  work  involved  certain  behavior  exhibited  by 
observed  data  for  a  size  structured  population  of  mosquitofish,  behavior  which  is 
inconsistent  with  the  commonly  used  Sinko-Stroifor  model: 

lj  +  (</").,.  — ■  -/II I.  .»■()  <  ,r  <  :l  | ,  t  >  l). 

Here  v  —  v(t,  x)  denotes  the  density  of  indiviuals  of  size  ,r  at  time  t.  </  =  </(t,  .r) 
denotes  individual  growth  rate,  and  /t  =  n{t.,x)  is  the  mortality  rate.  The  observed 
data,  as  discussed  in  [BBKW,  BF],  exhibits  a  dispersion  in  size  as  time  increases. 
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and  in  sonic  cases  unimodal  initial  densities  develop  into  bimodal  densities  at 
later  time:  the  Sinko-Streifer  model  does  not  predict,  these  phenomena  without 
biologically  unrealistic  assumptions  on  the  parameters. 

In  order  to  improve  model  predictions,  various  researchers  (see  [BBKW,  BF]) 
have  attempted  to  examine  the  model  on  the  individual  level.  In  general,  individ¬ 
uals  do  not  have  identical  growth  rates  (a  basic  assumption  for  the  Sinko-Streifer 
model).  To  introduce  individual  variations,  we  model  the  population  as  being  com¬ 
posed  of  homogeneous  subpopulations,  with  each  subpopulation  obeying  a  Sinko- 
Striefer  law  having  different,  parameters.  The  approach  in  [BBKW,  BF]  involves 
subpoulation  densities  v(t,i r\g),  with  the  growth  rate  parameter  <j  differentiating 
the  subpopulations.  The  subpopulations  are  then  be  combined  by  integrating  the 
densities  with  respect  to  a  measure  on  the  space  of  parameters: 

u(t,x)  =  [  u(t,  .r,;i)  rlP(tj). 
da 

The  measure  P,  called  the  growth  rate  distribution,  represents  the  proportion  of 
individuals  having  a  given  growth  rate. 

In  this  paper,  we  consider  the  more  general  problem  of  a  population  whose 
dynamics  are  modeled  with  a  parameter-dependent.  Co  semigroup  T{t\q )  on  a 
Hilbert  space  A'.  These  operators  typically  arise  as  solution  operators  for  a  dif¬ 
ferential  equation  such  as  the  Sinko-Streifer  equation  given  above.  This  general 
approach  allows  us  to  consider  several  different  kinds  of  models  from  many  differ¬ 
ential  equations  age,  size,  spatial  structure  models,  or  a  combination.  Within  the 
context  of  population  models,  the  parameter  q  typically  comprises  several  individ¬ 
ual  rate  parameters,  such  as  growth,  mortality,  and  fecundity.  The  rate  distribution 
idea  then  is  to  model  the  population  as  a  combination  of  subpopulations  which  are 
modeled  with  the  original  semigroup  dynamics  T(t ;  q).  The  question  then  becomes 
how  to  build  the  whole  population  from  the  subpopulations. 

Suppose  for  the  moment  that  the  number  of  subpopulations  is  finite.  Then, 
we  denote  the  densities  by  v(t,x\ql)  =  T(/,</,)ip,  (./')>  for  1  <  /  <  n.  Then  the 
density  u(t,x)  of  the  whole  population  is  given  by 

n 

(1-1)  u{t,x)  =  '£)nt«l,)‘Pi{r). 

;= i 

In  [BF],  the  initial  densities  were  assumed  to  satisfy 
(1.2)  y?,  =  p,<p, 

for  some  €  X,  and  some  collection  {p,}  with  p,  >  0,  and  ]T  p,  =  1.  Then  the 
population  density  can  be  given  in  the  form 

n  f 

u(t,x)  =  Y^T(t,q,)ifi(x)pi  =  /  T(t;  q)ip(x)  dP(q), 

i=i  JQ 
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where  P  is  the  discrete  probability  measure  on  Q  with  support  {t/,  }  and  weights 
{p, }.  The  integral  form  is  generalized  naturally  to  the  case  mentioned  above  in 
which  P  is  any  probability  measure  on  Q ,  and  the  estimation  theory  of  [BF] 
generalizes  in  a  straightforward  manner  for  this  problem. 

To  generalize  this  model  further,  we  relax  (1.2),  so  that  the  subpopulations 
may  have  different  initial  structure  ns  well  as  distinct  rate  parameters.  Thus  we 
are  led  to  a  generalization  of  the  form 

(1.3)  u(t)=  [  T(UqMq)dP(q)t 

Jq 

where  the  X  valued  function  i p(q)  gives  the  parameter  dependent  initial  structure. 
A  further  step  is  to  write 

(1.4)  u(f)=  /  mq)dm(q), 

Jq 


where  m  is  a  vector- valued  measure  on  Q  (taking  values  in  A).  Intuitively,  we  have 
m (dq)  =  ifi(q)  P(dq).  Also,  when  X  =  L'1,  say,  m(  A)(.i:)  d.r.  denotes  the  number 
of  individuals  whose  structure  variable  ;r  is  betwmi  a  and  b,  and  whose  parameter 
q  lies  in  the  set  A  c  Q.  Note  that  formula  (1.4)  above  involves  integrating  an 
operator  valued  function  with  respect  to  a  vector  measure.  There  are  some  subtle 
questions  of  measurability  in  both  (1.3)  and  (1.4)  that  must  be  resolved  from 
properties  of  the  original  semigroup  model  (sec  [FJ). 

The  advantage  to  using  the  form  (1.4)  over  (1.3)  is  not  in  a  greater  level  of 
generality,  for  under  rather  general  conditions  a  vector  measure  can  be  expressed 
in  terms  of  a  vector  valued  density  and  a  scalar  measure.  However,  as  we  shall 
see  below,  the  vector  measure  approach  leads  directly  to  a  semigroup  formulation 
of  the  dynamics  in  a  vector  measure  space,  and  hence  we  may  view  the  state 
as  possessing  not  only  the  original  (size,  age,  or  spatial)  structure  but  also  the 
individual  (rate)  structure. 

We  shall  consider  the  population  state  at  time  t  to  be  m( ,  which  can  be  given 
in  mild  form  at 

(1.5)  m,  -  T(t)m0  +  f  T(t  -  *)f(.s)  da, 

Ju 

where  f  is  a  “forcing  function”  modeling  changes  in  parameter  structure  due  to 
external  environmental  changes.  Below  we  shall  derive  the  semigroup  T  from 
T{t\q)  :  the  idea  is  that  T(<)mo(dq)  =  T(t;q)<p(q)  ft(dq),  where  wo  have  mn(<i(/)  = 

The  inverse  problem  is  to  estimate  the  measure  mo  and  the  forcing  function 
f  from  observations  of  the  population.  In  size  structured  populations,  one  typically 
obtains  “histogram"  data  which  represents  numbers  of  individuals  whose  size  lies 
in  given  “size  bins.”  We  assume  that  the  observations  arc  of  the  form  { «(<j) :  1  < 
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i  <n}  C  Z,  where  the  data  apace  Z  is  a  Hilbert  space,  and  we  use  the  least  squares 
criterion 

n 

J(mthr)  =  '52\\u(tk)-Cmt(Q)\\z< 

fc= 1 

where  ||  •  \\z  denotes  the  norm  in  Z,  and  where  C:  X  — >  Z  is  the  observation 
mapping  (c.g.,  a  projection  onto  the  step  functions  in  the  histogram  case).  Com¬ 
putation  of  solutions  to  this  inverse  problem  requires  several  approximations  for 
the  semigroup,  the  vector  integral  in  (1.5),  and  the  vector  measure  itself.  It  does, 
however,  provide  an  advantage  over  identification  of  the  parameter  q:  the  least 
squares  problem  for  the  measure  is  a  linear  least  squares  problem.  A  very  similar 
idea,  relaxed  control,  has  been  used  in  control  theory  for  quite  some  time  (see,  c.g. 

[W]). 

A  computational  advantage  in  this  approach  is  that  the  problem  contains  a 
high  level  of  parallelism,  Different  subpopulations  can  be  simulated  independently; 
hence,  parallel  computing  platforms  can  be  used  very  efficiently. 

This  paper  is  organized  as  follows.  In  Section  2.  we  discuss  the  functional 
analytic  tools  necessary  to  put  (1.5)  on  a  rigorous  foundation.  Section  3  contains 
the  approximation  methods  for  inverse  problems,  and  some  remarks  on  future  work 
are  contained  in  Section  4. 

2.  Semigroup  Formulation  of  the  Model 

Our  goal  in  this  section  is  to  extend  the  dynamics  of  a  population  compris¬ 
ing  identical  individuals  to  a  heterogeneous  population,  distributed  not  only  in 
its  original  structure  but  also  in  its  rate  structure.  We  begin  with  the  original 
dynamics, 

(2.1)  i’(tiq)  -  A(q)v{t\<i), 

where  A  is  the  infinitestlnml  generator  of  a  Co  semigroup  T{t  \  q)  on  a  Hilbert  space 
X .  In  the  extension  we  are  seeking,  the  solutions  e(t\  q)  represent  the  subpopulation 
density  having  parameter  <y.  Of  course,  when  we  refer  to  this  function  of  q  as  a 
density,  we  need  a  measure  with  respect  to  which  i >  is  a  density.  We  also  need  an 
extended  state  space  which  incorporates  the  additional  structure, 

One  natural  approach  to  a  state  space  formulation  is  to  take  the  initial  pop¬ 
ulation  to  be  an  X-valued  measure.  The  space  M  of  regular,  countably  additive 
X -valued  Borel  measures  of  bounded  variation  on  Q  forms  a  Banach  space  which 
can  be  identified  with  C[QS  X)" ,  We  include  here  some  definitions  and  notation 
which  will  be  very  useful  below.  The  interested  reader  may  consult  [DU]  or  [D] 
for  the  details  of  vector  measures.  First,  we  recall  that  a  muntuhly  additive  vector 
measure  (or  more  concisely,  a  vector  measure)  is  a  function  from  a  a-algebra  T  of 
sets  in  Q  to  X  satisfying 

m(U*>-i>(*i) 

i»l  i»l 
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for  every  collection  { E, }  C  T  of  disjoint  sets.  The  limit  in  the  infinite  sum  holds 
in  the  X  l.oriu  sense.  Wo  define  the  variation  of  m,  |m|,  by 

\m\{E)  =  sup  52  l|m(£,)l!.v. 

,r6n  E&it 

where  n  is  the  collection  of  finite  partitions  of  E.  If  jmj(Q)  <  oo,  we  say  that  m 
is  of  hounded  variation.  The  seinivariation  is  defined  by 

l|m||(£)  s=  sup{|(jMn(£))|:  .r  e  X, ||o-||.v  =  l}, 

where  (•,  •)  denotes  the  inner  product  in  X.  We  say  that  m  is  of  hounded  semimri- 
ntiou  if  ||m||(Q)  <  oo.  A  vector  measure  is  of  bounded  seinivariation  if  and  only  if 
its  range  is  bounded  in  X  (p.  5  of  [DU])  so  that  we  refer  to  measures  of  bounded 
seinivariation  simply  as  hounded  measures.  Unless  otherwise  stated,  integrals  of 
vector  valued  functions  are  taken  to  be  Bocluier  integrals  (see  [DU,  Chapter  2]). 

Measures  of  bounded  variation  can  also  be  expressed  as  m (dq)  =  ^>(q)  ti{dq), 
where  yj  €  L[(Q<d',X)  and  /t  is  a  positive  real-valued  measure  on  Q,  such  that 
0  <  n( A)  <  ||m||(/4),  for  each  measurable  A.  This  fact  follows  from  a  theorem  of 
Baltic,  Diliiford,  and  Schwarz  and  the  fact  that.  Hilbert  spaces  have  the  Radon- 
Nikodym  property  (see  [DU,  pp.  14,  (il,  and  100]). 

Another  state  space  possibility  is  given  by  C(Q\  A')  x  A/,  where  A/(=  C{Q)' ) 
denotes  the  finite'  real-valued  Borel  measures  on  Q,  for  Q  a  compact  separable 
metric  space.  This  a|)proach  has  boon  successfully  employed  in  [BKW]  within  the 
context  of  model  development. 

Here  we  shall  focus  on  the  vector  measure  approach,  which  has  proven  effec¬ 
tive  in  Inverse  problems  (see  [F]  and  the  following  sections).  We  begin  by  extending 
the  original  semigroup  to  the  vector  measure  space.  The  following  result  is  the  first 
necessary  step. 

Lemma  2.1.  Suppose  that  X  is  a  Hilbert  space  ami  that  T{t:q)  is  a  semigroup  on 
X  tlnil  is  strongly  jointly  continuous  on  [0,  rx.)sQ.  whcir.Q  is  a  compact,  separable 
metric  spare.  Suppose  that,  ji  is  a  finite  regular  nonnegativc  measure  on  (the  Boivl 
sets  of)  Q  and  that  e  L'{Q,fi\X).  Then,  for  each  t,  the  map  g  >— *  T(t  ,q)*p(q)  is 
in  L'{Q, p\  X),  and  the  vector  measure  n  given  try  n(A)  =  J.\T(t.q)<p(q)fi{dq)  is 
in  AA- 

Proof.  First,  we  note  that  if  the  above  map  is  measurable,  then  we  have  that 

/  \\T{,t\<i)<p(q)\\x  p{dq)  <  [  ||T(f.;«/)||  ||^(f/)||.Y  p(dq) 

JQ  JQ 

<  Mvu>t  [  M(/)||.v  f>{dq)  <  oo, 

Jq 

since  T  is  jointly  strongly  coutinous  (see  [DU,  F]).  Thus,  to  prove  that  the  above 
map  is  Ll,  it  remains  to  show  measurability. 
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Wo  recall  that  an  A'- valued  function  is  measurable  if  and  only  if  it  is  the 
(ft- a.e.)  pointwise  strong  limit  of  simple  functions  (see  [DU]).  Given  that  y?  € 
Ll{Q,fi\X),  we  may  choose  a  sequence  of  simple  functions  — >  < p  strongly,  for 

ft- a.e.  q  €  Q.  Next,  for  each  n,  we  choose  a  finite  collection  of  twills  of  radius  l/n, 
B(q't‘ ,  1/m),  for  1  <  i  <  A'„  that,  cover  Q.  We  redefine  these  halls  in  order  to  make 
them  disjoint,  by  setting  B\l  =  B{q[\  l/n),  and  letting 

B%  =  B(qll,l/rt)n(B\rn...(B^J\ 

We  then  set 

h\,  N„ 

(2.2)  tn(q)  = 

t=i i— I 

where  =  52e^'i  •  Clearly,  V’’1  is  a  simple  function.  Moreover,  if  qo  is  a  point 

for  which  <fi"(qo)  —*  <fi(q).  then  there  is  a  sequence  of  sets  A"  Pi  Z?j!  that  contain 
qo  and  whose  radii  are  tending  to  0.  By  the  strong  continuity  of  T ,  together  with 
the  convergence  of  y?'1,  we  have  that  T(t\ r/£  )^"(f/°)  — *  T(f;  q<>)v?(qo),  ns  desired. 

For  the  last  claim,  we  have  that  n(/t)  —  JA  T(t.q)<p(f/)  ft(dq)  is  a  countably 
additive,  bounded  variation  vector  measure  (from  [DU,  p.  4(i])  and  that  in  fact. 

|n|(/»)=  /  llT(t<q)<p(q)l\x  ft((/q). 

Ja 

To  prove  regularity  of  n,  we  must  show  that  for  every  measurable  sot  A  and  for 
every  e  >  0,  there  exist  sets  A',  compact,  and  O,  open  satisfying  A'  C  A  C  O,  and 
|n|(0  -  A')  <  i. 

Note  that  if  s  >  0,  since  q  T(f,  q)^p{q)  is  in  Ll(Q,  //;  AT),  there  exists  >  0 
such  that  if  B  is  measurable  and  //(/?)  <  I),  then  |n| ( /?)  <  ?.  The  regularity  of  p 
then  provides  the  result. 

Using  this  lemma,  we  define  the  operators  T(t)  on  M  by  setting 

(2.3)  T{t)m(dq)  =  T{t\q)^(q)fi{tlq). 

To  prove  that  this  definition  gives  us  a  semigroup  on  Ad,  we  must  first,  show  that 
T(t)  is  well  defined.  That  is,  suppose  dm  --  <pdfi  ~  tl’du.  (In  fact,  many  such 
distinct,  representations  exist:  see  [DU,  p.  2(i9,  Corollary  3]).  We  must  show  that 
both  representations  lead  to  the  same  linear  operator;  i.o., 

T{t\qMq)fi{dq)  =  T{t\q)tl’(q):{  ,). 

Toward  that  end,  we  take  B£  ami  qtf  as  in  the  above  proof,  and  we  define  a 
sequence  of  operators 
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which  converges  strongly  to  T(t\q).  In  a  manner  similar  to  (2.2),  we  set 


n?(v4)  =  y mqpypnw^jrntiqg)  f 

*=l  jAnU'i 

and 

n 2(A)  =  T  [  m  v{d<l)  =  £  T«' d)  [  +  •'(M- 

k~\  k=l  V/lnO': 

From  the  hypothesis  on  q>,  g>,  /.<,  and  p,  we  sec  that  n’,'  —  nJj .  Moreover,  by  the 
dominated  convergence  theorem,  we  have  that  n'*(yi)  — » tii(A)  for  i  =  1,2,  where 

ni(4)=  f  T(t,:;)<p(q)  fi(dq) 

J  A 

anti  n2  is  similarly  defined.  Since  n,  =  n!>\  we  must,  have  n i  =  nj.  which  implies 
that  T(t )  is  well  defined. 

We  also  note  that  since 

MM)  =  /  fl(dq)  <  Mr*'\m\(A). 

Ja 

T(t)  is  a  hounded  linear  operator  on  M.  Using  these  facts  we  have  the  following. 


Theorem  2.2.  Under  the.  hypotheses  of  Lemma  H.l,  we  have  that  T(t),t  >  0  is  a 
strongly  continuous  semigroup  of  linear  operators  on  At. 


Proof.  The  semigroup  property  is  easily  seen  to  follow  from  (2.3).  as  is  the  fact 
that  T(0)  =  /.  We  must  now  argue  strong  continuity.  Note  that 

|T(f)m  -  m|(Q)  =  [  || T(t,q)g>(q)  -  <p('y)II.Y  fi(d<l). 

Jq 

which  goes  to  0  as  t  goes  to  0,  by  the  dominated  convergence  t  heorem.  Thus  s'rong 
continuity  is  proved. 


From  this  theorem  we  obtain  a  model  for  dynamics  in  the  vector  measure 
state  space.  Ad.  through  the  mild  form  given  in  (1.5): 

m,  =  7(f)m(i  +  [  T{i  -  *)f(«)d.s, 

J  o 

where  f  €  L'([(). /./]; At).  The  state  vector  now  is  mf  which  contains  strueture 
in  both  the  parameter  space  and  the  original  space  ,Y.  Moreover,  the  mild  form 
also  contains  a  forcing  function  which  can  be  used  to  model  externally  induced 
parameter  changes.  Having  developed  a  semigroup  formulation  for  the  extended 
dynamics,  we  now  turn  to  inverse  problems. 
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3.  Inverse  Problems  for  the  Rate  Distribution  Model 

It  is  typically  the  case  in  a  population  biology  application  that  the  individual 
rate  constants  cannot  be  measured  directly.  Thus,  in  population  wide  observations, 
one  would  be  unlikely  to  have  access  to  measurements  of  parameter  variation 
in  the  population.  On  the  other  hand,  size  and  spatial  structure  are  observable 
in  many  eases.  Thus,  we  are  confronted  with  an  inverse  problem  in  which  the 
observations  u(ti)  £  Z  correspond  to  C(f(jT(ti;q)ip(q) /t(</</)),  where  C:  X  — *  Z 
is  an  observation  operator  and  the  data  space  Z  is  a  separable  Hilbert  spacer  In 
many  population  biology  examples,  the  data  are  histograms  giving  the  number  of 
individuals  whoso  size  (age,  position)  lies  in  particular  intervals.  In  such  a  case 
Z  is  finite  dimensional  and  C  is  an  integral  “averaging"  operator.  The  integral  in 
(/  denotes  the  summing  of  the  population  over  the  parameter  space:  we  observe 
the  total  population,  st  ructured  only  in  X.  We  thus  pose  the  inverse'  problem  as 
the  determination  of  m  from  such  measurements.  We  shall  use  the  least  squares 
approach,  in  which  we  seek  to  minimize 

n 

(3.1)  J( m)  =  £  \\CT(t,)m(Q)  -  «(/,-)||*. 

i-i 

which,  we  note,  is  an  infinite  dimensional  linear  least  squares  problem. 

A  possible  approach  to  the  minimization  is  through  standard  linear  least 

squares  theory  and  the  normal  equations  =  «,  with  D  —  (T(t\) . T(t„))r 

€  C( X"),  and  u  =  (ft(ti), ...  ,u(t„))!  €  X".  We  do  not  have  at  this  point  any 
general  conditions  on  the  original  semigroup  under  which  the  normal  equations 
have  a  unique  solution.  Hence,  we  take  here  a  different  approach. 

We  treat  the  problem  jus  a  constrained  minimization  of  .7  over  a  set  M,„t 
of  admissible  parameters.  Since  the  unit  ball  in  C(Q,X)*  is  weak-*  compact  (by 
Alnoglu’s  theorem),  we  take  M„,i  c  M  to  be  the  measures  with  variat  ion  bounded 
by  M.  which  is  a  fixed  positive  number.  Under  the  assumption  that  the  adjoint 
semigroup,  T*(t\q),  is  strongly  continuous  in  t  and  t /.  we  have  that  mN  — *  rn 
weak-*  implies  that  T(t)m‘v(Q)  -*  T[t)m(Q)  weakly  in  A',  for 

(./:,  I  T{t\q)<p(q)p(dq))  =  [  (,r,  T{t\ </M<y))  ft(tlq) 

Jq  Jq 

=  /  (T*{t.\q)d\<p(q))  n(dq). 

Jq 

Since  T*  is  strongly  continuous,  q  j-*  T*[t,q)x  €  C(Q,X).  and  the  weak  conver¬ 
gence  becomes  apparent.  From  this  convergence  we  obtain  the  following. 

Theorem  3.1.  Suppose  that  C  €  £{X,Z)  is  compact.  Under  the  assumptions  of 
Theorem  2.2,  together  with  strong  continuity  of  the  adjoint  semigroup  T*(t\  q),  the 
functional  J  is  continuous  with  respect  to  the  weak-*  topology  on  Miut;  hence,  .7 
attains  a  minimum  over  M,„i. 
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Proof.  First,  note  Unit  the  weak-*  topology  mi  M,„i  and  the  weak  topology  of 
C  X  arc1  met.rizahle  (see.  e.g.,  [H,  p,  2015]).  Thus,  tin-  above  argument, 
shows  that  rn  i-»  T(f  )m  is  continuous  with  respect  to  these  topologies.  Since  C  is 
compact,  it  maps  weakly  convergent,  sequences  to  strongly  convergent  sequences, 
and  we  have  the  desired  result. 

The  optimizat  ion  problem  posed  is  an  infinite  dimensional  one,  so  we  need 
some  approximation  methods  for  eompuntionnl  purposes.  We  assume  t  hat,  we  have 
for  the  original  problem  a  numerical  scheme  that  produces  a  sequence  of  semi¬ 
groups  TN{t\q)  defined  on  finite  dimensional  subspaces  A',v  of  X,  taken  to  be 
of  the  form  XN  —  . . .  ,  </’ jv}<  with  PN  being  the  orthogonal  projection 

from  X  to  XN.  From  these  semigroups  we  construct,  cost,  functionals 

il 

t-i 

whore  TN  is  defined  in  the  obvious  manner.  This  cost  functional  must  be  minimized 
over  a  finite  dimensional  set.  Let  {ql ,  q'*, . . .  ]  be  a  countable,  dense  subsi't  of  Q. 
We  set 

N  /V 

MN  =  {  £  aj^VM)  :  I  Z  <W’j^\(Q)  <  A/}, 

j.t-i 

which  is  a  finite  dimensional  subset  of  Furthermore  (as  in  (Fj),  any  element 
of  M,„t  can  he  approximated  in  the  weak-*  sense  by  a  sequence  from  these  sets. 
With  these  observations,  we  may  obtain  the  following  approximation  result. 

Theorem  3.2.  Amtmv.  that  the  hypothr.xvH  of  Theorem  ti.'i  hold.  Furthermore 
let  the  uequen.ee.  7’A’(t;  </)  Hutisfy  TN  (t\q)PN  x  —  T{t.\q)x.  and  (TN  )’{t\ q)PN  ,v 
— *  T*(t;r/)j'  stronyly  in  X  and  uniformly  on  Q  x  [0.  rj.  Then  mnnmizers  of  ,/lV 
over  MN  eonveryc  ml>ne.quentiaUy  in  the  weak-*  topoloqy  of  M„,i  to  ininimizers 
of.!. 

Proof.  In  view  of  the  abstract  least  squares  theory  of  Banks  (see.  e.g.,  (BK.  pp. 
144-5])  it  only  remains  to  show  that.  JN {n\N)  —  ./(in),  whenever  m'%  -♦  m  in  the 
weak-*  sense.  Toward  that  end,  we  note  that 

{■>■<  [  TN{t-'',)r"y,N(<,),,N{d',))  =  f  (x,TN{1\q)PN<pN[q))fiN{dq) 

Jq  Jq 

=  [  {PNx,TN(tiq)i’N1>N(q))vN(<lq) 

Jq 

-  f  {x,nt;q)q>N (q))  ,tN (dq) 

Jq 

+  f  (x>T(t,q)tpN(q))pN{dq) 

Jq 
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=  /  ((TN(u<i)yrN.r^N{,i))ilN(<i'i) 

Jq 

-  [  ('!))!'"  (<t'l) 

Jq 

+  (•'•■  /  T(Uq)'fiN(q)l,N(dq)) 

Jq 

—  (■''■  [  T(t;qMq)  li[dq)). 

Jq 

which  implies  TN{t)mN  — »  T[t)m  weakly  in  A'.  As  in  Theorem  .1.1.  we  then 
obtain  the  desired  convergence  for  JN . 

4.  Conclusions 

We  have  examined  here  a  semigroup  formulation  of  a  rate  distribution  model 
for  structured  populations.  Being  based  merely  on  an  original  semigroup  formula¬ 
tion  for  subpopulations  of  identical  individuals,  this  model  is  quite  general.  Using 
basic  properties  of  vector  measures,  we  studied  the  basic  well-posed  question  for 
the  semigroup  formulation  of  the  distributed  model,  and  developed  an  estimation 
framework  for  fitting  the  model  to  data. 

We  have  performed  a  variety  of  computational  examples  based  on  the  Sinko- 
Streifer  problem  mentioned  above.  The  implementation  involves  solving  the  Siuko- 
Streifer  PDE  for  many  growth  rate  functions,  and  we  have  successfully  used  the 
128-processor  Intel  iPSC/8(>()  at  Oak  Bulge  National  Laboratory  for  the  computa¬ 
tions.  These  results,  reported  iu  [DFZ],  demonstrate  not  only  the  computational 
feasibility  of  the  techniques  we  have  described,  but  also  the  capability  of  obtaining 
high  quality  fits  to  real  observed  size  structured  data  that  were  not  previously 
treatable  with  inverse  techniques. 

Future  studies  will  focus  on  vector  measure  formulations  for  nonlinear  prob¬ 
lems  (such  as  [II])  as  well  as  models  which  incorporate  suhpopnlatiou  mixing  (as 
in  [BKWj). 
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A  MODEL  FOR  A  TWO-LAYERED  PLATE  WITH 
INTERFACIAL  SLIP 

SCOT]  W.  MANSION 

Department,  of  Mathematics 
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Aimth.Act.  In  this  paper  wo  derive  a  model  for  a  two-layered  plate  in  which  slip  call 
occur  at  the  interface.  We  assume  that  a  “itlue"  layer  of  nenligihle  thickness  hoods  the 
two  adjoining  surfaces  in  such  a  way  that  the  restoring  force  created  hy  the  glue  is  pro¬ 
portional  to  the  amount  of  slippage.  Within  each  plate  the  assumptions  of  Timoshenko 
lioam  theory  (namely,  that  the  straight  llhuueilts  orthogonal  to  each  center  sheet  at 
c(|uili!>rmm  remain  straight  during  deformation)  are  applied  and  the  etpmtions  of  mo- 
llon  arc  derived  through  the  principle  of  virtual  work.  We  relate  the  resulting  system  to 
the  Mimllin-Timoshenko-Rcissner  plate  system  and  also  to  t  he  Kirehhoir  plate  system 
by  singular  perturbations  involving  passing  the  shear  st.ilfness  parameter  and  the  glue 
strength  parameter  to  infinity. 

11)91  Mnlkcvintir*  Subject  ('lassijiratum,  7IIK10,  7dK't() 

Key  words  iwd  //hiasrs,  Multi-layer  plate,  Mindliu  plate,  Meissner  plate. 


1.  Introduction 

Over  the  past  decades,  composite  materials  have  found  increasingly  broad 
application  in  many  areas  from  design  of  sporting  goods  to  space  structures.  These 
materials  etui  he  designed  to  produce  either  favorable  damping  characteristics  or 
high  strength  to  mass  ratios,  and  often  for  a  combination  of  each.  Consequently 
there  has  been  a  considerable  amount  of  effort  in  modelling  these  structures  and 
analyzing  the  dynamical  properties  thereof. 

Models  for  multilayered  beams  and  plates  have  existed  in  the  literature  since 
at.  least  the  late  fifties  [Yu],  [Kc].  Since  then,  numerous  more  elaborate  models  have 
been  developed  (see  [lie],  [Di],  [Me],  [YD]  and  the  numerous  references  therein). 
For  those  models  which  were  constructed  with  the  idea  of  modelling  clamping 
the  usual  approach  has  been  to  assume  the  material  consists  of  three  separate 
layers  which  are  bonded  together  (no-slip  at  the  interfaces).  The  outer  layers  are 
modelled  hy  plates  which  allow  little  or  no  shear  while  the  inner  layer  is  modelled 
as  a  material  with  a  “complex  shear  modulus”  hut  usually  without  other  material 
assumptions.  Kinematic  restrictions  are  then  artificially  imposed  which  couple  the 
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strains  or  stresses  in  each  layer  with  one  another  and  a  plate  model  involving  only 
the  transverse  displacement  is  produced. 

In  this  paper  we  derive  a  model  for  a  two- layered  plate  in  which  slip  can  occur 
at  the  interface.  We  imagine  that  a  “glue"  layer  of  negligible  thickness  bonds  the 
two  adjoining  surfaces  in  such  a  way  that  the  restoring  force  created  by  the  glue 
is  proportional  to  the  amount  of  slippage.  Within  each  plate  the  assumptions  of 
Timoshenko  beam  theory  [Ti]  (namely,  that,  the  straight  filaments  orthogonal  to 
each  center  sheet  at  equilibrium  remain  straight  during  deformation)  are  applied 
and  the  equations  of  motion  are  derived  through  the  principle  of  virtual  work. 

In  tilt*  approach  used  here,  we  impose  no  a-priori  kinematic  restrictions  cou¬ 
pling  the  motion  of  the  upper  plate  to  the  lower  one.  (Although  we  do  assume 
within  each  plate  standard  assumptions  of  Timoshenko  beam  theory).  However, 
at  least  for  the  present  article  we  will  assume  a  geometric  symmetry  in  that  we 
consider  only  the  case  where  the  upper  and  lower  plates  are  identical.  This  allows 
for  a  decoupling  of  the  in-plane  motions  from  the  bending  motions. 

Initially  we  obtain  a  system  of  nine  equations  which  describe  the  dynamics 
of  the  composite  plate.  The  part  describing  the  bending  lias  five  equations  in  the 
transverse  displacement,  the  effective,  rotation  angles  and  two  for  the  components 
of  the  slip.  We  show  that  this  system  is  ail  analog  of  the  Mindlin-Timoshenko- 
Rcissncr  plate  system  (called  the  Mindlin-Timoshenko  plate  in  [LI.],  [La])  in  the 
sense  that  1)  when  there  is  no  glue  our  system  reduces  to  an  MTR  system.  2) 
when  the  strength  of  the  glue  tends  to  infinity,  solutions  of  our  system  converge 
in  a  weak  sense  to  solutions  of  an  MTR  system. 

By  letting  the  shenr-stiftiness  parameter  tend  to  infinity  we  obtain  a  limiting 
system  of  three  equation::  ’  =ch  is  analogous  to  the  Kirehhoff  system  in  the  same 
sense  that  our  ori,,:  r  is  analogous  to  the  MTR  system. 

A  major  rc.«-  >  f  'mg  slip  (as  opposed  to  including  a  center  layer  for 

the  glue)  is  tha.  .me  n  tl  a  easily  introduce  frictional  forces  into  the  dynam¬ 
ics  of  the  slip.  ,1'  o.,e  ;  this  force  as  simple  sliding  friction  (frictional  force 

proportional  ti,  •  .-its  i  ibtaius  two  new  structurally  damp'd  plate  models. 
It  is  known  that  ?  uicli  of  :•  dissipation  in  composite  materials  is  in  fact,  due  to 
friction  between  adjacent  fibers.  Thus  a  goal  of  this  research  is  to  characterize 
the  damping  one  obtains  in  plates  due  to  internal  friction.  However  in  the  present, 
paper  we  concern  ourselves  with  the  ease  in  which  no  frictional  forces  are  included. 


2.  Basic  assumptions 

Much  of  our  development  and  notation  will  follow  t  hat  of  Lngnese  and  Lions 
[LL,  chapters  1,2]. 

Our  plate  consists  of  two  identical  uonhomogcncouH  (homogeneous  in  the 
transverse  direction),  isotropic  thin  plates  which  are  in  contact  with  each  other  on 
a  middle  surface  which  occupies  the  region  f2  C  R2  at  equilibrium.  Each  plate  is 
assumed  to  have  uniform  thickness  h/2. 
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Le-t  uk  use  the  rectangulnr  coordinates  x  =  (x i.x-i)  to  denote!  points  in  Sf 
and  ,r  =  (.r,.r;i)  =  (;»-i ,  to  denote  points  in  Q  =  12  x  (— ///2. 0)  or  Q{  — 

12  x  (0,  hf 2).  For  x  E  Q+  U Q~  let  U(x)  =  (Ui,U%,  U;D(x)  denote  the  displneement 
vector  of  the  point,  which,  when  the  plate  in  equilibrium  has  coordinate's  x  = 
(.r i .  a*a,  (In  the  elynatnie  case'  these  variable's  also  ele'pe  nel  upon  time,  but  we- 
will  suppress  all  time  elepenelcnce  in  this  se'etion.)  In  addition  le>t  us  define  u  l  and 
u~  by 

u±(x)  =  lim  (/(£,. i'a)  'ixEil. 

J':i—  II  • 


2.1.  Stress-strain  relations.  Let  er,j,  ru  (i.j  -  1,2.3)  ele*ne>te  the  strews  and 
strain  tensors,  respectively.  For  a  small  displacement,  theory  we  assume1 


(2.1) 


1  (i)U,  Dll  i  \ 


Let  E  —  E(x)  >  £’(,  >  0  denote  Young's  modulus  anel  ii(x)  (Union*  Peiiwsein's  rat  hi. 
0  <  pn  </t</(i  <  1/2.  Since’  the  plate's  are*  assume'el  to  be'  isotropic  we  have*  the’ 
following  strews-strain  re'latiems: 


(2'2)  ”ij  ~  ttt,  (f,j  +  r^vaAf)  ■ 

where’  we  have*  use*el  the  summation  convention  for  re-peated  indices. 

As  in  [LLj.  we’  assume  that  eraa  is  negligible,  hence  to  highest  eireler  one'  can 
solve  for  f,t;i  in  terms  of  the  either  principle  strains: 


(2.3)  f  aa  -  ~--(f  i  i  +*■&)■ 

Frenn  (2.2)  anel  (2.3)  we  have 


=  1 1  +  /u-u) 

=  1  I  +  fTj) 

=  0 

However,  in  anticipation  of  the  fact  that  we  will  ineidel  each  plate:  accoreling  te> 
the  assumptions  of  Timoshenko  beam  theory,  a  shear  correction  coefficient  k  is 
incorporated  into  (2.4)  to  account  for  the  fact  that  (physically)  the  transverse 
shear  strains  do  not  remain  constant  throughout  the  thickness  of  each  plate,  fin 
the  Timoshenko  theory  the  shear  strains  are  assumed  to  be  constant  throughout 
the  thickness.)  Thus  the  shear  stresses  in  (2.4)  are  meidificd: 


(2.4) 


<7n 

<T’22 

<7.33 

°i.l 


kE  kE 

<713  =  rr - *13.  <723  =  7“ - C23. 

1  +  n  1  +  n 


(2.5) 


14(i 
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A 


k 

I 

f 


k 

1 


k 


I 

l 


Kl(l.  1.  A  wlii-mulii  of  tin'  .i ci-iinn  section  of  I  lie  umlrformcd 
Hlumi’iil  A-H-C-l)  (I ml  loin)  loculcil  at  (r.  •)  uml  t  he  corresponding 
deformed  lllmiii  nlH  A'-li1,  ("-!)'  (lop)  whose  positions  nro  described 

l>.v  </',t(.r).«±(i-),ti*(£). 

2.2.  Plate  assumptions.  The  MTR  plate  model  [LL.  p.  1-1]  is  the  simplest  plate 
model  which  incorporates  the  effects  of  shear  as  an  independent  c|uantit,v.  In 
this  model  straight  filaments  originally  orthogonal  to  a  'middle  surface"  remain 
straight,  after  deformation,  however  are  free  to  rotate  relative  to  the  deformed 
"middle  surface".  Thus  the  MTR  system  is  described  by  three  equations:  one  for 
the  dynamics  of  the  transverse  deflection  and  two  for  the  shear  angles.  If  in  addi¬ 
tion,  one  allows  for  in-plane  translations,  one  obtains  an  additional  two  equations 
for  tlii'  dynamics  of  these  motions. 

Doth  tin'  upper  and  lower  plates  of  our  composite  plate  will  lie  modelled 
by  MTR  plates  which  include  the  in-plane  translations.  Thus  within  each  plate, 
the  straight  filaments  are  allowed  both  rotate  and  translate  so  that  each  filament 
in  each  plate  has  (for  the  moment)  five  degrees  of  freedom:  three  translational 
and  two  rotat  ional.  Thus  the  displacements  of  the  filament  F  —  U  F  which 
occupies  {(.i'i ,  :  — /i / 2  <  .r;J  <  h/2)  at  equilibrium  is  completely  determined 

by  specifying  the  translational  displacements  uL(._r)  and  a  rotation  angle  for  F+ 
and  F~.  {F+  belongs  to  the  “upper  plate”  and  F~  iH  in  the  “lower  plate”.) 

Rather  than  attempt  to  define  shear  angles  relative  to  a  “middle  surface"  of 
each  plate,  it  will  lie  more  convenient  to  define  the  angles  relative  to  the  surfaces 
*5±  -  {(£id)  +  u±(£)  :  £  €  SI}.  Let  ^(x)  =  )(£)  denote  shear  angles;  that 
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is,  tpf  (x)  is  tho  angle',  miwuml  with  positive'  oriemtation  that  the  filament  T*  has 
rotated  relative  to  the  normal  to  S*  at  (x,0)  +  n*  (x).  Let  ft*  (x)  =  (ft* ,  0%  )(x) 
denote  the  rotation  angle's  from  the  equilibrium  position,  with  positive  orientation, 
of  S*  at  (x,0)  +  n*(x).  Let  i /)*(x)  =  (V’f,  0.*)(x)  denote  the  total  rotation  angle 
the  filament  T*'  has  rotated  with  respect  to  the  x»  axis,  again,  with  positive 
orientation.  (See  Fig.  1.)  The  angles  ft*,  t/,:t  and  yj*  are  thus  related  by 

(2.G)  V-^x)  =  ft*(x)  +  ^(ai)  Vx  S  $1. 

Under  the  assumption  that  the  rotation  angles  of  the  middle  surface  are  small  we 
may  use  the  approximat  ion 

(2.7)  ft*(x)  ~  Vu*(x)  V£e!!. 


Then  the  displacements  can  be  written  in  terms  of  the  translations  u*  and 
total  rotation  angles  t/’*  as 


(2.8) 


t 


U\  (X| ,  X'i,  ,T  \) 


<  t/-j(X|,X2,X;i) 


U:,(X1.X2.X:,) 


u'l  (xi , 

•t’u) 

-x;Jt/',+  (xi  ,x2) 

X:i  >  0 

(''’I. 

X2) 

-  x:ti/-f(x i.xj) 

;r;,  <  0 

»4(;,,t' 

.x-i) 

-  X:ll/’2+(Xl,X2) 

.1:,  >  0 

(x  i 

.x2) 

~  X;,V>a  (X |,Xa) 

,1';)  >  0 

(X| 

X;|  >  1) 

,(:V  (x  i 

.  t'i ) 

X;i  <  0, 

Substituting  (2.8)  into  (2.1),  and  using  (2.G),  (2.7)  gives 


(2.9) 


_  (iir 

1 

fit'* 

-  <>wj 

Ml 

L  — 

1 

1  ;*775fT 

—  bj-j 

M2 

-*[ 

l)nj 

II.V-J 

,  md 

+  Tnt  _';;l 

(ih> 

1  + 

M:t 

-!(• 

■H- 

1 

)  = 

—  x  i 


where  the  +  superscript  (respectively,  -  subscript)  applies  to  x;t  >  0  (respectively, 
X)  <  0).  Instead  of  using  (2.3)  however,  we  set.  (in  accordance  with  [LL,  p.  0]) 

(2.10)  Mu  =  0. 

One  can  cheek  that  (2.8)-(2.9)  is  the  exact  analogue  of  the  strain-displacement, 
equations  which  one  obtains  for  the  MTR.  system  as  in  [LL,  p.14).  However  up  to 
this  point  no  assumptions  have  been  made  regarding  the  amount  of  slip  between 
the  two  plates. 
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2.3.  Interface  assumptions.  For  x  e  Si  let  us  define  a  dimensionless  slip  vari¬ 
able  x{&)  —  («i,«2)(£)  by 


«,+  (z)  ~  n,  (z) 


i  =  1.2. 


For  the  moment  consider  the  glue  layer  to  have  a  uniform  thickness  d  and 
t  hat,  shearing  motions  obey  Hooke's  law.  In  this  case  the  slip  n(x)  is  proportional 
to  the  amount  of  shear  at  ,_v  and  thus  integrating  over  if  the  product  of  the  stress 
and  the  strain  gives  the  following  expression  for  the  strain  energy  within  the  glue: 


V,,  =  y  f  l(*i(x)  +  4(x))d.r. 


where  7  =  ^(x)  >  0  is  proportional  to  d  and  the  shew  modulus  of  the  glue. 

Henceforth  we  shall  regard  (2. 12)  as  the  only  (noil-negligible)  eontribul  ion  by 
the  glue  to  energy  for  the  composite  plate,  where  7  is  an  arbitrary  non-negative 
essentially  bounded  function  defined  on  if.  Thus  implicitly  we  assume  that  the 
mass  and  t  hickness  of  the  "glue”  which  bonds  the  surfaces  is  negligible  (compared 
to  those  of  the  plates)  and  can  be  ignored.  While  tin*  argument  used  to  motivate 
the  assumption  (2.12)  is  heuristic,  (2.12)  provides  the  simplest,  possible  means  by 
which  the  slip  can  be  penalized. 

Let 

„(i) .  _  tM±Lkl.  ,fi. 

To  highest  order,  Taylor’s  formula  gives  (we  will  use  the  usual  “clot  product" 
notation): 

(2.13)  "S(z)-w{x)  =  ±h'Vw(.r)-»(.r)  .nil 

To  obtain  a  linear  theory,  wo  assume  the  time  and  spat  ial  derivatives  of  the  right- 
hand  side  of  (2.13)  are  negligible  in  comparison  to  those  of  w.  Thus  let  us  assume' 

(2.14)  »’(,«:)  =  H-rU)  =  ■(£). 

In  (2.14)  we  are  actually  making  the  same  assumption  that  is  made  in  the  MTR 
theory,  namely  that  the  transverse  displacements  on  the  deformed  filaments  J- 
(described  earlier  in  this  section)  are  independent  of.i\(. 

2.4.  Strain  and  kinetic  energy.  The  strain  Cinergy  for  the  composite  plate 
consists  of  the  strain  energy  for  the  glue  (2.12)  and  the  strain  energy  for  the  plates 


~P+  -  £  I  *ijOij<te.dxx\. 
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When  each  of  the  terms  in  (2.1(i)  are  computed  one  finds  that,  the  potential 
energy  of  the  plates  splits  into  a  bending  potential  energy  and  a  stretching  potential 
energy. 


' P -  +  V+  =  Vi,  +  VK, 


where 


■f  A  y5  '  Vj?f/.T 


where  D  =  Elf'/ 12(1  -  p2 )  is  the  modulus  of  flexural  rigidity  (set'  [LL.  p.  10])  for 
a  plate  of  thickness  h,  with  the  same  material  properties  as  the  two  plates  (which 
each  have  thickness  /t/2),  and  K  —  hEh/ 2(1  +  p)  is  the  modulus  of  elasticity  in 
shear  [LL,  p.  14],  also  for  the  same  plate,  but  with  thickness  h, 

The  kinetic  energy  1C  —  1C  '  +  AC"  is  defined  by 


IC±  =  I  P(l't  +  01  +  02)<l.rd.v:^ 


where  1  =  d/dt  and  p  —  p(r)  >  pa  >  0  denotes  the  mass  density  per  unit  volume. 

As  with  the  potential  energy,  the  kinetic  energy  decouples  into  a  bending 
part  and  a  stretching  part: 


AC  =  AC;,  +  Al,  . 


One  finds  that, 


AC;,  =  ^  j  pilin')2  +  I,,(£-Z  +  3*  •  <k. 

it 

AC„  =  ^  J  ^  '  {/  +  3,1 ' ll)  dx, 


where  /,,  =  pie */12  is  the  density  function  for  the  mass-moment  of  inertia  about 
the  interface, 
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2.5.  Work.  Assume  that,  il  has  smooth  boundary  F,  To  sot.  ideas  wo  will  assume 
that  the  plate  is  clamped  on  a  portion  of  its  edge  Fn  C  F.  Furthermore  denote' 

r,  =  r  -  r  o . 

Now  assume  the  composite  plate  is  subject  to  a  volume  distribution  of  forees 
(/i  •  h>  /n)  and  a  distribution  of  forees  (r)i ,  r/2 , W:i )  along  F ] .  The  work  done  on  the 
plate  by  these  forces  is 


W 


li/2  h/  2 

-II  IS  f/Fe/.i:,. 


-A/a  I!  —  A /a  t‘i 

It,  will  not  be  necessary  to  consider  the  point.wise  forces,  l>nt  only  the  resultants 


(2.27)  { 


'■/a  . 

A/a 

/t(iE)  = 

f  fid** 

,Vi(£)  = 

il 

to 

C*5 

-A/a 

-A/a 

A/a  , 

a /a 

A/,(£)  = 

»".(£)  = 

f  <)j. l:\dx. \  i  =  1,2 

-  A/2 

-A/a 

A/a 

A/a 

Pi  U)  = 

f  fj  sgn  (;i‘:t)r/.r,.| 

Pi(i)  = 

f  !),  «gl>  {•t':\)dx;\  i  =1.2 

-/•/a 

-1,12 

A/a 

A/a 

Qdz)  = 

f  /,  i'nU/.r.t 

</.(•»')  = 

f  .Vi | f /.r:,  /  —  1.2. 

-A/2 

-a /a 

As  with  the  energy  expressions,  W  decouples  into  two  part 


•Is 


(2.28) 


(2.2!)) 


(2.30) 


W  =  W,  +  W,,; 

W(,  =  j  llti\  P\  +  IlSiP-i  -  t'’|A/|  -  +  ■»' f:\llx 

u 

4-  ^  hn\p\  +  h»2lh2  —  V'\»>\  -  +  u’//:)f/F. 

iS 

W,  =  /  »,/.  +  11-2 h  -  V\Q\  -  >l2Q2<l.r 
it 

+  J  M|//l  +  "2!l2  ~  VlVl  -  'l2<l2<iF- 

I’l 


3.  Equations  of  motion 

The  Lagrangian  C  on  (0,  T)  is  defined  by 


r 

C~  j  IC(t)  +  W(t)-V(t)<lt. 
0 
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Because  of  the  uncoupling  in  (2.22),  (2.24)  and  (2.28)  of  the  variables  (w,»,  V) 
from  (if,  //)  in  the  expressions  for  K ,  VV  and  P,  the  Lagrangiau  also  decouples  as 
£  =  £/,  4-  £.i ,  where 

r 

(8.1)  Ch  =  I  ACb(f)  +  W,,(/.)  -  P,,(/)  -  P, (/),// 

() 

7 

(3.2)  £.»/  /C,(f)  +  W,(t)  -  P,(f)'//. 

0 

3.1.  Weak  form  of  equations.  According  to  the*  principle  of  virtual  work,  the 
solution  trajectory  is  the  trajectory  which  renders  stationary  the  Lagrangiau  under 
all  kinematically  a<lmissil>le  displacements.  Due  to  the  decoupling  of  (3.1).  (3.2) 
this  will  hold  if  and  only  if  the  variations  of  £/,  and  £*  vanish  separately,  Thus 
the  equations  of  motion  one  obtains  decouples  into  two  completely  iutlrpnidcvl 
part*.  By  setting  the  variation  of  £*  —  0  one  obtains  a  system  of  equations  in  t  lit' 
variables  ■//  and  which  describe  the  in-plane  or  slrctrhiny  motions.  We  mention 
what  these  art'  in  Remark  3.3. 

On  the  other  hand,  the  equations  one  obtains  from  £/,  describle  hcniliny 
motions.  Since  our  primary  motivation  is  to  study  the  effect  that  slip  has  upon 
beading  we  are  mainly  interested  in  the  equations  which  one  obtains  from  Ch¬ 
it  t.lms  follows  that  for  the  purpose  of  calculating  (£.*.«’)  we  may  assume 
with,  no  loss  of  yvnvmhty  that 

(HI)  Solutions  satisfy 

(i)  t/’+  =  <i>~  -  i/> 

(ii)  //*  -ft/.'  =  0. 

(H2)  All  terms  in  W*  vanish,  i.e. 

(i)  / 1  =  h  =  U\  =  <H  =  » 

(ii)  Q l  "  Qi  ~  <i i  =  <u  =  I). 

Let  (£.*,»>)  denote  a  test  function  on  il  x  (0.7*'  for  which 
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defines  nnother  symmetric  matrix.  For  differentiable  i /»  =  (V’i.  V*a)  define  r(i/>)  by 

**  -(0  =  ^  +  (V«')  =  i(^  +  '^)y. 

Then  (3.11  )-(3.  12)  defines  a  symmetric'  2  x  2  matrix  Ad[;]  hy 


We  define  the  divergence  of  a  symmetric  matrix  to  be  the  divergence  of  each  row: 

=  (div(«i  i ,  «ia).  div(fii3.  ri-jj)) . 


div 


«n  «ia 
«ia  «aa 


Then  L</>  —  [L\ t/>,  L-id')  —  div  jVf[</’j  defines  a  second  order  operator  which  is 
given  explicitly  by 

-  h,  K) +  wt  + 1, 

(:m>  ^HS)' 

Let  ns  also  define  the  boundary  operator  Bij'  =  (£?|(</'| .  ti'-i).  ■  i/'a))  l>y 

(3.15)  Bt  =  M|^]h. 

where  n  =  (»i,»a)  denotes  the  outward  unit  normal  to  1\  Explicitly  one  has 


*<*■*>"  [(&">+C«0+(V)  (&♦'&) 


An  integration  by  parts  in  /  of  (3.3)  followed  by  an  application  of  (freon's  theorem 
lends  to  the  associated  boundary  value  problem: 


(i) 

l>h  ir  +  div(  AV)  = 

in  12  x  1R 

(ii) 

/„€  +  AV  -  U  -  —  A/ 

in  12  x  IK 

(iii) 

3/,,.s  +  3AV  +  dy/r's  -  3 La  =  AJ 

in  12  x  1R 

(iv) 

P  —  £  +  3«  -  Vic 

in  12  x  R 

(3.10) 

with  the  boundary  conditions 

(3.17) 


0) 

(«>,£, «)  =  0 

on  r„ 

x  R* 

(ii) 

Kp-  n  -  t).\ 

on  Fi 

x  R+ 

(iii) 

-  -w 

uu  F  i 

x  R-* 

(iv) 

3B.s  =  « 

on  F  i 

x  R+ 

I 
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(».18) 


tfU)  =  &(£.«)  '  =  1.2 
1  •*'?(•£)  =  M^.O);  =  *, (£•<>)  /  -  1.2 

irl>(£ )  =  n>(.r, 0);  «’'(.r)  —  •»'(*,())  .r  €  It. 


Of  course,  depending  upon  the  regularity  of  tin  uitial  data  the  solution  of 
(:U(>).(:1.17)  will  have  different  regularity  properties. 

Many  other  types  of  boundary  conditions  are  possible,  and  easily  determined 
by  inspection  of  (11.17).  In  the  boundary  conditions  we  consider,  (i)  is  precisely 
the  usual  "clamped"  b.c.'s  together  with  the  extra  condition  that  the  slip  on  To 
vanishes,  (ii)  specifies  the  transverse  shear  on  Pi  while  (iii)  and  (iv)  are  moment 
conditions.  It's  worth  noting  that,  the  moments  K,  and  k  art*  tin1  unique  ones  (up 
to  multiplicity)  for  which  A/  •  AC  =  0  at  each  .r  €  II  and  in  ■  h  ~  0  at.  each  t  6  F| . 


Remark  '.1.1.  The  natural  substitution  (,  =  ip  —  .'Is  used  in  (2,11))  suggests  that-  s 
has  an  interpretation  ax  an  angle.  This  is  justified  by  not  ing  that  to  highest,  order 
£,  is  tin1  rotat  ion  angle  (projected  onto  the  .r,-.ra  plane  with  posit  ive  orientation  as 
measured  from  the  ,r:i  axis)  of  the  ray  from  (0.0.0)  to  {V\ (•,•.///:{),  -.  Ii/'.i). 

U; \(-.  .  h/'.  1)).  Thus  f;  etui  lie  thought  of  as  an  effective  angle  of  rotation. 

Remark'  -i.2.  The  fact.  that,  the  Lagrangian  decouples  into  a  bending  part  and  a 
stretching  part,  relied  upon  finding  t  he  change  of  variables  (2. 1 1).  (2.17).  If  however, 
we  did  not  assume  that  the  top  and  bottom  plates  were  identical,  then  except 
in  very  special  eases,  there  does  not  exist,  a  change  of  variable's  for  which  the 
Lagrangian  decouples.  Said  another  way,  without  the  symmetry  in  the  upper  and 
lower  plates,  the  in-plane  motions  do  not  decouple  from  the  transverse  motions. 

Remark  -7. .7.  In  the  same  way  that  { It.  1  (»)-(il. i 7)  were  obtain' si.  one  may  obtain 
the  equations  for  the  in-plane  motions.  In  the  following,  t In*  n  variables  represent 
the  coordinates  of  the  displacement  of  the  center  of  mass  while  the  u  variables 
are  related  to  the  difference  in  the  shear  angles  of  the  top  and  bottom  plate  (see 
(2.17), (2.20)). 

f  (i)  / !,u  -  l.n  5=  - Qh  in  1 1  x.  1R4 

\(ii)  -  La  =  h’2(fi .  h)  -  Qh  in  it  >:  R 1 

with  the  boundary  conditions 


’(i) 

v  —  a  =  0 

on  r« 

x  l4 

(ii) 

Bu  -  —qli 

on  l'i 

X  R4 

.(iii) 

Bu  =  /i2( g\ ,  )  -  3/«/ 

on  Ti 

x  R  4 
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4.  Existence,  uniqueness,  regularity 

Denote 

'(«).*  =  0  on  I',,}. 

Recall  I’d  could  he  part  or  all  of  T.  In  the  latter  ease  Hf-  —  Also  define 

V '  H  -  (L'2{il))r'. 

4.1.  Variational  formulation.  Let  ns  consider  our  problem  in  the  absence  of 
external  forces.  In  this  case  tin1  variational  fonnnlation  of  (d. l(i)-(.'{. IS)  is:  Kind 
functions  £. .s,  ir  such  that 

(1.1)  e  rflD.TjiVJnr'1  ([().7'|:H). 

(1.2)  —  c(£.  s,  ie;  £.  .s.  «»)  +  t /(£,  .s.  ir.  £ .  s.  ii<)  =11  V  (£,  ,s.  w)  G  V 

in  the  sense  of  distributions  on  (U.  7)  and 

(,;})  J (£(<)).. s((l).,e(()))  =  (£".*".„•")  (five'll  in  V 

\  (£(<».*(<>).  «•(()))  -  (£'.*'.»•')  Riven  in  H. 

The  forms  (•{■:■).  «(•:•).  an(- :  ■).  a i  (• :  •)  and  uj(- :  •)  are  each  symmetric  bilin¬ 
ear  functions  of  their  nrRuments.  Let  us  denote  bv  <•(•).  </(•)  and  so  forth  the  cor¬ 
responding  (non-negative)  quadratic  functions,  e.g..  <;(£.«.  ir)  =  </(£.*.  ic:  £.*.  ir). 

Theorem  4.1.  Thr  variatioiw1  piohlrm  (■{■  l )-(■{. ‘0  admits  a  uiiiipu  solution, 
Mmrnvrr  thr  mappini )  {£".«".«•"}  x  {f'.s'./c1}  —  {£.#.«•}  is  continuous  from 

VxH->  <"([(>•  7]:  V)  nr'do.VjiH). 

Proof.  1  he  proof  is  almost  identical  to  the  proof  of  Theorems  2.1  and  2.2.  p.  11 
and  17.  respectively  of  [LLJ.  dints  we  mention  only  the  main  points.  Clearly  /•(•) 
is  etjuivalenl  to  ||  ■  ||w.  In  particular  time  exists  h  >  0  for  which 

c(£.s.  «')  >  * ||  {£.  s.<r  HI 7(. 

What  remains  is  to  obtain  a  coercive  estimate  on  «(•)  over  V  of  the  type: 

(■1,1)  aU.s.ir)  I  A|H£..s.icH|^  >A||{ £.■•>•."•} \\l- 

lor  some  A  >  0,  h  >  0.  Indeed,  if  (4.4)  holds  then  by  the  Lax-Milgram  theorem 
and  the  usual  variational  theory  (,1.L.  Lions  jLil)  one  concludes  that  (1.1 )-( 1..1)  is 
well- posed. 

In  the  case  1  a  =  W  (1.1)  follows  by  [La.  p.2!)J.  1  lowever  lot  us  discuss  only 
the  case  T  o  /  0.  By  [LL,  p.ld]  </u()  is  coercive  over  /■/ 1  (12).  Therefore  there  exists 
<\i  >  0  for  which 


f,o(0  +  '*"<> (s)  -  MIKII?/, +  iUHuf'iii)^]- 


(Lb) 
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Next  ,  dm'  to  Poincare's  inequality.  for  some  /q  >  0 

(ddi)  II * (n) * 

Combining  (4./))  and  (-!.(»)  it  follows  that  for  some  8  >  0 

«n($)  +  if)  >  a’HIv- 

In  part icular.  (4.4)  holds  with  A  =  0  when  I’n  f-  0.  □ 


Remark  J.l.  The  system  (3.1(>)-(3.18)  reduces  exactly  to  the  MTR  system  in  the 
following  two  sit  uat  ions: 

(I)  If  7  =  0  there  is  no  glut'  to  cause  interaction  between  the  top  and  bottom 
plate.  Hence  one  would  expect,  to  recover  the  Mi’ll  system  for  a  plate  of 
thickness  h/2.  Let  us  see  that  this  is  so. 

Theorem  4.1.  in  particular,  holds  when  ■>  =  0.  Thus  consider  (3.l(>)-(3.17) 
in  the  homogeneous  case.  Let  ii‘  =  £  +  .Is  so  that  ^  —  (!•  -  Vic.  Adding  (ii) 
and  (iii)  of  (3.1(1)  and  dividing  the  sum  hv  8  we  obtain 


(4.7)  I +  [-l\f  -  ~Ui'  -  n. 

Since  D  and  /„  are  cubic  in  h  while  K  -  kICh/‘2(  1  4  //)  is  linear,  if  we 
double  h  in  (4.7)  and  (11.  Ki-i)  we  obtain 


(4.8) 


(i)  phir  +  div(/vV)  =  0  in  51  x  E1 

<  (ii)  I,,);'  +  AV  _  /■  —  t>  in  52  x  R1 

k (iii)  y  -■  ir  -  V ir  in  52  x  IK 1 


In  the  same  way  we  obtain  the  boundary  conditions 


[(i) 

(»’.  H')  0 

on  l'n 

X  K 

(Lb) 

< 

■  (ii) 

/vV  •  11  •-  tt 

on  1  ‘  1 

x  !R 

[(iii) 

Bir  -  tl 

on  P| 

x  !R 

liquations  (4.8)  ( 1.0)  are  precisely  the  MTU  equations  for  a  plate  of  thick* 
ness  h.  (We  defined  •/’  with  the  opposite  sign  as  in  [LLJ  hence  there  is  a 
sign  difference  between  [LL,  (3.7)  p.  15]  and  (4.8)-( 4.!)).) 

(11)  If  7  — *■  oo  the  glue  becomes  infinitely  stiff  and  one  expects  to  see  no 
slip  in  the  limit.  Hence  one  would  expect,  the  limiting  system  to  reduce 
to  the  MTR  system  for  a  plate  of  thickness  h  since  the  individual  plates 
are  themselves  MTR  plates  and  by  (HI)  the  shear  angles  are  the  same  in 
each  layer.  In  fact  one  can  show  that  as  7  — *  tc  solutions  of  (3,1(>)-(3.18) 
tend  in  a  certain  weak  sense  to  solutions  of  ‘he  MTR  system  (4.8)-(4.9). 
We  make  this  precise  in  section  (i. 


I 


4 

i 


t 


1 


I 


Two-lnymil  plnlr  until  ilitrrfnviul  slip 


■I 

I 


ir,« 


4.2.  Semigroup  formulation.  Solutions  of  (3.1G)-(3.18)  cun  also  be  defined  in 
terms  of  semigroups  on  a  range  of  spaces  which  depend  upon  (lie  regularities  of 
the  body  and  boundary  forces.  Wo  limit  our  discussion  luw  however,  for  the  sake 
of  brevity,  to  the  homogenous  case. 

First  assume  Tn  ^  0. 

We  ident  ify  H  with  its  dual  Ti '  and  have  the  dense  and  cont  inuous  embeddings 

v  c  n  =  n'  c  v'. 


Let  denote  the  duality  pairing  between  V  and  V'  which  coincides  with  (■.■)>< 
when  both  arguments  arc?  in  H.  The  forms  (•(• ;  •)  and  n[- :  •)  define  scalar  products 
on  H  and  V,  respectively,  which  arc  equivalent,  to  the  natural  ones,  Thus  we  may 
deline  operators  C  e  C[H)  and  A  €  £(V,  V')  by 

(Cu.v)  =  c(u:v)  V  u,  v  6  H 
(/lu.v)  =«(u;v)  Vu.veV. 


Let  us  set. 

u  =  (€.*.«•)  U°  =  (£".  s°.  ic")  U1  =  ($'.*'. H'1) 
and  rewrite  (4.2)  as 

(4.10)  Cii  +  zlu  =  0  inV\ 

In  first,  order  form  (4.10)  becomes 


£(o  ?)GD  +  G 


or 


(i.iD  a:.,.c  “i1).  (•’=  (^  ")  v.(“). 

Assume  we  wish  to  solve  (1.1 1)  in  V  x  H .  Define  P(A)  and  P(A)  by 


V( ,4)  =  (ue'H:  ,1u  £  H\.  P[A)  =-  V( A )  x  V. 

Then  A  ;  P(A)  —>  V  x  'H  and  C’  1  :  V'  x  'H  — »  V  x  'H-  Hence  we  can  rewrite  (4. 1 1 ) 
as 


(4.12)  U  +  CMU-0  in  V  x  H 

One  can  easily  verify  that  C'M  is  densely  defined  and  furthermore  lor  all 
(u,  v)  £  V{A)  we  have 

(4.13)  (C  '«4(u.v),(u.v))v,-h  -  0. 

Thus  by  <'.g.,  Pazy  [Pa,  p.41],  —C  1 A  is  the  geiHTator  of  a  unitary  group  on  V  x  H. 

If  r ii  =  0  then  A  is  no  longer  an  isomorphism.  However  C  remains  an  iso¬ 
morphism  and  by  (4.4)  A  +  XI  remains  an  isomorphism  V  —  V'.  This  is  enough: 


i 


i 


i 


i 
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By  a  simple  argument,  involving  t.lie  change  of  variables  u  =  <n'w srr  >  0  it  can  he 
shown  that  —C  remains  the  generator  of  a  (^-semigroup  wlien  l'o  -  V).  (See 
[La;  p.32].)  Furthermore  one  can  show  directly  that  (4.111)  remains  valid  when 
l’o  =  W.  Thus  again  we  reach  the  conclusion  that.  —C  1 .4  is  the  generator  of  a 
unitary  group  on  V  xJi. 

llv  considering  appropriate  extensions  or  rest  nations  of  the  generator  we  are 
lead  to  the  following: 


Theorem  4.2.  The  upcnitor  C~ 1 A  is  the  yen  cm  tor  of  <i  undtiry  group  on  each  of 
the  .spares:  VxH,  T>[A)  x  V.  H  x  V'.  V'  x  {V{A))‘ .  We  thins  have  the  following 
regularity  results  for  (4.12): 


(i)  (ul,.u')  6  V(A)  x  V  => 

(ii)  (u".u')  e  V  x  H  => 
(Hi)  (u0,ttl)  aH  x  V'  =* 
(in)  (u°.u')  e  V'  X  (V{A)) 


(u.u)  6  r*([(). 7];  V{A)  x  V) 
(u.u)  G  <-([<>. TJ;V  x  H) 

(u.u)  G  r’([().r];H  x  V') 

(u.  u)  G  C'([0.r];V'  X  (V{A))'), 


5.  Limiting  behavior  of  (3.12)-(3.13)  as  A  — ♦  oo 

When  one  lots  I\  — *  to  in  the  MTB  plate*  out*  hnds  that,  the  solutions  converge 
in  a  weak  sense  to  solutions  of  a  Kirehhotf  plate  equat  ion  [LI.].  In  this  section  we 
show  that  as  K  —  to  solutions  of  the  system  (  Ll)-(  Ld)  converge  in  a  weak  sense 
to  solutions  of  a  new  plate  equation  which  we  show  is  an  analog  of  the  Kirchhoff 
plate. 

This  limit  creates  a  singular  perturbation  in  which  a  family  of  eigenvalues 
for  the  shear  modes  tends  to  infinity  along  the  imaginary  axis.  In  application. 
K  is  generally  several  orders  of  magnitude  larger  than  the  other  parameters  (in 
particular  D)  which  appear  in  (B.  1(»)-(B.  17).  Hence  in  principle,  the  limiting  I’DK 
should  provide  a  good  approximation  to  the  low-frequency  characteristics  of  the 
original  system. 

Let.  us  recall  the  variational  problem  (4.1)-(L3):  Find  functions  £  —  (£i.£.j). 
,s  ~  (.s | .  .vj),  in  such  that 


'(«)  (€.*.«■•)  €  C'([(),  7'];  V)  n  O'1  ([(),  7’];  H ), 

(  (h)  <■(£, «,  re;  £, »,  w)  +  u(£.  .s.  w,  £.  s.  re)  =  0  V(£,  s.  te)  G  V. 

(c)  (£(()),  s(0).  ie(0))  =(£",  s",  «'")  given  in  V. 

A<1)  (£(0). s(Dj.  »'(()))  =  (£l,«l.  ii’1)  given  in  H. 

where 

(5. 2)  f/(£..s,  ui;£,.s.  re)  =  i/u(£:£)  +  Bnt,(.s; .s)  4-  «i(£.«,  ie)  +  «.2(.s;  s) 

and  c, «2  were  defined  in  (3.4)-(3.8). 


Kit) 


Two-lajitritl  pi  tit  t-  with  inlrrftiriiil  nli/i 


5.1.  The  limiting  variational  problem  as  K  —  x>.  Let 

U'L  =  {»'£  n  ^=0  on  I*,,} 

and  define 


IV  =  {(£.*.  w)  e  X  H f.n  :  £  +  :\.s  -  Vie  =  0  in  51} 

V'  =  {(£.*,»')  £  (/;J(52))'‘  x  :  £  +  :i.s  -  Vie  —  0  in  fl}. 

We  will  show  in  Tlu’orent  5.2  that  solutions  of  (5.1)  with  initial  data  in  IF  x  V 
converge  in  a  weak  sense  to  solutions  of  the  following  variational  problem: 

Find  functions  (£,  x.  in)  for  which 

(£.*.<<•)  €  ("'([(>. T);  U‘)  ft  C1  ([0.7'];  V'). 

~c(£.  s.  th)  +  5(£, x.  iri£,  x,  ic)  =1)  V(£.x.ic)  6  II’ 
tit 

f  (£(<•).  ■'*(()).  «•(()))  =  (£".  x°.  ic°)  given  in  IF. 

\(i(0).s(0).  »'(()))  =  (^‘..s1.  ie‘)  given  in  F, 

where  (5.4)  is  understood  in  the  sense  of  distributions  on  (0.7')  and 

(5.G)  5(£,x.  ic:£.  x.  ir)  =  «n(£;£)  +  :h»n(x: x)  4-  n-j(s; x). 

Tlieorem  5.1.  Tin  variational  problem  (h.H)  (h.h)  admits  a  imit/nr  solution. 
Moreover  the  mapping  (£°.sl\tr°)  x  (^F.s'.ie1)  —  (£.x.ic)  is  coni  unions  from 
IF  x  V’  —  r([().r]:  IF)  D  r1  ([().'/’]:  V'). 

Proof.  First  assume  F(,  yt  0. 

We  may  eliminate  £  from  (5.11)  (5,(i)  with  £  ■=  Vie  -  .‘lx,  By  (1.5) 

(5.7)  «,)(Vie- ;i«) +:if/„(s)  >  ho  ^|| Vie  -  -L^llf// 1  ,$*))*•  +  ll*’ll //  njn)-> ) 

>  il'i  ^|| Vi/'llf// 1 (si),-4  l  Nlrii'tm.0  ' 

-  ^  (ii"iir//i(!!))  +  H  ■**  n  r  /  / 1  u  n  r- )  • 

where  the  last  inequality  holds  since  Fy  ^  0.  It  follows  that  />(• .  •)  is  coercive  over 
IF.  Since  <■(• ;  ■)  is  coercive  on  H.  we  have  (by  similar  inequalities  as  in  (5,7)) 

(5.H)  r(Vtv  -  :is,H,w)  >  <V,  (||ic||j,,(Si|  +  \\4Uu))  ■ 

It  follows  that  <•(•;•)  is  coercive  over  V  and  hence  by  the  standard  variational 
theory  (5.1i)-(5.5)  is  well-set.  If  Fy  =  0  tlieu  (5.7)  doesn’t  hold  on  IF,  however  it 
is  enough  (see  (4.4))  to  note  that  (5.7)  holds  when  A((ic. «’)»  +  (*••’*)»)  are  added 
to  the  left-hand  side.  (See  [LL,  p.4G].)  □ 


(5.») 

(5,1) 

(5.5) 


Scntt  \V.  Ilimtii'ii 


Hi  I 


Theorem  5.2.  Let  (£<,,sa.a,(l).  (£,.sl.iel)  he  given  in  IF  x  V'.  Then  us  l\  — >  oc, 
the  .solution  (4k<wK«'M’k)  1°  (5./)  tends  to  (£.«.  w)  in  the  sense  that 


(5.!» 


{(,!<’  *t\<  «’a)  —  (£,.*.  w)  in  Z/V(l).  7’;  V)  weak  star 
iil<~  * i\  *  K’h  )  — *  (£,  "•  «•*•)  1,1  L'K'({).T.1i)  weak  star. 


when  £ .  s.  in  ore  /./if  solutions  of 

Proof.  This  result  is  similar  1<>  [1,L.  p.  50|  when'  it.  is  shown  that  the  solutions  of  1  lie 
Kirehhoft‘  plate  equation  may  lie  obtained  as  similar  weak  limits  of  solutions  of  the 
MTU  system.  The  idea  of  that  proof  remains  valid  here,  with  the  exception  that 
we  impose  the  (additional)  compatibility  condition  m1)  6  V'  and  obtain  a 

stronger  result  which  includes  (5.1!)). 

We  will  assume  I'd  ^  0,  The  modiiications  necessary  to  handle  the  general 
case  are  the  same  as  those  in  |LL,  p.  51). 

Theorem  4.1  shows  that  (5.1)  is  well-set  and  Theorem  4.2  implies  the  energy 


(5.10) 


£(0  =  ^a(^snc)  +  ^e(£.*,ir) 


remains  constant,  along  trajectories.  Hy  (5.5)  we  have  «i(£". ic")  -  I).  Then  by 
conservation  of  the  energy  (5.1(1)  as  l\  —  X. 


(5.11) 


hounded  in  /„x((l. (//|*„) ') 
bounded  in  /,x (0 .T:‘H) 


(5.12)  {K'/HSk  +  a.s K  -  Vw’K ) }  bounded  in  /,'-((>.7,:(/.a(H))a). 

Them  fore,  in  particular,  since  ID  •/  0 

(5.1.1)  {"'/v)  remains  b<mude<l  in  /.'•((). T:  // p, (S i) ). 

Tims  by  extracting  a  subsequence  of  {£/,-.  *a'.  (5.!))  follows  from  (5.11)  and 

(5.11).  (Of  course,  we  have  vet  to  identify  this  limit  as  a  solution  of  (5.1)-(5.5),) 
Front  (5.12)  wo  know  +  Is;,-  -  V ic/,- )  — » l)  strongly  in  /. v  (0.  T\  ( /.J(1!))J  and 
hence  also  (£/v  4-  Is -  Va’g}  —*  tl  in  the  sense  of  distributions.  Therefore 


(5.14) 


£  +  :).s  -  V/e  =  t)  t)  <  /  <  T 

:  £  +  Is  -  Vie  =  0  almost  everywhere  0  <  t  <  T. 


Thus  frean  (5.14)  and  (5.!))  one  sees  that 

(5.15)  (£,.s.  m)  €  /,'((), T:  IF).  (£.*.«')  6  Lx(0.7’:  V’). 

To  see  that  (£,«,»>)  satisfy  (5.4),  we  take  in  (5.1)  test  functions  (£.*,  i'e)  g  11’ 
so  that  (5.1-b)  (with  £  =  £k,  *  —  *a  ,  —  u’a  )  reduces  to 

f/ 

(5. l(i)  —  r(^K .  ,  u’K ;  «,  «>)  +  «t)($A- ;  0  +  3«o(*K ,  5)  +  . «)  =  U, 

(It 
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Using  (5.9)  we  (hiss  to  t.lio  limit  (in  the  sense  of  distributions)  mid  obtain  (5.4). 

Let  ns  now  chock  that.  (£(0).s(0),  «■'(()))  =  (£°. s'\  ic°).  13y  (5.11),  (5.1.'l)  wo 
know  that  {(£/v>,sKi  h’k)}  is  bounded  in  £i'x((), 7;  V)  O  H  1,'x'(0.  T:  "H),  and  thus 
by  oompactncHH,  in  addition  to  (5.9)  wo  have' 

•"  f  ■•((().  71;  W). 

Consequently  by  passing  limits  wo  obtain 

(5.17)  (*(D),  *(()).«!(»))  =  (£",*".  if-"), 

As  is  woll-known.  tho  solution  to  (5.1)  is  the  sumo  as  the  semigroup  solution 
in  (//)  of  Thoorom  4.2.  Wlion  this  solution  is  differentiated  with  respec  t  to  time 
it.  is  easy  to  see  from  (4.12)  that,  (u.ii)  6  (’([(),  T]',H  x  V).  Thus  for  each  /\ 
(f/v  te/o)}  6  (’([(1, 7’];  V')  and  if  wo  use  the*  hypothesis  that  (£".*".«'")  €  IT. 
(f'.s'.to1)  €  V.  then  (4.12)  implies  tv /<(())  -  (1  and  {*^(0).  £*•(())}  G  ((//) '•„)') 1 
inch'pendent.  of  l\.  Furthermore  by  Theorem  4.2  we  also  know  that,  conservation 
of  (norm)  energy  holds  in  that  space.  Thus  we  are  in  a  position  to  repeat  with 
K/v.sau  in  a}  the  same  argument,  that,  was  applied  to  {£k.*k,  u'a  }.  We  obtain 

(5.18)  s/\. a'/\ }  remain  bounded  in  AX((),T;V'). 

Conseciuent  ly 

{£*.**> k\ i»  r([l),7’|:(V')). 

and  lienee 

(5.19)  (€(«). *(<)).  «•(«)))  -  M-1)- 

Since  the  initial  data  wore  given  in  U‘x  1',  by  Theorem  5. 1  there  is  a  unique  solut  ion 
(£,  s,  tl<)  to  (5.4)-(5.5)  within  the  space  C(|0, 7’];  II)  n  f'1  ([().  7’);  V).  Furthermore 
by  a  regularity  improvement  theorem  in  Lions  and  Mngnucs  (LM,  p.275],  (5.15) 
implies  that  after  modification  on  a  set  of  measure  zero. 

(5.20)  (£.*,»•)  G  <"-*(  [0.  /’):  IT)  n  f'1  ([(),  7’]:  T). 

Hence  (£.*.  ii>)  =  (£,  .s,  tv)  is  uniquely  determined  and  satisfies  (5.d)*(5.5).  □ 
linnark  !>.t.  If  the  hypothesis  that  (£ 1 .  .s1 .  in1 )  is  weakened  to 

({W)eW:ie'  e 

then  (5.18)  will  not  in  general  hold  and  consequently  one  can  not  infer  (5.19). 
However  as  a  consequence  of  (5.9)  and  (5.15)  there  will  exist  limit  points  satisfying 
(5.17),  (5.20). 
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5.2,  Semigroup  formulation  of  limiting  system.  The  semigroup  formulation 
ctf  (5.3)-(5.5)  is  analogous  to  that  of  (5,1)  and  a  result  similar  to  Theorem  4,2  also 
holds  here,  Thus  for  simplicity  we  assume  for  this  discussion  that  To  ^  0. 

We  introduce  the  forms 


(5.21) 

(5.22) 


f'l  («,  to;  s,  w)  —  e(  Vie  -  3s,  s.  te;  Vie  —  3s,  s,  w) 
hois,  tti;  s,  w)  =  fit)(Vte  -  3s;  V«i’  -  3s)  -f  3uii(s;s) 


and  continue*  to  use  the  notation  C|(s,  <r)  =  ei(s,  tr;s,  m)  and  likewist*  for  the  form 
/»(). 

When  £  and  £  are  climinati'd  from  (5.3)-(5.5)  the  variational  equation  may 
la*  written 

(5.23)  ^[r,(A,  ik  s, «»)]  +  l> a(s,  in ie)  +  ni(s,  ,s)=(),  V(te,  s)e  H$u  x 
with  initial  eondit ions 

(5  24)  I  =  >»  H u  s  (tf/.J*  x  //j(M 

|{s(0),  ii»(l))}  =  (s'.ie1}  given  in  V’„  -  (£,a(U))a  x 

It  is  easy  to  see  that  »*| (• :  •)  delines  a  scalar  product  on  V),  equivalent  to  the 
natural  one  and  since  Tn  /  0 ,  /*i > ( ■ ;  ■ )  defines  a  scalar  product  oil  U’n  equivalent  to 
the  natural  one,  Let  {•:•)  defined  on  U'/,  x  11),  he  the  duality  pairing  of  \\\\  and 
II  o  with  respect,  to  //'  ~  f!  -  (f,a(J l));i. 

We  thus  have  the  continuous  dense  embeddings 

ir, i  iii  c  it  c;  i;;  c  ir,', 

Define  A  g  £(11’,,.  H',',)  and  ft  £(i;,.  Vj()  by 

(/l{s.  i/*}.  {«.  (/'})  =  i j.)  4-«2(s:s), 

(C{*.  »/•}.{«.  »•})  --  C|(s,  a  :  s.  ir). 

Following  the  approach  of  section  1.2  we  write  (5.23)  as 

(r,«,  occ  uo-.„  >•»(;;  »). 

"'here  U  —  {u,  v)  ;  u  —  (s.ir).  v  =  (A,  ic).  (Here  T  denotes  transposition.)  Tla* 
domains  of  .4  and  *4  are  defined  by 

V(A)  =  {u  €;  /lug  V;|}.  V{A)  {{u,v}  :  u  g  V{A),  v  g  H’,,} , 

Then  just  us  in  section  4.2,  C'  ^A  ;  T){A)  *  Ho  x  V),  is  densely  defined  and  also 
satisfies  (4.13).  Thus  by  a  proof  similar  to  the  one  Theorems  4.2  we  have  the 
following. 


IfM 
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Theorem  5.3.  Tlir  ojnrutor  -C  [  A  in  thr.  yenerntor  of  a  unitary  group  on  any 
of  thr  .spans  D(A)  x  Ho.  M’n  x  I'ii,  Vj,'  x  H7,,,  H'/i  x  (’PM))'.  Furthermore.  our.  has 
the  following  regularity  results 

(i)  (u0,u')  G  V{A)  X  W„  =*  (u,  u)  €  C'([0, 7’]:Z>(A)  x  Ho) 

(hi)  (u°.  u1 )  €  Vi’,,  x  Vo  =>  (u,  u)  G  C([0, T}  \  H'n  x  Vf») 

(in)  (u°. u1 )  g  k;  x  IV/,  =>  (u.  u)  6  G([0, T];  Vj  x  iv,;) 

(IV)  (u0,u')  G  HV,  X  (£>(A))'  =*-  (u.u)  G  f ’([().  Tj;  H/,  x  (£>(A))'). 


5.3.  Boundary  value  problem  for  limiting  system  as  K  —  x>.  Assume 
the  plate  is  subject,  to  body  forces  (/a.  A/.  1C)  and  boundary  forces  k)  as  in 

(3.10),  (3.1(1),  (3. '7).  (More  precisely,  M,iii.IC,k  are  force  moments.)  For  consis¬ 
tency  with  no  shear  we  impose 

o  h/’i 

(5.20)  I  /,(*,  +  h/4)<i:r,t  =  j  /,(.,•;,  -  /,/4  )</.»•;,  =  0  /  =  1. 2. 

-ii/2  ii 

Adding  the  two  equations  in  (5.20)  gives  A/,(r)  -  ^P,(i)  =  0  Vx  G  SI.  Conse- 
(|itent)y  from  (3.9)  we  find  A/(  r)  =  K.(.£)  Vx  g  SI.  Likewise  from  (3.10)  the  same 
condition  holds  on  IV  Thus  for  compatibility  with  lack  of  shear  not  ions,  we  impose 
the  conditions 


,  I  A/,  =  AC,  /  =  1.2  in  SI  x  (0,  T) 

^j;i,  =  Hi  i  —  1,2  on  I’ i  x  (0,7’) 

When  the  force  terms  are  included  with  (-1.2)  (from  (3.2))  we  have 


o  =•  <  (£,*,  ic;£,s.  ir)  +  iln(£:£)  +  3<*„(s;s)  +  +«.j(s;s) 


-/ 


ft  ii’  -  M  ■  £  +  1C 


■  s  tl.jr  —  j  (/.t  ir 


hi  •  £  +  n.  •  s  <1  r. 


We  then  use  (;  =  Vie  -  3s.  and  (5.27)  to  obtain 

0  =  e(£, s,  le;  V le  -  3s,  s,  le)  +  «,,(£;  Vie  —  3s)  3i;()(s;  s)  +  i/^s;  s) 

—  J  ft tu  -  A/  •  Vie  +  4 A/  •  sr/j-  —  /,:t-,c  —  m  •  Vie  4-  4/n  ■  sill'. 


By  Green’s  theorem  one  finds 
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=  J  <Hf>hw  -  div(/„(0  -  /,£))  4-  3s  •  {/,,«  -  Ls  +  l/ta 7*  -  /,,(£)  4-  Z-O'/i 


+  I  (Vi  i-  -  3,i)  •  B£  +  3s  ■  S(s)  +  u»  [/„  ^  -  3s  •  u'j  -  (Lf)  •  n  <IV 

I'l 

—  J  f:iw  4-  ( c l i v  M)w  4-  4 M  •  s  tlx  —  J  f/.i  —  M  ■  nw  —  hi  ■  V w  +  4 in  •  s  i/F. 

SJ  r. 

Either  r„  =  0  or  w  vanishes  on  Fu.  Either  way  wo  may  use  the  identity 

(5,28)  I  Vie  ■  i/a/F  =  |  •  /i  -  ie^(V’  •  r)i/F 

r.  r. 

where  »  =  (ni.ii-i)  is  the  unit  normal  vector,  r  =  (-/i2,U|)  is  the  unit  tangent 
vector  to  F  and  i/J  =  (</’!•  V’j )•  By  collecting  terms  and  applying  (5.28)  we  obtain 
the  boundary  value  problem: 


(5.29) 

(5.30) 

(5.31) 


phw  -  div(/,,£)  4-  div  L(Z)  -  /;1  +  div  M 
At  pH  -  IpVw  +  L((  -  «)  +  ||  lt2fs  =  y\I 
U  =  Vic  -  3,s 
Ow 

w  =  —  =  «-() 
un 


ill  il  x  (0,7) 

on  F„  x  (0.7) 

tp  ('jff  “  3s  •  ll)  4-  7iC  =  <);\  -  M  ■  n  +  irp(tn  ■  t ) 

—  —m  •  n 

{B{4»-  Vie)  -  *in  on  T,  x  (0,7) 


where  ./|  (/’  —  —  (Li /’)  •  /i  —  j£(Z?V’  ■  t)  and  ./2(/’  —  £?i/’  ■  n.  Initial  conditions  may  be 
given  as  in  (5.5). 


Remark.  5.2.  One  sees  that  the  boundary  value  problem  (5.29)-(5.31)  is  an  analog 
of  the  Kirohhoff  plate  equations  [LL,  p.  13].  Indeed,  in  the  following  two  situations, 
the  system  (5.29)-(5.3l)  reduces  exactly  to  a  Kirchhoff  system. 

(i)  if  -r  =  0,  then  there  is  no  interaction  between  the  two  plates.  Thus  one 
expects  to  obtain  a  Kirchhoff  plate  with  thickness  ///2.  For  simplicity, 
assume  there  are  no  external  forces  and  To  /  0,  Furthermore  assume  the 
initial  conditions  satisfy  (.<t°,  s1 )  =  (Vie"/4,  Vie1  /4).  We  know  by  Theorem 
5.1  that  that  the  system  is  well  posed  when  7  =  0.  Let  y  =  4s  —  Vie,  Then 
from  (5.29), 


i 


(5.32) 


Ipjj  -  Ly  =  0  in  il  x  (0,7) 
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with  boundary  conditions 


(5.33)  ,1/  =  0  on  I'd  x  (O.T),  By  =  0  on  Fj  x  (0 ,  T). 


Since  —L  is  a  positive  second  order  operator  (corresponding  to  the  positive 
quadratic  form  on)  and  B  is  the  associated  conorinal  derivative  operator 
(sec  (3.15))  there  exists  a  unique  solution  to  (5.32)-(5.33)  with  initial  con¬ 
ditions 

//(<>)  =  /;((>)  *  ()■ 

Thus  y  =  (1  in  12  x  (O.T)  and  we  obtain 

Vie 

*  =  —  in  52  x  (0,T). 

4 

VVlmt  remains  is 


(5.34)  { 


»j  ie  -  div  +  h  div  L(Vte)  =  (1 


-  Hill  ~  () 
1)11  U 


(7$)  +  y  iV«*  =  (> 


-./■iVic  =  0 

l  («•(»).  «■(!))) 


given 


in  12  x  (0.7’) 
on  Fa  x  (0,  T) 
on  F  |  x  (((,  T) 
on  F i  x  (I),  T) 
in  Hr  x  //A  . 

I  <>  1  <i 


One  easily  sees  that  (5.34)  is  precisely  the  Kirchoff  system  for  a  plate  of 
thickness  h/2.  (See  Remark  4.1  for  the  effect  of  the  scaling.) 

(II)  If  7  — ►  oo,  then  one  expects  the  system  (5.29)-(5.31)  to  reduce  to  a 
Kirehhofl  system  for  a  plate  of  thickness  h  since  infinitely  st  rong  glue  will 
prevent  any  slip  from  occurring.  As  7  — «  oc  we  expect  h  — *  0.  Putting 
,s  2  0  in  (5.29)-(5.3i)  gives  precisely  the  Kirchhoff  system  for  a  plate  of 
tliickness  h: 


fihir  —  div  (/^Vif)  +  div  L(Vir)  =  0 
«’  =  7747  -  <> 

(•P>.;W)  |/„  ./,  Vie  =  0 

./•jVie  =  0 

(»'(()).  (/»(()))  given 


in  52  x  (O.T) 
on  Fn  x  (0.  T) 
on  l'i  x  (0.7') 
on  l'i  x  (0.  T) 
in  Hr-  x  Up  . 

I  11  •  n 


We  discuss  this  situation  in  more  detail  in  the  next  section. 


6.  Behavior  of  (5.1)  and  (5.3)-(5.5)  as  7  — ♦  00 

If  7  — .  00  then  one  expects  the  system  (5.1)  to  reduce  to  the  MTR  system 
for  a  plate  of  thickness  h  since  in  the  limit  there  will  be  no  slip.  Likewise',  since 
one  obtains  the  Kirchhoff  system  as  a  weak  limit  as  K  —*  00  of  solutions  of  tin' 
MTR  system  [LL],  one  would  expect  to  obtain  a  Kirchhoff  plate  of  thickness  h  as 
a  weak  limit  as  7  — *  00  of  solutions  of  (5.3)-(5,5).  We  make  precise  statements  to 
this  effect  in  this  section. 


f 


1 
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6.1.  Behavior  of  (6.1)  as  7  -*  oc.  The  MTR  system  (4.8)-(4.9)  may  ho  written 
in  variational  form  as 

(6.  1 )  — r(  0.  0,  to;  0, 0,  ii>)+o„(0;  0) +« i  (0,  0,  in;  </*,  0,  «>)  =  0.  V( »/>,  to)  6  (tf |l„ 
at 

For  onoli  initial  data  {(</<",  u’°),(V’1,  to1)}  £  )3  *  (Z,a(Sl)):1  there  is  a  unique 

solution  (see  [LL])  with 

(0.2)  (0.  to)  £  C" ( (0.  T'] ;  ( //,**„  ):t )  n  C? '  ( [0 ,  (T] ;  ( i.-4 ( S i ) )  ‘ ) . 

Theorem  6.1.  Let  (i />V\  to0),  (01,*1  V)  hr  given  inHxV  with  =  *'  =  «. 
Then  as  7-00.  the  solution  (0,.sv  a’,)  /.«  (S.l)  tends  to  («/>.  0,  u*)  in  the  sense 
that,  s  ->  0  in  /,~(0,  T\  L2(il))  nnd 


(6.3) 


( 0, .  in,)  —  (t/’.  'f)  in  L*  (0.  T\  ( //,'•„ V ) )  wortA'  star 

( 0, ,  ii >,  )-*(</’.  ii’)  in  /,~(0.  T:  ( /va(SJ));i  torn*:  star. 


where  (0,  w>)  an*  t/ir  solutions  of  (fi.l). 


Sketch  of  Proof.  Since  the  proof  involves  the  same  steps  as  the  proof  of  Theorem 
5.2  we  only  mention  the  main  points.  For  simplicity  we  assume  I'd  ^  0. 

We  use  conservation  of  the  energy  (5.10)  and  find  that 


(8.4) 

f{0-p«*,} 

bounded  in  /,x(0 

(j0,,5,,li\} 

bounded  in  Lx(0,  T;W) 

(6.5) 

{ 0-,  +  3*,  -  Via, } 

bounded  in  /,'((>. T;(/.2(U))J) 

(6.6) 

{V/-M 

bounded  in  L* (», T;  (/,2(H))!I). 

Thus  s 

— ►  0  strongly  as  7  — * 

00.  Since  fu  f  0  (6.5)  implies  that  ic,  remains 

hounded  in  //*-((),  T;  H/.J.  Thus  by  taking  a  subsequence  (6.3)  holds. 

It.  remains  to  show  that  (0.  in)  are  defined  by  (6. 1  )-(6.2).  VVc  take  in  (■>•») 
test  functions  0,5,  in  with  5  =  0  so  (5.2)  (with  -</’  —  cv.  *  —  *■> ■  —  «s)  reduces 
to 

— (,(Vs,0.i/\;V>.l),  in)  +•  «n(0,;  0)  +  «i(0vO,  in,;  0.U,ii>)  =  U  V(V’.th)  £  (Mr,,)'1- 
dt 

Using  (6,3)  we  pass  to  the  limit  and  obtain  (6.1).  Finally  we  need  to  cheek  that 
(0(0),  «;(()))  =  (V'°, m°)  and  (0(0),  0(0))  =  (V’1,'*’1).  The  first,  of  these  follows 
from  the  boundedness  of  the  time  derivitaves  in  (6.4).  To  obtain  the  second  we 
differentiate  (4.12)  and  note  that  by  Theorem  4.2  the  resulting  equation  in  the 
variables  (u-pii,)  is  well-posed  on  H  *  V  and  tin?  norm  of  the  solution  at  time  t 
is  conserved.  Since  ,sl  =0  wo  may  repeat  the  same  argument,  to  obtain 

{  i/;-, ,  ,  (h-y }  remain  bounded  in  L  x  (0,  T;  V’ )  • 


f 
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Tims  we  obtain  convergence  of  the-  initial  values  in  H  x  V'.  However  since  the  data 
was  given  in  V  x  H  and  the  MTR  system  is  well-posed  on  that  space  wo  actually 
have  the  regularity  in  (6.2).  □ 

6.2.  Behavior  of  (5.3)-(5.5)  as  7  — >  oe.  The  Kirolihoff  system  (5.36)  can  be 
written  in  variational  form  as 

(6.7)  ~[r(Vii’.().  ib:  Vie.O.  «>)]  +  fi„(Vie.  Vie)  =  0  Vic  6  Hy 

(6.8)  ice  C’([(),7'];WI\)nr'l([0,7'|:f/|l.i) 

(6.9)  (ie(0).  «-(()))  =  (n»".  .e1)  in //?„  x  tf/.,,. 

By  [LL.  p.4K],  (6.7)-(6.9)  lias  a  unique  solution. 

The  variational  problem  (5 ..'1  )-(f>.5)  was  shown  to  have  a  unique  solution  in 
Theorem  5.1.  We  can  eliminate  the  variable  £  and  rewrite  (5.3)-(5.5)  in  tin*  form 
(r>.2:*)-(.r»,24)  and  in  this  form,  the  problem  has  a  unique  solution  with 

(6.10)  (s.  „•)  e  r((().r):n»)nrl([o.r]:H,]). 

where  the  spaces  It*,,  and  V,,  are  defined  by  (5.21). 

Theorem  6.2.  Let  (s°.  ic"),  (s',  ic1)  In  i/ieen  in  It*,,  x  VJ,  with  .s"  =  s'  =  0.  Thin 
a*  *)  — *  oc.  the  solution  (*->.11'-,)  to  (!>.'.T1)-(h>.24)  lends  to  (0.  ic)  in  tin  sense  that 
s  — *  0  in  Z,x(().  7';  anil 

f  {  us  }  -  ic  in  Ax(0.  T:  Ufti )  weak  star 
|  {u’s  )—•«’’  in //x  (0.7’:  fly  )  weak  star. 

when  w  is  tin  solution  to  (fi. 

Sketrh  of  Proof.  Again,  let  us  mention  only  the  main  points.  Till'  details  can  be 
filled  in  following  the  proof  of  Theorem  5.2.  For  simplicity  assume  Id  5^  0. 

From  Theorem  5.5  t  he  energy 

T(t)  ~  si'S (s.  ic)  +  1- /)„(».  re)  4-  -u-j(s) 

•  2  2  2 

is  conserved  along  all  solution  trajectories  of  (5.23)-(5.2-l).  From  this  we  know 

(6.12)  {Vic.,  —  3.*-, .  .s-, )  bounded  in  /. x  (0.  7:  ( //|'(l )’) 

(6.13)  { Vie-,  —  3«-, , ,  i/'s }  bomnh'd  in  Z,x  (I).  T\  ( /.J(W))’) 

(6.14)  W1'1*}  bounded  in  IX(0,T;(7.-(U))J). 

Thus  s  -- *  0  strongly  in  /,'*'((),  T\  Z- 2 ( S 2 ) J )  as  7  — *  00.  Since  Id  ^  0  (6.12)  inqilies 
that  11  s  remains  bounded  in  L^((),T\  Hyn).  Thus  by  taking  a  subsequence  (6.11) 
holds. 
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To  see  that  ir  satisfies  ((>.7)  we  take  in  (5.23)  tost,  fuactious  x,w  with  .s  -  0 
so  (5.23)  (with  x  —  ,sv  ir  =  ir.,)  miners  to 

((>.15 )— r(Vfe-,  —  H.s^.O,  Via,(),  a‘i)  +  f/(i(V(/'-,  —  3*^;  Vie)  =()Vi/'€  Wp(|. 

Since  x y  — *  0  strongly  in  L2(il)  and  by  ((>.  12)  *y  converges  weakly  to  a  limit 
function  in  /,'*'(() ,T:  Hy  )  this  limit  must  also  be  zero.  Thus  passing  the  limit  in 
((>.15)  gives  ((>.7).  What  remains  is  to  obtain  the  convergence  of  the  initial  values 
((>.!)).  This  is  done  exactly  in  the  same  way  as  in  the  proof  of  Theorem  5.2,  i.e.. 
we  use  Theorem  5.3  to  infer  essential  botmdedtn'ss  of  w  in  a  weaker  space  and 
use  this  to  infer  (0.9) ,  but  in  the  weaker  space.  Since  the  initial  data  were  given 
ill  H j(  x  Hyt<  we  then  by  well  posedness  of  ((i.7)-((>.!))  obtain  the  regularity  in 
(0.9).  "  □  " 
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Austhaci  .  A  plume  field  model  is  eonsidered  for  mi  evolution  process  which  describes 
the  phase  change  from  solid  to  liquid.  The  process  is  controlled  by  inputs  which  are 
uniformly  bounded.  The  objective  is  that  the  phase  and  the  temperature  follow  certain 
desired  functions  as  close  as  possible-  with  a  cost  term  for  the  control.  The  necessary 
optimality  conditions  of  first  order  are  formulated  for  this  coot rol  problem.  These  condi¬ 
tions  include  projections  which  make  tile  application  of  Newton's  method  difficult.  Wo 
present  an  approach  to  circumvent  tins  dilliculty  and  obtain  an  algorit  Inn  which  is  very 
efficient  numerically.  The  numerical  examples  indicate  that  the  required  time  to  solve 
the  problem  with  control  constraints  is  of  the  same  magnitude  as  for  the  uucoust rained 
problem. 

U)!)l  Malhrriinli r:.s  Suit jrr t  Clmunjirntum.  I()M|.P> 

l\ i  f)  wont*  anti  /douses.  Opt  imul  coat  rol.  I  loinid  const  mints,  projected  Newton  mi  l  hod. 
phase  field  model. 


1.  Introduction 

Phase  fit’ll  I  models  describe  the  solid  liquid  phase  transition  in  a  pure  mate¬ 
rial.  They  involve  the  temperature  of  the  material  and  the  phn.se  function  which 
indicates  the  liquid  or  solid  state  of  the  material.  These  models  eottsist  of  a  system 
of  t  wo  nonlinear  paraholie  differential  equations.  [-1].  [7],  [8],  [IB].  [IB].  We  consider 
the  phase  field  model  in  1-1],  [7],  [Hj, 

The  corresponding  coal  rol  problem  is  to  follow  a  prescribed  temperature 
and/or  phase  by  emit  rolling  the  temperature  through  a  system  of  dillusiou  equa¬ 
tions.  Problems  of  this  type  have  been  considered  in  [5],  [(}],  [11].  For  these  problems 
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necessary  opt iniiilit y  conditions  wore  obtained.  Coniputut  ions  in  [(>]  were  done  us¬ 
ing  a  gradient  method  combi  lied  with  a  discretization  scheme  of  the  different  ini 
equation.  In  [10]  a  different  approach  was  presented  which  exploits  the  necessary 
optimality  condit  ions,  a  system  of  four  coupled  nonlinear  partial  different  ini  ('(illa¬ 
tions.  The  problem  was  reformulated  and  Newton's  method  was  applied.  Due  to 
the  reformulation  a  decoupled  system  needed  to  he  solved  at  each  step.  This  was 
carried  out  for  a  discretized  version  using  (IMRES  with  a  hierarchical  basis  pre- 
condit  inner. 

In  this  paper  we  extend  the  model  and  add  simple  bounds  as  constraints 
on  the  controls.  Existence  of  optimal  controls  and  necessary  opt  duality  eondit  ions 
have  been  shown  in  [11].  We  rewrite  these' and  obtain  a  fixed  point  problem  for  the 
optimal  control,  temperature,  phase,  and  their  adjoints.  A  classical  approach  for 
the  solution  of  these  box  constrained  problems  is  the  gradient  projection  method. 
However,  this  method  is  a  first  order  method  and  converges  rather  slowly.  More¬ 
over.  it  requires  the  solution  of  the  nonlinear  state  equation  in  each  step.  Newton’s 
method,  on  the  other  hand,  cannot  be  applied  directly  to  the  optimality  system 
because  the  projection  involved  for  the  controls  is  nondifferoutiuble. 

It  is  the  goal  of  this  paper  to  obtain  a  projected  Newton  algorithm  with  favor¬ 
able  convergence  properties.  For  minimization  problems  in  finite  dimensions  the 
gradient  projection  method  has  been  adapted  in  [2]  to  successfully  utilize  Newton 
steps.  In  [12]  an  extension  of  this  approach  is  used  to  solve  t in*  necessary  optimality 
conditions  in  infinite  dimensions  obtained  from  a  control  problem  with  ordinary 
differential  equations  and  cont  rol  constraints.  The  advantage  over  the  approach  in 
[2]  is  that  at  each  step  only  the  linearized  state  equation  needs  to  be  solved  instead 
of  the  original  nonlinear  one.  A  convergence  proof  in  infinite  dimensions  is  given 
for  an  ordinary  control  problem  with  a  control  in  one  dimension. 

For  the  phase  field  control  problem  we  can  also  formulate  an  algorithm  which 
leads  to  a  projected  Newton  method.  To  do  this  we  extend  the  approach  in  [12] 
to  control  problems  governed  bv  systems  of  parabolic  equations  and  combine  this 
with  the  multilevel  Newton  method  used  in  [111]  for  the  unconstrained  problem. 
Each  step  requires  the  solution  of  a  system  of  linear  boundary  value  problems 
where  the  decoupling  strategy  [1(1]  from  the  unconstrained  ease  can  be  used  again. 
This  yields  an  eflieient  solver  for  the  linearized  state  and  adjoint  equations.  As  in 
the  unconstrained  case  this  allows  to  eliminate  the  control  in  the  linear  system 
and  we  obtain  an  algorithm  which  requires  hardly  any  more  work  than  for  the 
unconstrained  problem.  The  numerical  results  underscore  this  observation  and 
show  that,  the  projected  Newton  method  is  an  eflieient.  solver  for  the  phase  field 
control  problem  with  control  constraints. 

2.  The  Control  Problem 

Solid  liquid  phase  t  ransit  ions  in  pure  materials  can  be  modeled  by  so  called 
phase  field  models.  These  models  can  be  viewed  as  extensions  of  1  he  classical  Stefan 
problem.  Instead  of  using  an  explicit  condit  ion  for  t  he  interface  boundary  between 
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solid  and  licpiid  phase,  phase  held  models  consist,  of  systems  of  two  nonlinear 
parabolic  equations.  The  interface  can  be  constructed  from  the  so  called  phase 
function.  The  advantage  of  phase  Held  models  is  that  the  explicit  use  of  the  free 
boundary  is  avoided  and  that  phenomena  associated  with  surface  tension  and 
supercooling  are  incorporated  into  the  model.  In  this  paper  we  consider  the  phase 
Held  model  proposed  in  [4|,  [7J.  |8].  Let  SI  be  a  subset  of  fl{" ,  n  <  ,‘b  with  C2 
boundary  and  let  Q  —  it  x  (O.T).  By  u(r.t)  we  denote  the  temperature  at.  ,r  g  S l 
and  time  t  £  [0,7’].  The  phase  function  denoted  by  *p(-i\l)  describes  the  phase  of 
the  medium.  The  medium  is  purely  solid  if  yj(.r . /)  =  —1  and  it.  is  purely  liquid  if 
-  +1.  The  boundary  between  the  t.wo  phase's  can  be  described  by 

r(;i\0  =  {(.r./)  e  I  *;(.;•./)  =  (>}. 

The  relation  between  the  two  quantities  ii  and  y?  is  given  through  a  boundary  value 
problem  with  two  coupled  semilinear  parabolic  differential  equations. 

Ill  +  !jyl  =  i<  An  +  / 

(2.1)  on  Q  =  $2  x  (0.7’). 

T^l  —  £2A  y>  +  !l(y)  +  'lu 

fh're  if  is  a  nonlinear  function  of  the  type 

t](z)  =  at  +  hr2  —  cc  ',  n,  b.  r  £  ( ’(12).  n.  b.  r  >  0. 

Typically  values  like  a  =  r  =  O.H.  h  =  0,  are  list'd  in  [  l].  [8].  The  constants  h.  I.  r. 
and  £  denote  the  heat  conductivity,  the  latent  heat.,  the  relaxation  time,  and  the 
length  scale  of  the*  interface,  respectively.  The  function  /  represents  the  control 
input  for  the  system.  The  boundary  condit  ions  are  of  Neumann  type 

(2.2)  4-u  =  ().  on  m  x  (0.7') 

an  an 

and  the  initial  conditions  are 

(2.H)  »(.r.  0)  =  Ma(.f).  r(  '  .tl)  -  vu(  r)  r  6  S2. 

We  assume  that  the  initial  conditions  satisfy 

(2.1)  iiu.  yo  6  ll  ^  (it).  77~ii<i  ~  rj  rii  =  0. 

(in  (In 

Next  we  formulate  the  optimal  control  problem.  Suppose  that  a  certain  de¬ 
sired  phase'  function  <f,i  and  a  temperature  ii,i  are  given.  The  goal  is  to  drive  the 
melting  process  using  /  in  such  a  way  that  the  actual  phase  and  temperature  is  as 
close  as  possible  to  the  desired  ones.  Wo  also  include  a  cost,  term  for  the  cont  rol  / 
in  the  objective  function  ./(/) 

(2.5)  •/(/)  =  ^  II"  _  "'/ll/.qy)  +  Tjll'c  —  + 
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In  this  paper  wo  also  impose  pointwise  constraints  on  tile  control.  CJiven 
e  Lr*-[Q)  the  set  of  admissible  controls  is  defined  by 

F„,i  =  {.f  G  //*(Q)  |  //„„  <  /  <  on  Q\- 

This  leads  to  the  foriniilation  of  the  optimal  control  problem  using  (2.1)  (2d>): 

Optimal  Control  Problem  (OCP) 

Find  /*  £  F„,i  such  that  ./(/*)  f  •/(/)  for  nil  f  £  F,„/. 

It  luvs  been  shown  ill  [1 1]  t  hat,  the  state  equation  (2.1)  (2.2)  lias  a  unique  solution 

and  that,  the  solution  operator  T(f)  =  (//,  <p)  corresponding  to  (2. 1 )  (2.2)  satisfies 

T  :  L*(Q)  -  W';a(Q)  x  H^'(^).  p  <  oc. 

The  existence  of  optimal  controls  for  the  unconstrained  problem  has  been 
shown  in  [11].  Analogous  arguments  can  be  used  to  prove  existence  of  optimal 
controls  for  (OCP). 

In  the  next,  section  we  look  at.  the  necessary  optimality  condit  ions  which  will 
lead  to  the  construct  ion  of  an  efficient  algorithm. 

3.  Necessary  Optimality  Conditions 

If  the  objective  function  ./(/)  is  Krechet -differentiable  then  it  is  well  known 
that  the  necessary  optimality  condition  can  he  expressed  as 

(».l)  •/'(/*)(/-/*)  ><>  for  all  feF„,,. 

It  is  shown  in  [l  Ij  that  the  solution  map  T  is  Frechct-ditfcrcnt  iablc  with  Frechet- 
derivative  T'(j’)(f)  =  (n.y?)  given  by  the  linearized  system  of  (2.1): 

III  +  =  h'Au  +  f 

(2.2)  on  Q 

ry,  =  S,2£sp  +  ;/'(>3*  )f  +  ‘2n 

with  boundary  conditions  (2.2)  and  homogeneous  initial  conditions.  In  equation 

(2.2)  (a* ,  )  denotes  the  solution  of  (2.1).  (2.2),  (2.2)  with  /  -■  /*,  i.e.  /’(/')  — 

(//’,*?*)■  lu  order  to  write  ./'(/')/  in  a  gradient  notation  we  need  to  introduce  the 
adjoint,  equation  which  is  also  a  system  of  linear  parabolic  diiiercntial  equations. 
Forgiven  /*  and  '/’(/*)  —  (t;*,^*)  let  (p*.  <,■■*)  solve  the  system  of  adjoint  equations: 

-pi  —  nAp*  4-  2 il>*  +  rv{«*  -  a,/) 

(2.2)  on  Q. 

-TV,  -  &  =  fAil’*  +;/(•,?*)</•*  +  d(y*  -  sJ.l) 

with  boundary  and  final  ctmdit.ions 

&*=«.  £>*=0  «n  JH  MU.  7b. 

;>*(./:,  T)  =  0,  il>*(r,T)=  0  on  Si. 


(2.1) 
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Then  wo  cun  show  that  the  gradient  V  ./(/*)  can  he  computed  by  solving  (2.1) 
and  (;i.:i)  and  is  given  by 

v./(n  =  !»• +->/*. 

Note  that  due  to  the  form  of  Fa,t  the  necessary  optimality  condition  (.‘1.1)  can  be 
rewritten  as 


r  =  /*(/* -(/>*  + ■>/*)). 

where  the  projection  P  :  L^iQ)  — *  Lx((,))  is  defined  as 


P(f)(.rJ)  = 


ft, t) 


if 

if 

else. 


/(•'■•  f  )  >  o. 

/(J-.O  <  o. 


If  we  use  the  variable  transformation 

»/(•»•.  0  —  »(f.  0  +  Ho(.c). 


yt(.r.  f )  — *  yi{.r,  / )  4-  y>n(-r) 


to  obtain  a  problem  with  homogeneous  initial  and  boundary  conditions  for  u  and 

v  and  if  we  use  (II, f>),  then  we  can  write  (il.l )  as  a  system  of  nonlinear  equations: 

I 


Find  :  -  (tt.^./i.  tj\f)  such  that 


Nsccssary  Optimality  Conditions  (N(K’) 
kAiiu  4-  /. 

£‘AyJ(|  +  <l(y  4  til)  t  2 (ft  +  t/||) 

2r  +  m(«  +  //a  --  »,/). 

fl'i'P  4-  >?ii ) (/'  +  .f(r-  4-  r'„  -  >?,(). 

P(/-(p +  *>/)) 
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To  rewrite  the  problem  (,X()( ')  into  a  form  more  suitable  for  our  approach, 
we  introduce  a  linear  operator  .S'  :  /.''(t,))1  —  \\'2  >  1.  which  is  the  solution 

operator  of  a  boundary  value  problem.  For  ic  —  (ir, .  w-^.  ir ir (.  ■  l, 

let  Str  —■  (u,<p,ii.ii')  be  the  solution  of 


(»•«) 


ii,  4-  —  kAu  ~  itq. 

f'rt  -  £,2&f  =  u'2- 

-/>,  -  s' A/t  =  II*:*. 

-n'v -£/>(- S2 Av  =  h’.i, 


where  the  solution  has  to  satisfy  the  homogeneous  boundary,  initial  anti  final  condi¬ 
tions  from  (A'OO).  Note  that  the  system  (II. (i)  is  decoupled  and  Sir  =  (it,  t/')/ 


can  lie  computed  by  solving  four  simple  parabolic  equations.  For  example,  t  he  sec  ¬ 
ond  equation  (T(>)  only  depends  on  < p.  If  ^  is  computed,  then  it  can  he  suhst  itut.ed 
into  the  first  equation  which  then  can  he  solved  ldr  //.  Similarly,  one  can  use  the 
third  and  fourth  equation  to  compute  p  and  </>.  This  block  triangular  structure  of 
S  will  also  he  used  for  the  numerical  solution,  cf.  Section  !>. 

Later  we  need  an  extension  .S',  of  S'  which  is  (h'tined  as 

Sr(n'.f)  =  (Sw.f).  (u\  f)  €  L"{Q)r’. 

If  we  define  a  nonlinear  operator  G  :  L^(Q)r'  L x  which  includes  t  he 
nonlincnritics  of  the  differential  equation  and  takes  care  of  the  inhomogeneous 
terms  by 

^  kA  no  4-  / 

A^II  +  </(v  +  y>u)  +  2(u  4-  lilt) 

(It. 7)  G(z)  -  2i I'  +  n[u  +  III)  -  II, i) 

+  y(t)V’  +  d(y?  +  pu  —  <?,/) 

K  /'(/ -•(/>  + 7.0) 

then  the  ec|uation  (NOG)  can  be  rewritten  as  a  fixed  point  equation  to  find  ;  = 
(it.ip.p.  i i'.f)1  such  that 

(»■«)  /•’(;)-  c-  S,  G(:)  =  0 

with  a  nonlinear  operator  F  :  X  —  L’K{Q)r’  —  L^  (QY‘. 


4.  A  Projected  Newton  Method 

For  nonlinear  problems  of  the  type  (ILK),  Newt oil's  method  can  he  used  for 
the  numerical  solution  iti  a  very  efficient  way.  see  e.g.  [10].  A  complicating  factor 
is  the  appearance  of  the  projection  term  in  the  last  component  of  (.'1.8)  besides 
the  fact  that  systems  of  parabolic  boundary  value  problems  are  included.  The 
projection  P  destroys  the  Frechet-differentinhility  of  the  operator  F.  Therefore  we 
have  to  modify  Newton's  method  in  a  proper  way.  A  similar  problem  with  ordinary 
differential  equations  has  been  considered  in  [12],  Here  we  extend  this  method  to 
the  case  of  partial  differential  equations. 

If  one  considers  only  the  last  component  of  G.  then  a  solution  technique  by 
successive  approximation  would  lead  to  a  method  of  the  pro  jected  gradient  .  This  is 
a  lirst  order  method  and  converges  rather  slowly.  The  improvement  of  this  method 
by  using  second  order  information  is  not  straight  forward.  It  was  shown  in  [2]  that  a 
mere  replacement  of  the  gradient,  in  our  ease  /#  +  ■>/,  by  a  Newton  or  Newton  like 
direction  does  no  longer  guarantee  descent  and  is  therefore  inappropriate.  However, 
it  was  also  shown  in  [2]  that  a  fast-  convergent  algorithm  can  be  obtained  if  one 
considers  for  the  computation  of  the  Newton  direction  certain  index  sets  which 
exclude  subsets  of  the  active  indices.  This  was  the  motivation  in  [12]  to  restrict 


» 


i 
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tht'  indices  ill  the  projection  to  I  lit'  inactive  one  when  using  a  Newton  step  for  the 
solution  of  the  nonlinear  equation  (II. H). 

Following  [12]  we  define  the  sets 

=  {(.r,  f)  £  y  |  /»(:r.  t)  +  lf{.r.  t)  >  ||F'(=)ll[v  }• 

A, . (c)  =  {(.r.t)eQ\i>(.r.t-)+^f(.rJ)<-\\F(z)\\\\ 

depending  on  the  size  of  the  residual  ||F(c)||.y  and  an  exponent.  /•  £  (0.  1).  and 

A(z)  =  A, U  A, . (c).  I(z)  =  Q  \  A(c). 

At  tin'  optimal  point  c*  =  (/•’ ./*)/  it  holds  that  /■’(.:*)  -  0  and.  see 

(3.5). 


p*(.r.f)  +!/*(.»•,  t)  >  0  =>  (.r.t)  €  =  {(.r.l)  G  Q  \  -  /,„„,(./•./)}. 

<  0  =>  (./•,  0  €  ztf„„  =  {(.»•./)  e  Q  |  /*(.r.O  -  (.r./)}. 

Thus. 


)  C  AIIIJfl.  A„pi,(s  )  c 

This  motivates  to  nse  A(c)  as  an  estimate  for  the  active  set  at  the  point  : .  However, 
this  set  is  not  necessarily  equal  to  the  true  active  set. 

Since  Newton's  method  is  locally  convergent  we  assume  that  the  obvious 
choice  to  set  /  equal  to  the  maximal  and  minimal  value  on  .-I.^.U).  and  Ai, 
respectively  is  correct.  Therefore,  for  given  c  —  (u.-f.p.  </ /  we  reset 


.f  ~  fu/tii  on  ).  j  —  finir  an  Ai„„. ( .. ) 


if  these  identities  did  not  hold  already.  The  main  step  is  the  computation  of  a 
correction  of  /  on  I(z)  with  the  Newton  step.  However,  /(c)  is  considered  an 
approximation  of  the  set  of  inactive  indices.  On  this  set  the  projection  usually  is 
the  identity,  so  that  we  approximate  on  /(c)  the  nonlinear  maps  F  and  (•'  by  F 
and  (7,  respectively. 


F(') 


■V(.G'(c), 


G( ') 


(  kAhii  4  /  ^ 

+  <i(-P  +  v’a)  +  2(h  4-  an ) 

2i /•’  +  o(«  +  H(,  -  a,/) 
il’ip  +  V?!))*/’  +  ^(p  +  v?tl  ~  Pd) 

\  f  -(}>+  if)  ) 
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It  ciui  he  shown  [10]  that  (7  is  Frdehet-diffcrentiablc  and  achnits  the  representation 

bf 

<l'(ip  +  ^n)<V  +  2b  u 
2  bij’  +  nbn 

+  <A>)'V  i/’  4-  f/(<£  +  i^o )b<i>  +  rib<p 
bf  -  {bp  +  ibf) 

Since  5,  is  linear  we  have  that 

F'(z)bz  —  bz  -  S,G'(z)bz. 

To  describe  the  Newton  step  more  precisely,  let 

Q/c  =  ("•'f'P'iJ-'\if)1  for  c  =  {ii.y\p,  </'.  f) 1 

with  the  characteristic  function  \/  on  a  set  /  c  Q-  Then  the  Newton  step  bz  e 
L^~{Q)r'  >s  obtained  from  the  solution  of 

(4.1)  Qhz)P'(')Qu^'  =  -Qh,)F{^. 

The  e<iuation  (4.1)  can  be  written  as 

Qn*)*z  -  Qii-.)S,a'{  =  )Q,[:)bz  =  -QH:)z  +  Qns)S,.G(i) 

or 

(4.2)  Qns)(z  +  bz)  -  QuZ)S,.\G'(z)Qn:)(z  +  bz)  -  G'(z)Q/(;)Z  +  (7(c)). 

With  the  definition  of  the  solution  operator  S  in  (d.(>)  we  can  rewrite  (4.2)  as  a 
system  of  boundary  value  problems.  We  denote  the  new  iterate  by  a  superscript 
+  .  The  new  iterate  is  given  as  the  projection  of  c  +  (^n-)bz  onto  the  feasible  set: 

c+  =  P(z  +  Qnt)bz). 

where  P(z)  =  {p,  il>,  u,ip,  P{f))1 .  Since  tlu>  projection  is  only  applied  to  the  fifth 
component,  the  first  four  components  of  the  new  iterate  cf  are  already  obtained 


1  IrinkniKi'lilns*  and  Swii* 


from  (4.2).  which  can  he  rewritten  jus 


"t  +  2^  ~  K^v+  =  KAll( I  +  \ /(:)/*/  +  /, 

T^t  -  f2Ay?4  =  ^Av?()  +  //(yJ  +  y3„)(y?+  -  y?) 

+  2(i/+  +  tin)  +  <j{<p  +  y>n), 

(■!.:»)  ~i>]  -  kA pv  —  2 V,+  +  <>(«+  +  no  -  it,/), 

-ft/'/  -  -  £2At/>+  =  +  ipn)(^  -<r>)V'+//'(v’  +  ^i))r+ 

+  /f(<y  *  +  y>n  ~  V?,/). 

\Ht)[P*  +  ">(/  +  */))  =  <*. 

with  homogeneous  boundary  and  initial  conditions  of  the  type  (2.2)  and  (4.4).  The 
fifth  component  of  ;+  is  given  l»v  Z"1  =  /’(/  4-  v / ( ^ ^ /)-  where  \/,.,/>/  is  obtained 
as  the  fifth  component  of  tin'  solution  of  (4.4). 

As  in  the  unconstrained  case  we  note  that  tin*  last  equation  can  be  omitted 
by  eliminating  \nZ)bf.  Front  the  last  equation  we  obtain  that. 

=  —  \ /(-)/  “  -\/(i)/,+  ■ 

which  is  substituted  into  the  first  equation  in  (4.4). 

In  summary,  the  conceptual  algorithm  looks  as  follows.  Here  we  have  included 
the  inhomogeneous  data  again  into  the  initial  conditions. 


Algorithm 

Given  r  €  (0.  1)  and  a  current  iterate  z'  —  (]i .  i;,r.  id'.  Y'r.  J' ) 
Step  1  Determine  tin  estimate  for  tile  active  set 

Aul,„(zl  )  =  {{.r. t)  €  Q  |  i,'  (r.t)  +  ')/•  (.!•./)  >  ||F(-  )||'v  }. 

A,„M'  )  =  {(./••  0  e  Q  |  p‘V./)  +  7/'  (-c.O  <  -!|F(:'  )!I'\  }. 
Ac  =  i4(t‘ )  =  idf ')  u  ,(;•). 

r  =  l(z‘)  =  Q\A(z‘), 


and  overwrite,  f  by 


r>,0“| 


fupp('r't)  on  A npp{z  )• 
flowi'Vi  t)  OH  A(a tu(~  )• 
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Step  2  Solve  tin-  linrnr  boundari /  value  problem 


Ilf  +  ~  KAl/+  = 

- 

~l>?  ~  «A/>+  = 

-njf  -  j/>,+  -  $'JAt"+  = 


\A-r  ~  i- 1>\ 

ff'(^r)(<£+  -  +  2i/+  +  '/(/'). 

2 1;'» +  +  n(uh  -  it,/). 

-n"(tPr){'P*  ~  +  +  rH<p+  -  *></)• 


«  +  (.r.  0) 

&“+ (■'•••') 
pV.n 


5fep  5  5c/. 


1.  <r'  +  (■'••<>) 

=  -pa  (•'•). 

£• 

u. 

{), 

Trr,’-P+(rJ) 

=  0.  .» 

'  6 

Ml. 

t  6  (0.  T). 

0. 

<j'+{;r,T) 

=  0.  .1 

■  e 

il 

0. 

£</’4  (■'•') 

-  0  .1 

•  e 

Ml. 

t  6  ((IT) 

/+ 

=  XA-r  +  p(  x /■(/'+  */■)). 

The  system  in  Step  2  lias  been  rewritten  in  a  way  that  is  vei.y  similar  to  the 
Newton  system  in  the  unconstrained  ease  [10]  and  can  be  solved  efficiency  using 
multilevel  approaches.  A  formulation  of  the  system  in  Step  2  as  a  linear  fixed 
point,  problem  using  the  solut  ion  operator  S  yields  a  decoupling  of  the  svst.r  m  and 
allows  an  efficient  solution  using  multilevel  approaches.  The  decoupling  and  the 
application  of  multilevel  methods  as  well  as  further  implementation  details  are 
described  in  more  detail  in  the  following  section. 

5.  Implementation  and  Numerical  Results 


In  each  stop  of  the  projected  Newton  method  introduced  in  the  previous 
section  we  have  to  solve  a  system  of  four  linear  parabolic  equations  in  the  reduced 
set  of  variables  z  =  (n.p. p.  ti’)1 .  With  the  solution  operator  S  of  (d.ti)  and 


(  ° 

t) 
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t) 
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the  system  arising  in  Stop  2  of  the  algorithm  can  be  written  as 
(5.1)  (/-/v);’=5. 


where  K  =  SB.  Due  to  the  block  triangular  structure  of  the  solution  operator  S 
the  application  of  I\  to  requires  the  sequential  solut  ion  of  a  decoupled  system 
of  differential  equations.  For  example,  given  z+  —  («*  .ip*  .p*  .%’•*  I1  the  product 
(u.p.p.q'i)1  —  Ki+  can  be  evaluated  by  first  solving  the  second  equation  in  (H.ti) 
with  w2  =  2«  +  +  r/(ipr)v?+  and  corresponding  boundary  conditions.  Then  the 
solution  p  (  an  be  inserted  into  tin*  first  equation  and  the  first  equation  with 
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»' i  =  —\\i •  P*  be  solved  for  v.  Tlx*  third  mid  fourth  components  j>  and  c  can 
lie  computed  similarly.  It  should  also  ho  noted  that  for  tlu*  s€*c|tt<*iitinl  solution  we 
only  need  to  solve-  boat,  equations.  There'  e>xist.  several  efficient,  methods  to  perform 
this  task  numerically,  such  as  multigrid  methods,  domain  decomposition  methods, 
eir  multilevel  preconditioned  conjugate  gradient  methods.  If  these  methods  are 
used,  then  the  time  needed  to  evaluate  A’c  +  for  given  f+  is  roughly  linear  in  the 
number  of  variables  introduced  by  the  discretization. 

Moreover,  using  the  block  t  riangular  structure  of  S,  the  smoothing  properties 
of  the  heat  equation  and  Sobolev  imbedding  theorems  one  can  show  that  K  is  a 
compact  operator  from  L'X,(CI>)1  to  L^(Q)  ] .  [10].  Therefore  (5.1)  is  a  compact  fixed 
point  problem  and  one  can  use  multigrid  methods  [1],  [3].  [fij  for  the  solution  of 

(5.1) .  In  our  implementations  we  use  the  multilevel  method  from  [l],  [3]  which  uses 
a  fine  and  a  coarse  grid  for  the  approximation  of  ( /  — A")  ~ 1 .  Given  an  approximat  ion 
i’+  for  the  solution  of  (5.1 )  the  correction  t);+  yielding  the  exact  solution  i  *  4-  hi  * 
satisfies 

(/  -  K)t>z*  =  b~(l  -  K)S*. 

Using 

(/  -  A")  1  =  I  +  (I  -  K)-'K  %/  +  (/,-  A’/)"1  A'. 

where  the  index  /  denotes  a  coarse  grid  and  {h  —  A’/)  ‘ 1  is  the  inverse  of  a  course 
grid  operator,  one  finds  that 

*[/  +  (/,-  A))'  1  A*](/»  -  (l  -  K)zv). 

Thus  tint  iteration  used  to  solve  the  system  of  four  linear  parabolic  equations  in 
Step  2  of  the  algorithm  is  given  by 

(5.2)  « —  r+  +  |/  +  (7/  -  A',) '  1  K\{h  -  (/  -  A')c  ' ). 

In  our  implementation  we  start  this  iteration  using  the  current  Newton  iterate 
( o' <i'r)  •  Gue  iteration  requires  t-he  application  of  the  line  grid  operator 
A",  which  can  be  done  very  efficiently  tvs  explained  previously  and  the  solution  of 
a  coarse  grid  system  with  matrix  (//  -  Ki).  Although  the  coarse  grid  system  is 
considerably  smaller  than  the  fine  grid  system,  it  is  still  huge.  In  the  numerical 
experiment  described  below,  the  coarse  grid  system  has  8U1  variables.  Therefore  it. 
also  has  to  be  solved  iteratively.  Since  A’/  is  lumsymmetric,  we  use  GMHES  [14].  In 
our  numerical  experiments  one  iteration  (5.2)  with  starting  value  («'' '.  f'  .p' \  r' )' 
'”as  sufficient  to  compute  the  solution  =  (iiT.^G  ,p+,t/F  )‘  with  required  ac- 
■uraey. 

For  the  discretization  of  the  parabolic  partial  differential  equations  we  use 
linear  finite  elements  in  space  and  backward  Euler  iu  time.  The  elliptic  differential 
equations  arising  in  eaeli  time  step  are  solved  using  a  hierarchical  basis  precondi¬ 
tioned  conjugate  gradient,  method  [16]. 
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Tlio  example  we  use  to  demonstrate  the*  projected  Newton  multilevel  method 
is  taken  from  [(ij.  The  following  parameters  and  funetions  are  used. 

tt  =  ((),  l)'2.T  =  0.05. «  =  ^.5  =  O.r  =  i.K  =  1  ,r  =  0.0.r), ('  =  10  2. 

and 

r,l  -  ~  ^)2  +  (//  -  ^)'2  -  jj  ^(.r  “  ^)cos0  +  (;/ -  ^)sin<^ 

"  ^  +  fWi  -  fl?.))  • 

,;<t  =  2  (T'e'  ~  Vr e.i.r  ~  Zfi'Piw  +  (ir  —  r))  • 

where  fl  =  2(2  -  f ).  /?,»  =  0.05.  /?,  =  0. 15. 

The  weighting  parameters  in  the  objective  function  are  chosen  to  he 

o  50.  b  =  50.  1  -  If)"2. 

We  made  two  tests  runs.  One  for  the  unconstrained  case  —  —  x.  — 
x  mul  one  for  a  constrained  problem  where  we  used  =  -  l..‘i.  -  I  d.  In 

both  cases  we  used  a  nested  approach,  starting  on  a  coarse  grid  and  using  the 
interpolation  of  the  coarse  grid  solution  as  a  starting  point  on  the  next  finer  grid. 

As  mentioned  previously,  we  use  a  finite  element,  discretization  in  space  and 
backward  Euler  in  time.  The  triangulation  of  the  spatial  domain  is  obtained  by 
dividing  .r  and  y  axis  into  equidistant  subintervals  of  length  li  and  then  dividing 
each  of  the  resulting  subsquarcs  into  two  triangles.  Tin-  grid  is  refined  by  doubling 
the  number  of  subintervals  in  the  .»•  and  i/  axis  and  doubling  the  number  of  time 
steps,  Thus  the  number  of  triangles  per  time  step  increases  by  a  factor  of  four 
and  the  total  number  of  variables  roughly  increases  by  a  factor  of  eight.  We  use 
hierarchical  basis  in  our  finite  element  spaces  [Hi].  The  level  I  —  t)  of  the  spatial 
grid  conists  of  two  triangles  and  four  vertices.  The  process  of  increasing  the  level 
by  one  is  described  above  and  increases  the  number  of  triangles  by  a  factor  of 
four.  For  our  discretization  the  level  (  spatial  grid  consists  of  2(2,+  1 1  triangles  and 
(2*  +  l)2  vertices. 

In  the  tables  below  f  refers  to  the  spatial  grid  level,  ntiim  denotes  t  he  number 
of  time  steps  (without  the  initial  time),  and  tunic  is  the  number  of  nodes  in  the 
space  time  grid.  The  coarse  grid  is  given  by  t  =  .'1  ntimr  =  10,  which  means  that 
the  number  of  nodes  in  the  space  time  grid  is  equal  to  (2:|  +  I)2  •  11  -  S!)l.  Since 
the  variable  in  our  problem  is  given  by  c  =  (u,  y>,  p.  t/>,  f) 1 ,  the  number  of  variables 
in  the  coarse  grid  is  given  by  5  •  891  —  4455. 

The  column  ity  shows  the  number  of  (IMRES  iterations  needed  to  solve  the 
coarse  grid  system  in  the  multilevel  approach .  The  times  given  show  the  accumu¬ 
lated  time  needed  to  solve  the  problem  on  the  specified  grid. 
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Computed  Control,  =  -1. 3. =  l.:i,  I  =  (MMir, 
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UNIFORM  STABILIZABILITY  OF  NONLINEARLY  COUPLED 
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\U*ll(\i  I  \  Mstrin  III  l\\«»  Kir*- kll)« >1 1  |»lntr  4-1  |l li 1 1  ums  wit  ll  1)1  Ililiiicai  nxiplitiu  I  lilnil^ll 
ImiI  It  t  hr  Ixniiidiu  \  ami  1 1n*  inlet  lot  i*  »•«  I.  Ko|  I  liis  |iii  il  i|iin.  it  K|muv*h  that  li> 

i  lliMiMim  lei -ill  talk  (ulltlols.  I  hr  ciictKA  itl  t lie  s\  *1  nil  i|eta\**al  ■«  Uliiiulin 
lair  Hits  li-siill  i-xIimhU  |  ifi  \  ii  hi**  u-siill'*  in  ii  iiiiiiiIh-i  <il  <  I  »i  «u  1  u  ms  n)  it  din*  in  it 
1 1  -4  |ilil  «*  alls  UiHiinrt  |  it  Iiv|m  it  Im'hi-k  in  In-  1 1 1 1|  i«  **.«•<!  <  >|  i  tin  tltiinnih.  |/iJ  it  nlltiWs  tm  tin 
|>i<  M  ii<<  n|  mnihntut  « « *ii| »lii«|^  ten. is;  tun  it  ilm  -.  not  teijtiiM-  tin  <uiiti"l  him  i  n mi  in 
snti-!\  .ms  iiiiivvl  h  t  oiidil  i«iii*»  at  lln*»nuMi 

1*1*11  Miilln  main  *  Suhit  i  I  (  +  nl /**n  Ho  *IH 

K  •  if  wttil*  mnl  filmi't  -  I  mt*  ii  mi  •'tnliili/ai  mn  Imumlatv  iittlli.uk.  a «  h  i|  »l«-<  I  |  i|.il  a — . 
Kin  lilioll  plate 


1.  Introduction 


A.-  m> in-  n -Mills  I ><■<•< mi.'  .i viiihil il< -  Im  sjnj>|«-  plates.  attention  Ims  ui'nialh 
shilled  In  mure  complex  piuMeuis.  sin  Ii  ns  tlmse  involvin'.;  ei illlieet ei I  l  mes.  He- 
eii  i|se  title  ul  the  Hull  ivilt  illU  lactol*  in  ei  illsidcrillH  plate  ei|Unt  ii  ills  is  1 1  ,  mu  lei  iiii  He 
eiiiiiplieuteil  vililnt  inn  lies  il  lie  si  met  ures.  i  ilir  Hi  ml  is  In  ei  uisii  lei  a  ei  op|t  d  system, 
where  the  net  ii  ills  n|  u||e  plate  are  allowed  to  alleel  those  ol'  the  other. 

I  he  prulileiM  we  consider  is  the  lollowillH  I, el  5!  lie  all  open  hounded  domain 
in  //*'  with  sullieielitlv  sniouth  liiiiindal.V.  !'.  In  SI.  Wemlisid'  r  the  liilliiwinn  system 
ol’  miiiliiiearly  coupled  Kirelihutf's  ix|tmtions. 


( l  I  it) 


i'll  -  •'Ai’if  t  ^*'e  k'\(u  e) 

lift  *%ta\/i||  t  iA* ii  e  A'-j(r  ii) 


in  Q x  it),  v  )  ■  S! 


* "  I  liis  ti  nit  i-i  in  I  is  Imsril  upiin  wink  fun  t  tiiils  *ii|i|Hirti-il  iiiulii  .1  Nntimial  Si  HUM  !-'■  niiiilul  m 
Mnllii'iimtii  nl  Sciences  I’ustiliii  lnriil  Itiwiirrli  I-'i-lli iWHtii|'- 
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with  initial  conditions 

.....  c(().-)  -  c„e  //-’(S2).  -»(()..)-  c,  e  //'(»)  1 

»/(().■)  =  »<,  €  7/'J(H).  «,(().•)  =  «i  €  //'(II)  J 

mill  hotindary  conditions  on  sl'x  (O.ou), 


in  il 


(1.1.0 


Ac  +  (1  -  /<)£?i  r  =  (/: 

§A>'  +  0  -,M<-  -  V' ■ -  '■  +  £''«(£(<•  «»  -  /.(«■  «) 

=  H  i  -  Tl  r'h 


Ac  t  ( I  // ■■  -  <y  i 

(l.l.d)  ,t';Ac  4  (I  -  II)B<I‘  ^  fr,.»n  '  "  4  .'n^-d,7,("  '■))  M"  '•* 

=•  />«•• 

llci'c,  ■)  •'  0  is  n  constant  proportional  to  the  thickness  ol  the  plate.  (I  //  ■  is 
Poisson's  mi  in,  |  he  operators  Bi  and  /h  are  niven  by 

£?,«•  2a  nfic„„  /i  jo , . 

floe  ~|(»/’f  a*!)ic1„  I  /( i a. (/-,,)]. 

The  filiict  ions  A-,  (•>).  /i,  (•«*).  /,  ( >)  are  assumed  to  lie  different  ialile  wit  h  the  propel  I  \ 
that  lor  s  <;  //. 


(II- 1 ) 


.<(*)  II 

s/l, Is)  -I) 

.*/,{*)  (I 

!/»(.•.)!  ■  f  '!>; lor  sonic  /V  Hand  >1  I 


Control  I'unet  ions  are  denoted  I >\  </,  >  /j iM)  and  physically  repieselit  lliouielits 
and  shears  applied  to  the  <  l^e  ol  tile  plate  (see  mil.  One  could  also  i  o||sji |e|  all 
addition  ol' nonlinear  couplim.1.  in  'lie  lirst  hntiudaiA  eonditton  mi  tl  I  .*•  r- 1  I  l  .di 
Since  this  will  not  add  extra  difficulties,  lor  simplicity  we  do  not  <  ousid<i  the 
addit  ional  <otiplinj> 

rile  control  model  to|  a  single  In  It  <’)  I  In  >ll  plate  iwilliollt  loll)  line;  I  \\,|S  HI 
trod  need  and  analyzed  m  [•’»].  Systems  o|  eipi.il  ions  ol  I  lie  l  \  pc  ns  in  il  II  me 
tnotivateil  liy  problems  at  Mm;  in  the  model  hm;  ol  paiallellv  coupled  plat.'  (see 
(  I  I  {.  where  a  s  \  stela  o|  t  Wo  I  i|lei|ime||'|0|ial  wave  ciplill  ions  with  lineal  liolindai  \ 

I 'U||i  lit  ions  was  11  niside|et|  I  Indeed.  parallel  I  oil  licet  ion  ol  plates  i  III  I  oil  I  lees  a  lot  i  e 
act  inn  upon  the  system  which  is  pioportioual  to  the  dillerencc  ol  the  displacement 
If  the  plates  are  ronnected  l»v.  for  example,  sprinus  then  lineal  theory  "ives  the 
1 1  >ti  slu  ills  k  and  /  In  I  lie  nix  no  system,  a  1 1  ion  i>eueral  sit  uni  ion  is  assumei  I  (on 
plinu  of  the  plates  js  alloweit  to  produce  nonlinear  lories.  Also,  we  allow  lm  the 
fail  that  the  coupling  mav  occur  only  on  the  boundary.  in  which  ease  k,  <1  and 
I.  -II. 

The  uoal  ol  this  paper  is  to  show  that  lor  appropriately  chosen  h*cdl>ack 
controls,  the  enemy  of  system  (l.ll  deeays  to  zero  at  a  ttuilorni  rate,  hollowing; 
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l!)l 


|r»).  we  (‘house1  the  nonlinear  feedback  controls  of  the  form 

tfi  = 

Hi  =:  »(»■•/) 

(ri)  !)■'  =  hirkv) 

f/r,  —  </(»//) 

//a  =  hint"i)- 

The  following  hypotheses  are  assumed  on  the  nonlinear  functions  //  and  /, :  The 
functions  i)  and  /,  are  continuous,  monotone,  zero  at  the  origin  and  subject  to  the 
following  growth  conditions 


f  m|s 

\  I  Hi* 


<  |/,W|  <  A/|s|  for  |.sj  >  1.  i  1.2 


)l  <  A/(s|' 


for  is |  >  1 


for  some  positive  constants  i/i  and  A/. 

To  define  the  energy  of  the  system,  we  introduce  the  hilinear  form 

n(tc.r)  j^wSr  Ml  -  /<)< '.hr,  „/•,.,,  n\,.,r„„  n\„,r, , )  )//S{ 

(U)  ”  . 

t  /  i«T»/r. 

i 

The  energy  functional  is  defined  hy  /•.'(/)  /.',(/)  t  /•.'„(/).  where 

(l-r»)  f  I \\ir,\2  '  -•'ir.ol'WU  t  ^nt ir.  in. 

I  lie  main  result  ol  our  paper  is  the  following. 

Theorem  1.1.  .I**  mm  lll-ll  uml  (II-  !l  mui  <  mi-tilt  i  iifmihmi  II  I)  irilli  (l..‘f|. 
I  /•/»  uni/  iniliiil  ilnhi  cii.  ii,i  i  i-| .  i«  |  i  //’til).  Hu  ti  1.11*1-  n  xiliihini 

t  e.  a )  <  (’(ti.  X.//*<  ill)-  if (II.  x.ll'iU))  *i„  I,  tin, I 


/.„•(  V  ,  I.  V ftih  •  /.  1 V  x 


II  ,  Is  one  on/,  in  uihlil  mu.  Ill, it 


j  I' i  ■  /,'(*)  ■  - 
\  ;/'»s)  A/ (i*|' 


///in  //nir  /  .i  t sis  i  ini.slimln  (  ,*■  •  t)  -sin  /i  //in/ 


/•.'(/)  /  •  I). 


whin  III  i  /  oust  ti  tils  ('.  a.'  inn//  ih /hiiiI  mi  /‘.(til.  /in/  lliii/  tin  tin/,  /h  nth  til  of  I  ■  0 
uml  A.  >  (I. 


Nniilitirnrbf  muplnl  K’irrhhoJJ  plate  t  tpiathfiiH 


1  \Y1 


Exponential  decay  rate's  for  a  system  of  one  dimensional  wave'  ('([nations  with 
distributed  linear  coupling  and  linear  boundary  dissipation  was  proven  recently 
in  [10]  and  [11].  The  methods  of  [10]  and  [11]  rely  on  spectral  analysis  which  is 
typically  restricted  to  one  dimensional  problems.  Moreover.  [10]  and  [1 1]  state  ex¬ 
plicitly  that  other  methods  such  as  multipliers  {see  [.')])  or  direct  methods  (see  (•!]), 
which  are  tailored  to  multi-dimensional  stability  analysis,  fail  even  in  the  case  of 
linear  coupling  of  a  one  dimensional  wave  equation  with  linear  dissipation.  We 
shall  see  that  a  different  and  more  general  approach  based  on  intrinsic  comparison 
of  asymptotic  behavior  of  the  energy  functional  with  the  solut  ion  to  a  certain  non¬ 
linear  ordinary  differential  equal-ion  problem  (introduced  in  [7])  [trove  successful 
in  this  more'  complicated  situation. 

A  critical  role  in  the  proof  of  Theorem  1.1  is  played  by  a  result  on  stnbiliz- 
uhility  of  a  sciuililicur  Kirchlinff  plate  with  nonlinear  boundary  conditions.  Since 
this  result  is  of  independent  interest,  we  shall  state  it  below. 

Let  a,  (resp.,  /,)  be  given  elements  in  /<vi{5ix  )  (resp.  b  ( ’(0.  x:  Aj,  (l  ))). 
( \ insider  t  lie  following  equal  ion  of  a  iioiinutoiioinoiis  semilinear  Kirchhoff  plate. 


(I>) 


ii'u  Aii'u  t  A2 ir  -  -  k(tr) 

«•(!»  ~  ii'u  (  //*(12):  11,(0)  ■  ir i  <  //'(ill 

1  Air  t  (1  /i)ff|ir  |/i ( nf. ir,  t  «|)  ,/il«i)] 

^.Air  t  (I  /ilfi.ic  'a  «')  /(n't 

</(»',  1  h)  (/(//)  I/-. f  1  (u-j  )j 


in  Qx 
in  U 


on 


I’liu  i-  t  he  iissiniipt  ion  t  hat  t  lie  fund  ions  k.  a.  I  sat  isfy  ( 1 1- 1 )  and  the  I  unit  inns  i/. 
/,  satisfy  I  ll-’J).  one  can  show  ( bv  tcchni<|ues  idem  ical  to  those  in  [7] ) .  I  hat  |br  all 
initial  data  <fn  •  //*’(lll.  ic |  <  //’Mi),  there  exists  a  solution  ir  (Hot  necessarily 
unique)  to  pro) ill-ill  (INI  such  t  hat 


(Mil 


/-.■„(/)•  f  •(  /•'„  (0  I  )- 


(I  HI)  V ic, I,  ■  t. 

Theorem  1.2.  .1  s\inni  tlml  ill  I  I  nml  ( II  1 1  Inilil  Inn  .  I  lii  n  lh<  n  i  i  lit  inmtniil* 

(  II  s  mb  llnil  in  ii)  siiliilinii  In  (I.S)  a/  fuiili  iiiiii/ii  \iih*lit  * 

till)  i:„  ( 1 1  c, 

Iln  i  nitslnnl*  (  '  mill  m  mini  ili  /u  ml  mi  lln  uni  ml  i  in  ii/ii  / . (tit  ,m,/  j|bU ,  ,  . 

Ill  the  special  case  when  n.  h  (I  (or  1 1  lev  are  constant).  a  more  general 
Version  ol  I  h'oii  in  I  J  holds  line 

rtieoreill  l.li.  I,it  II,  Ii  II  \mniiin  lH-11  mill  fll-. ‘I  Tin  ii  i  n  ii/  nut  ut  nm  ul 
IiiiiIi  i  iii  n/i/  irhirli  stilt. sjti  s  (1.1(1)  oIm  a*  tin  fnlliin  iini  islnnnli  /•’<//  smut  l\,  ■  II. 

/■.„</)  •  sS'(  I)  flirt 

/  a 


11.12) 
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whirr  S{t)  — *  0  ns  t  Ot-  and  is  the  solution  (contract inn  semiyroup)  of  the 
differential  equation 


(M3) 


f  £S(0 +  ,/(£(/;)  =  (> 
\  5(0)  =  £„,(()). 


and  i '/(,r)  i.s  fi  strictly  monotone  Junction  constructed  in  terms  of  ij  and  J,  (see 
Remark  below). 


Remark  1.1:  To  const  ruct  t  he  function  we  proceed  ns  follows:  Let.  the  function 
h{.v)  he  defined  by: 

(1.14)  /,(..•)  -/»,(.)■)  +  /,2(.r). 

where  arc  concave,  strictly  increasing  functions  with  lift))  ~  0  such  that 

(1.15)  M«/i(*))  >  "*  +  /?(«)  M  <  \  i  —  1.2. 

(Such  functions  can  be  easily  constructed.  See  [7].)  Then  h(.r)  enjoys  the  same 
properties,  i.e..  it  is  concave,  strictly  increasing,  and  //(())  —  l).  Define 

(MO  h(.r)  =  li( - 

nirs 

Siueo  h  is  monotone'  iunvn.shin,  for  every  r  >  0,  cl  4-  h  is  invert.iWle.  Setting 
(1.17)  =  (cl  +  h)  ‘(/\.r). 

where  c  —  {  +  M).  the  constant  K  will  generally  depend  on  £„,(())  unless 

r  ~  1  and  //.  k.  I  are  linearly  hounded.  We  then  define  </(.r)  by 

(1.1H)  i /(./•)=  .r- (/+ />)~‘ (.»•)•  .»•>(). 

Remark  1.2:  In  the  special  case  when  the  growth  at  the  origin  of  the  nonlinear 
houudary  feedbacks  is  specified,  one'  can  compute  explicitly  the  governing  decay 
rates  for  the  energy  function.  E„.(t).  Indeed,  this  can  he  easily  accomplished  by 
constructing  the  appropriate  function  7  and  solving  the  nonlinear  OI)K  problem. 
(1.14).  For  instance,  if  the  nonlinear  functions  /,  and  7  have  a  linear  growth  at 
the  origin,  then  (1.12)  specializes  to 

(1.1!))  /•;„.(/)  <  <:'(/•:,,((>))<  for  some  «.•  >  U. 

If,  instead.  t1  esc  nonliucurities  are  of  polynomial  growth  at  the  origin  (e.g.  ~  ,rr. 
I>  >  1).  then  £„,(/)  <  r( /?„■((»))/ ^. 

Remark  1.2:' Lite  result  of  Theorem  1.4  should  la'  compared  to  a  recent  result  on 
uniform  decay  rates  obtained  in  [12]  (and  references  therein)  for  a  linear  Kuler- 
Bernoulli  model  with  nonlinear  boundary  dissipation.  Indeed,  in  [12].  the  uniform 
(polynomial)  decay  inti's  were  obtained  under  the  following  hypotheses:  (i)  U  is 
star-shaped,  (ii)  nonlinear  functions  /,  and  ;/  are  subject,  to  a  linear  growth  at 
infinity  and  polynomial  growth  at  the  origin  (hypotheses  (1.25),  (f.2(i)  in  [12]). 
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(ill)  k  —  0,  h  —  0.  (in)  I  is  linear.  Under  t  he  above  hypot  heses,  it  is  shown  in  [12] 
that  smooth 1  solutions  decay  poiyuuiiunlly  to  zero. 

Ill  view  of  this.  Theorem  1.3  extends  the  above  result  in  several  directions:  (i) 
it  does  not  require  any  geometric  hypotheses  to  be  imposed  on  1 1.  (n)  the  result 
of  Theorem  1.3  remains  valid  for  all  weak  solutions,  (lii)  it  allows  the  presence  of 
nonlinear  terms  h,  I  on  the  boundary  together  with  the  nonlinear  interior  term  k, 
and.  finally,  (in)  it  does  not  require  any  growth  conditions  at  the  origin. 

Needless  to  say.  the  techniques  leading  to  the  proof  of  Theorem  1.3  are  very 
different  (unfortunately  more  complicated)  from  those  in  [12].  Indeed.  Lyapunov's 
function  method  used  in  [12]  runs  into  well  recognized  difficulties  when  dealing 
with  the  level  of  generality  presented  in  Theorem  1.3. 

The  outline  of  our  paper  is  as  follows.  In  section  2.  we  prove  the  result  of 
Theorem  1.2  which  is  critical  to  the  proof  of  Theorem  1.1  in  section  I.  The  proof 
of  Theorem  1.3  is  relegated  to  section  3. 


2.  Proof  of  Theorem  1.2 


2.1  Preliminaries 

1 

Our  goal  is  to  prove  energy  decay  rates  for  problem  ( 1.8).  In  order  to  do  this,  one 

needs  to  perform  certain  partial  differential  equation  calculations  on  the  problem.  f 

These  calculations  require  regularity  of  the  solutions  higher  than  is  available.  Since 

our  nonlinear  problem  may  not  have  a  sufficiently  regular  solution  (even  if  the 

initial  data  are  smooth),  we  resort  to  an  approximation  argument  (this  argument 

was  used  in  the  context,  of  wave  equations  in  [7]).  In  fact,  the  idea  here  is  to 

approximate  solutions  to  the  nonlinear  problem  (1.8)  by  solutions  to  different 

(linear)  problems.  Since  this  linear  problem  admits  regular  solutions  for  smooth 

initial  data,  the  partial  differential  equation  calculations  can  be  performed  on  this 

problem.  Final  passage  to  the  limit  on  the*  approximation  problem  allows  us  to 

obtain  needed  energy  identities  for  t  he  original  nonlinear  problem. 

To  follow  our  program,  we  start  by  defining  appropriate  approximations  for 
the  quantities  in  equation  (1.8).  To  do  this,  we  introduce  the  following  notation: 

(2.1)  /,(*)  =  fi("  +  a,)  -  . f,{<ii ):  </(-**)  =  <l(s  +  h)  !i{h). 

Note  that  by  virtue  of  our  hypothesis  (H-3).  /,  and  <)  are  strictly  monotone  func¬ 
tions  and 

(2.2)  *»  <  /?(*)  <  M. 


'A  smoothness  assumption  was  not  stntec!  in  (12),  lint  implicitly  assumed  (to  validate  argu¬ 
ments  lending  to  dec  ay  est  imates). 


I 
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Corollary  2.1.  Lrt  ir  hr  a  solution  to  (1.8)  surli  that  (1.0)  mid  (1.10)  hold  true. 
Let  T  >  0.  Then 

(2.3)  *■(..•)  6  /.j(0.7’:  L-i(il)). 


(2.1)  —!>(  —  »')  6  MO. 'AW  '(D):  lGLAtt.T-.mV)). 

<)t  Or 

(2.5)  €  Z.a(».T:La(r)). 

Ol' 


(2.0) 


.<)(«'/)  -  tz-Mtt-ii'i)  e  LAtt.T:H  '(P)). 
(/r  itr 


Proof  of  Corollary  2.1:  Modularity  in  (2.3).  (2.1)  follows  using  Sobolevs  Imbed* 
dings  from  (1-0).  ( H- 1 ) . 

Hypothesis  (H-3)  toget Inn-  with  (1.10)  implies 


(2.7) 


Hence. 


/t  (&«•/)  e  MM) 
hUrt"'t)£  LAllr). 


(2.8) 


-hi-!}-"',)  €  /-.(().  7':  W-'(P)). 

t)T  <>T 


On  the  other  hand,  with  <!>  €  7-2(0. 7’;  7/ 1  (!')), 


Jo'  |//(«v(A  r))r/>(A.r)|W.iv/7  <  C  fj  ||0(/)||H., !«*»(/. .r)|'  d.rr/f 

(2!)  <f,Jo''lk'(/)ll„',r,ll»7(/)|l;:r„,^ 

<  ('.[,!  ll(/,(0ll,/'<,  17*-H-(0,/2d/ 

<  CE, ,.((»•■ /J  IM0ll».-,r.fW. 

when'  the  first,  inequality  follows  from  hypothesis  (H-2).  the  second  and  third 
follow  from  Sobolev  Imbeddings  and  the  bomuleduess  of  1',  and  the  fourth  Irani 
trace  theory.  Hence, 


(2.10) 


</(«>,)€  M<),T;W  ‘(H), 


which.  together  with  (2.8)  proves  (2.6).  □ 

Let  i r  be  the  solution  of  the  original  problem  (1.8).  By  using  the  regularity 
properties  in  (1.10),.(2.3)-(2.6),  along  with  density  of  approximate  (see  below) 
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Sobole 

v  spaces.  we  sirr  in 

a  posit  ion  to  define 

(2.11) 

f„  €  //"(Qr): 

II fn  )  II  t *»  r '.r. 2 (tin  *  ^ 

(2.12) 

/n,  £  //'-'(S-,-): 

ll/l  „  -  /l(  ~ »’l)||/. — *  0 

(2.13) 

hn  £  //u(S-r): 

~^(*,,)]ll  /.  jl,,.  T.  //  ’(JH  * 

(2.11) 

o„  £  //'■' (E/  ): 

II'*"  -  ->;,•>  — k  () 

(2.15) 

d„  £  //' ■'(£■/•): 

1 

1 

>. 

1 

where  Qt  =  51  x  (0.  7  )  and  £■/■  =  P  x  (0.7  ).  We  consider  the  following  approxi¬ 
mating  problem: 


(2.  Hi) 


H'n.ll  ^  Au*rft//  A  H‘n  —  fn 

»'„((>)  =  wllM\  «•„,/( 0)  = 
i  Aie„  +  (1  -  ii)B\te„  +  777; »•„.> |i  -  -/i„  +  o„ 

*f  ( 1  —  ,/)£_> a  „  —  V  ’o^ti'n.ii  ~  ti'n  tt'nj  4-  ^7U’,fi/|c 

=  h„ 


where 


(2.17) 


u  "  "'lb  ll**'ri.l  ,(II  II 11 1 1  in  ’  0. 


and  (ti'n, a.  n',1.1 )  £  7">.  where  T>.  as  dense  set.  of  77.  consists  of  tr„j  1  £  //'•(W). 
it'11, 1  £  //  *(S2),  where  //•„.  1  satisfy  the  appropriate  compatibility  conditions 
on  the  boundary.  By  standard  linear  semigroup  methods,  one  easily  shows  that 
the  linear  problem.  (2.1(5).  admits  a  classical  solution. 


(2.18)  «•„  €  ao.7'://,(S2))n  (••'(().  7’: //  '(S*)). 


The  following  proposition  plays  a  critical  role  in  our  development. 


Proposition  2.1.  Lit  w „  ( respei-tiveli/.  ir)  hr  a  solution  of  (2.1(5)  (respectively. 
(1.8)).  Thru  lift  11  — *  oc,  the  following  convergence  holds. 

(2.19)  n't,  -  ir  in  f.,(0.r;//2(I*))nC,l(().T://l(U)) 


(2.20) 


Vu’,li([r  — *  Vm,  m  ia(Er). 
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Proof:  ConsUlci  the  equation  satisfied  by  the  difference  Taking  the  inner 

product  of  this  equation  vvitli  v.'nj  —  w,„j  and  integrating  the  result  from  0  to  T 
yields 


(2.21) 


£.e„--,,„(T)  +  ./;r  j;  [..*•?  +  \Vw,{2\tirtU 

=  Jo  /„(/..  -  +fj  J j.(/l„  Go,, 

+  jJ  +  !% i  “  /l2.n  —  ;/,>  (0). 


where  ii>  =  «>„  -  Hence, 


(2.22) 


and 


<7„||«.(r)H?,a„„  +  ||i«\(T)||?|I(l|l  +  llVavlii^,,,,  +  111, 

+  Uo  ll“M0ll2,„1/" 
112 


“  ^N/7'  /mtp.^l  O.  T.  If  '(SI)) 

“b^ll/ln  —  <vii  ~  /ini  "b  <*tn  ll(.a(>:r)  "b  2 

"f“  2 ll^2n  —  fin  —  /'tin  "b  /lull,.  ,,,,  ,  ,f  i(t,|i 

“b  J II  U’t  II  /  („  +  £■ 


HiO'Olllj  is,- 1 


Il«?*mil?,3|lt,  +  ||«J»i(T)||a  l(M,  + 

^  C|||/„  —  /m  Hlj,,,.  r  a  i  ,Sj, ,  "b  ll/ln  —  /liii|lr2(j:ri 

+  ||o„  —  O’imIUju;.,.,  “b  11/2..  —  /tin  Hi.jmi.  j .  a  'uni 

+  l|/^ll  ~  '^llH/.jdl.  V.  II  1  (ID)  "b  Ml 

— *  0  on  n  — >  oc. 


where  the  limit  follows  by  using  (2. 1 1  )-(2.1fj).  Thus,  by  (2.8)  and  Corollary  2.1. 


(2.24) 


tr„  -  te*  in  r,(().T;H2(Sf))nC1(0,r;  H'(U)) 
V Ir  — ■  Y<|,.  ill  La(E-/-). 


This  allows  us  to  pass  with  the  limit  on  the  linear  equation,  (2.16).  We  obtain 


(2.25) 


r  «■;,  -  72£tr;,  +  A2  H>*  +  k(w)  =  u 
«>*(())  =  ti'o;  i/>*(0)  =  an  G  H2(il) 

.  Ate*  +  (1  -  ;t)/i,  .e*  +  =  -/,(&«■,)  +  £w, 

wA"''  +  (i-/0 n,w‘  -  72  &•«>;,  -  «•*  -  «■;  + 

.  —  .')(«’()  -  £h{j}rwt)  -  n'l  +  jT72"’f  +  (("’)  - 


Since  ir  satisfies  (2.25)  and  tin'  solution  to  (2.25)  is  unique,  we  infer  that  tc  =  u 
and 


(2.2G) 


wn  i  w  in  C((),T\  H2{U))  nCl{(),T\  Hl  (U)) 

Vw„,(|r  — »  Vu/,|r  in 


as  desired.  □ 

Now  wc  are  in  a  position  to  prove  the  fundamental  energy  relation  for  problem 

(1-8). 


198 


Nnnlinmrly  coupled  KirchhojJ  plate  equations 


Lemma  2.1  (Energy  Identity).  Let  w  he  the  solution  to  (1.8).  Thru  the  fol¬ 
lowing  energy  identity  holds 

(2.27)  0) 

+/;.  ^U  ^U'  ^W' ^ = <>• 

where 

E„.{t)  =  E„.(t)  4-  J  IC(iv(t))dil  +  J[H(^w{t))  -r  C(w(t))\dl\ 
and  1C.  H  and  C,  are  antiderivatives  of  k,  h  and  l. 

Proof:  Wo  first  prove  this  energy  identity  for  the  solution.  w„,  of  the  approxima¬ 
tion  problem,  (2.16).  Indeed,  by  applying  a  standard  energy  argument  (valid  due 
t.o  the  smoothness  of  solutions  wn)  to  (2.16),  we  obtain 

£„„(T)  (())  +  ],.  | -£«•„., | Mdt 

-  jy.r(hn  -  !l„)u>„,,drdt. 

Using  eonvergenee  properties  (2. 1 1  )-(2. 15)  and  the  result  of  Proposition  2.1.  we 
obtain 

EMI  -  EMH.fr.,  l&wHdTdt. 

+  /,  («v)at/rrft  +  /,JTi^w>,|adrr/t 
=  -  f;  f„  MhridUdt  +  +  &»''){EuydVdt 

-  -  &h(7k»’t)Wtdrdt  +  JlT(tef  +  \&ii',\')dVdt 

-SKT\lMw,+h{fcw)fcw,\d  Vdt. 

After  (  ..neeling  boundary  terms  and  taking  into  account  the  definition  of  £„.(/). 
we  obtain  (2.27). 

2.2  A  Priori  Estimates 

To  proof  Theorem  1.2,  we  first  show  the  following  ine-juality  holds. 

Theorem  2.1.  Let.  iv  he  the  solution  to  (1.8)  and  T  hr  sufficiently  large.  Thru 
their  exist,  constants,  C  >  ()  and  Cp (£„,(()))  >  0,  such  that  the  following  inequality 
holds: 

fj  E,„(t)dt-C EM) 

(2.30)  <  Cr(£u,(0),  ||6||(.(I,  L.Jl  lV)))  JE.rU/M“>i  + 

+ h  ( 57  u’t )  jk  u'i  )drdt . 
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2.2.1  Entimntoit  for  the  Approximated  Problem 

lu  prove  Theorem  2- 1 .  we  lo'u,in  by  using  «  multiplier  method  on  t  lie  approximation 
problem  (2.1b)  to  prove  the  following  preliminary  estimate 

Lemma  2.2.  Let  (n  „.ii  |)  t  P  mu/ It  •  o  *.  772.  Then  llu  n u  i</V  ")  "< 

(2.  Hi)  xntisjit  x  flu  following  i  stininti : 


I,'  "r:„.jt)dt 

r,(i  ^ 

o)  (  j(  1  t  ") 

(2.31) 

fV.....  {ll/lnH?, 

+  II ■  fn  -  ll'n.t  + 

t^ij-i  ^  \\f'2n  II  /^,ii  /  n  » 
H*  ...  II 2 

iTn  f,-f '« /  j.n  i  h  * < i .  i 

+  'I'1"  '  57 
t  ll*C„.l|lfJ.Vl 

II? 

4(1  +  Ti)l|W 

..  .ll'^e:,,  +  II , 

where 

(2.32) 

1. 0.(10,,)  =  ||«',1HlJ,„  , 

Ha  'Min* 

0  <  r  < 

:  1/2.  and  h  =  .r  - 

.Co  for  some  €  It2 . 

Proof  of  Lemma  2.2:  Step  1:  Identities.  From  [5]  (p.  84.  (4.5,17)).  with  ad¬ 
just, monts  to  take  both  the  non  homogeneous  right-hand  side*  of  (2.10)  mul  t  lu* 
botattlnry  conditions  into  account,  wo  have 

J'j  E,„ni(t)dt 

<  -£[( ■  Vtr„)l.r„)+-r2(Vien,l.V(/>  ■ 

+  |  ),.,(,!)  +  VJ(V«W. 

+  l(£w>nfln)l.j<y.r>  +  J 

+  2(7J7«Wb.  -  Jfc'U’n.t) Ljiv i  i  +  J  (»■'«•. ~  4-  jj^r  II',,./ 

(2  33)  "  L,\M' '  Vu’„)/i„  4-  (h  ■  Vw„)h„}drdt 

+  4r[&(/»1^»)K-?|«w) 

-{)>  ■  Vli’nHH,  ~  tt'n.t  +  f£?"'n.t))<IVdt 

~  f,:T(il  ■  Vw„)ir„drdt  4-  5  Jj.r  h  •  +  ->a| V |a 

~l.Lr  h  '  '"["’m.JJ  +  ««.„,/  +  +  2(1  -  p)«fl..,.J/]</r<// 

+  jQr  full  ■  Vie,,  dibit  -  i  lQf  full’,, dibit  4  i(5(.r)ii',1,  ir„),.J(1iilu  . 

Notice  that  tin?  regularity  of  the  solution  given  by  (2.18)  allows  us  to  justify  the 
calculations  in  (5j. 

Step  2:  Bounding  Linear  Terms.  All  terms  which  need  to  be  evaluated  at  0  and 
T.  including  the  first  and  second  lines  and  the  last  term  on  the  right-hand  side  of 

(2.33) ,  can  be  bounded  by 

(2.34)  C1(l  +  t2)£„lliil(T)  +  C2(l+y)£,,,,(D). 

Finally,  by  using  duality  to  split  the  terms  involving  o„  and  //„ ,  noting  that  all 
boundary  terms  involving  second  derivatives  of  the  solution  can  be  bounded  by 


l 
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>11 » »lnl- «•*•!•-»  1 1  -M  ■  -*  till  Kilnt  util  II  in  I  /  .»  in.  I  illnl  t  .ikllis:  list*.  <h  <  •••ml  I  )„ 
i'll ilimti"  hi  ••iilniu 

I,'  /  ..  null  <‘|tl  .  -  *  if.,  </i  •  1 1  •  -'i  /■„  iiii 
4  i:/i..!lf.  .  ,  ••!/**..:;  ...  , 

.»  J  ,  .»• 

*■«*•».  »l  ..  I  •  .  5  If  ,  • 

(J.r.i  .  •  .  _  .  '• 

*  is  »»■.. »  ; .  ■ ,  *  ;  i  •  '  *  i  \ 

*  /.  ( I  « ..  "I'fl  ‘H 

.  fj,  ni.it  \  i  ni.it 

St.  /i  Ilotin.huii  Snunill  h.h  i  Trim*.  Out  next  »lr|i  i»  estimate  1 1n  -  inmnl 
order  trners  of  t Ii«>  Inert  ion  «•„  on  tin'  Ixiiitidaiv.  In  net  iiniphsli  tin*.  il  is  nitii  nl 
to  usi>  tin-  following  "rr'Kiiliuilx"  n>siili  olitiiinisl  In  inn  roloiiil  .innlvsis  method*. 

Proposition  2.2  (|h|.  Theorem  2.1).  /.</  /»(/.  i  t  >»  n  >. iliitnm  to  tin  l.ilhnrnni 

liti.  tn  imilil.  tn  fm  III.  %iiidi  nf  ili.Htrilnit i.nii  I 

l‘n  MA/i,,  t  AJ/i  /  in  Qt 

.....  /'<<•■)  -  /In  -  I  />i  HI  U 

A/i  +  <  i  /<)//)/»  i/i  iiii  >;, 

.  ,T.-^/'f(l  F  >/*.•/'  *’  -7T-  /*»  i  /' 

Fur  if'er;/  /  >  o  •  (1  um/  •  <  •  (I,  tin  fnllinriuii  .  ntnmiti  li tilth 

"  J1(is7fia  *  i:ftrJ  H pwr,// 

(2-‘»7)  -•  fV...{IIMIf . ,  ..  ♦  ll.vi !!?_,.> ,  Ml//, Ilf....,  ,  „ 

^ ll/'i Ilf j.i. / •  *  iifif/'iilf,,,, ,  „  *  ll/'li;,,..  *  n> . 

Minn  tilt'  insult  nf  Proposition  2.2.  wr  simll  provn 
Proposition  2.3.  hi  u„  /«  tin-  solution  to  (2.l(i).  Thru  for  uni/  7/2  •»  o  >  I) 

ii  ./->»>  0.  ii •„  mifisjirs  tin  fiitlnwnifi  iiik/iiii/i/i/; 


I,!'  "iid^i2  m^:>ij  M^id-/ri// 


<  f/.n.. 


«  II  /.  i!*i.  j  //  'mi, 


llr*«  "  ,r»i  Ml  i  *  117  In  11/ J(>:#  , 


+  IIM  -  "’„.i  +  777*  "V,  Ilf '  +  ll/jo Ilf a,„  ,  „ 

+  ll»’.i,i|llJ„:7  ,  +  IIVtr,,,||f.,l>:rl  +  l.o.(ir„  )}. 

Proof:  Wr,  apply  the1  result  of  Proposition  2.2  to  system  (2.  Hi)  with 

r  s  /„ 


!H  =  -  J77"Vt  -  /i„ 


//',  —  — /^ii  +  H/fi,/  —  777a  u’ii.i  +  /an.  □ 

Completion  of  Proof  of  Lemma  2.2:  Now  the  result  of  Lemma  2.2  follows  by 
combining  (2.35)  applied  on  [a,  T  -  a)  with  Proposition  2.3  and  using  duality  to 
bound  the  terms  involving  fn.  □ 


\|.*i\  \ttu  It  *  H  h*  it*  LtMoLi 


Has  alllliji  I'c«i|m  »il  Hill  2  I.  »«•  liika  tin-  limit  ol  <2  :il  I  .is  li  •  V  ta,  ulil  Hill  a 
Mllillail  ll|tt|iuilil\  l<. I  ilia  solution  til  |  |  S|.  wlili'li  m‘  Stall-  ill  |)||-  tollnwiliK  Ir'.nllia. 

2.2.2  Estimate*  for  tht*  Original  Problem 

LcltlllUl  2.3.  I, it  (ir„.  ii  , )  (  H  I'lii  n  fin  iiii  tyii  nf  mi i*h  in  tl.A)  mu tisjii  .s  flu 

fiilluiriiii/  i  mI i inuf  i : 

I,!  /■.'„(/)<//  r,d  t  (in 

(2.4U)  -  f  V..( /vll'l.  \[M\,  ...  ,  i  j,  1 1 . i ) { II i.'/ II if  j, a, ,  , 

Ml  -*  V^IIV.HI'f,,,.,  ,  t  /«.(«•)}. 

Proof:  Sh;i  I:  Appnuimiilniti  HimiiIIm.  Taking  tin-  limit  a.s  n  ■•■*  x  in  (2.31).  Iiy 
virtue  of  (2.U t-(2.l.ri)  uml  Prn|x  notion  2.1.  we  ti ml 

i;'  "  -  no  +  v*’i /•:,,.,(•/•  «,)  -  r2u  4  HM-ndn) 

—  ( ’i.n.i { II /t ( jjf, *»'/ ) Ilf. j , v (. ,  HI .</(»<•/)  -  rhJA&'n) \\ljtn  ril 

(2.41)  +|I«V  II?  4  (I  4H)I|Vio||'^,,;, 

4-  ii/(n,)irfi,11 ,  „ 

Step  2:  Tli«'  following  bounds  enn  be  obtained  in  a  straightforward  manner  by 
using  Sobolev's  Imbedding*  and  (H-l). 

(2.42)  ||A-(  "‘JIIi.j.ii.  —  (  (II "’ll  ii  '  i  •  •  mi)ll "'ll  i  jiiii 

(2.43)  l|/(H||,.,„.  <nikll„.  a  .lll,)||i«i|/j,1  . 

(2.44)  ll/M~»-)|l|,.a,i  i  <f,(||»r||Hi.„1)ll~«1lli.i,,r. 

Hence  by  l.cinma  2.2. 

(2.4.1)  l|*-(«0irii,„.r.,.a .  +  ll'("’)H'f  ,,„  ,  „  „  4-  ||/t(“H’)irfil,:rl 

<  C(Ewmi.o.(,r). 

Stip  .7:  To  estimate  tint  first,  two  boundary  terms  in  (2.41),  we  notice  dint  by  virtue 
of  (2.2). 

(2.46)  ll/t(|;«7)|Ullar,<A/|||;^|llJl>:,.). 


0  -  ,  0 


(2.47) 


Nnvhnmrly  mupini  Km hhotf  pint/  Kfnnhou* 


m 


As  for  thf  K'riti  with  r/(n*|.  wo  use  hypothesis  (H-4).  Indeed.  from  tin-  imbedding 
H  '(I’)  C  L|(T). 

<c  [  \  /i«>i(k,r  +  iv  +  i)'/nJ</' 

J  o  ./i 

(2.48)  r'  r  ,  t 

<('  j  I'  wf, iv { j  (iii-,!'  +  |fc|*  -t  \)>iv\,n 


<rr\E:.m  +  mifr.„ , 


1}  f  wf, IV ill. 

./ v  , 


whore  wo  have  used  the  imbedding  Hy,i  '(F)  c.  /. j, ( I* )  together  with  the  Trim 
Theorem  and  the  result  of  Lemma  2.2. 

Step  4-  Noticing  that 


p  I'  »i  r  I  »* 

/  h:,Ai)'it  /  /■:.,( 

J  <\  -Ml 

ft  ..  ,  /•'  ..  r 

+  j  I'  {£(«•)  t  H(  ~ir) ),IV,ll  »  j  j  A ( ir)(/l h//. 

where  A .  £.  W  satisfy  (2.  l2)-(2. 1 1),  and  applying  estimates  (2.  l5)-(2. I*)  to  12. 1 1 1 
yields 


( 2.4(1) 


(2 


2.5<»  /  r /•:„.(/'  •<) 

• •  »» 

•  ('/.,...(/•-■«('»).  I!*ll.  ...  i  I,., i  )(  /  I  «•/  IVii'i  |*’ )</!'<//  t  /.<>.(««')}. 
From  (2.27)  and  (11-4). 


(2.r.i)  /  !:,l.u)<n  s  I  /•;„.(/)«//•-  2n/;„.(/)(0). 

•At  .//  .. 

Applying  now  the  result  of  Lemma  2.2  to  the  term  /••'„. (7'  n )  together  with  (2.51) 
yielils  the  eoiielusion  of  Lemma  2.4.  □ 

2.2.3  Nonlinear  Compactness-Uniqueness  Argument 

Lemma  2.4.  Let  T  >  0  hr  sufficiently  large.  Then 

(2.52)  l.„.(w)<Cr (£„,(<)). HMI, un)/  {«»?+|V«i-,|a +»(«•,)«>, }f/Trff. 

.lr.T 

Here,  the  function  Ct{Ew( 0),  ||fe||r(0.r;/.a,  <rn)  ^oes  n°t  depend  on  7  >  0. 


Mni\  Alin  I l«»t ti  and  I  min  l.oaMi'lta 


Proof:  It l< ‘til i<'n I  In  that  in  |2|.  [  J 

2.2.4  Completion  of  the  Proof  of  Theorem  2.1 

Cotnhine  llic  result  of  Lemma  2.3  with  that  of  Lemma  2.-1  ami  use  (2.2)  together 
with  ||ii'||,  t  i ,  • .  ( M  j'  »»'|| i  ,,i U 

2.3  Final  Etstiniiites:  Proof  of  Theorem  1.2 

Denoting  f  J,  {vl»rf)ir,  i  /i  ( nf.  «‘i  I  ,-77:  "1  t  h(^7»'i  >^7  }«/!'#//.  w  <•  nliiain 

from  Theorem  2.1. 

12.53)  /  /;;„.(o-.v  rl/v11.rn  •;  r,-., <»).m.,..  t*7. 

J  n 

ami  l>y  Lemma  2. 1 . 

I,!  (/!«/.•  •-  rr. .(/•:.,.«»). iimi.  ... .  (J1  ,..)/■  1  c> ) 

(2,r»D  =t*(r  r, (ri':  r,, (/•:„.«»• ii/<il. ... .  , 

■■=^  (7)  -  C/ (/:'..((»).  W\,  ...  . 


Henre.  recalling  12.27). 


C/ (/•:„«>)  iifcii.-... . 


•_  r  -  no  •  .rn. 


Setting 


we  have  proven  the  following  proposition. 

Proposition  2.4.  I.rt  ir  In  the  solution  to  (1. 1 1  anil  /•.’„.(/)  In  tin  innrsin>n<hnti 
1 111  iyi/  ill  linn  t.  If  I  in  sujfiririithi  lurt/t,  thi  n  thru  crisis  u  iiiiiiiiitnin  nu  n  usiliy 
function,  />,  null  thill 

(2.57)  /<( /•:„  (■/'))  ^  />,.(/  )  <  /;:„.(i)). 

To  arrive  at  the  eoneltti-iou  of  Theorem  1.2.  we  apply  a  (iniidi  more  general 
than  needed  here)  result  of  Lemma  3.3  in  [7], 

Lemma  2.5  ([7),  Lemma  3,3).  Let  p  hr  a  po.sif.wr,  innrustmj  function  .such  that 
/>(())  -  0.  Since  p  is  innvusint),  we  cun  define  a  function  q  such  that  q(.v)  = 
./■  —  (/  4-  /»)  '(./•),  Notice  that  q  is  also  an  innrauing  function.  Consider  a  sequence 
s „  of  positive  numbers  which  satisfy: 

(2.58)  Am+I  +  l>(»i„+\)  <  Urn- 


I 


Noiilnttntlit  rtmplcii  Ktirhhoff  platt  ttftntlinti* 


Thru  v.  S(hi).  "'In  n  5(/)  ix  ii  sal  ill  ion  <>J  u  iliffrirnlml  rqiiiitiiiii 


j  £S(t)  +  I,{S 

\  5(0)  a  .s„. 


V(5(/))  =  0 


Mimorrr.  i//»(.r)  >  0  for  .r  >  0.  thin  linn  .  ^  S(l)  ~  0. 

Applying  the  result  of  Proposition  2.1  unci  noticing  t lint  the  energy  K„(t)  is 
decreasing,  we  olitain 

(2. (it))  KMT  4  I))  +/»(/••„•  (»»( 7*  4  1)))  <  IC„.(iuT). 

lot  hi  (1, 1.  ..  Tims,  applying  Lemma  2.-r>  with 
(2. til)  X,„  "  /•;„.(»»■/'). 


(2.02) 


K„.(niT)  <  5(m).  m  -  0.  I. ... 


Setting  t  ~  niT  t  ' .  0  r  /'. 


l2.t>3)  (M  •  ml  )  -i  5(m)  <  5(  5(.“  -  I)  /or  /  -»  7, 

and  noting  that  in  our  case  since  i/(.r)  is  linear.  5(t)  i  completes  the  proof 
of  Theorem  1.2.  □ 


3.  Proof  of  Theorem  1.3 

I’y  arguments  similar  to  those  used  for  the  proof  of  Theorem  2.1  in  [2|.  we 
obtain  the  following  counterpart  of  Theorem  2.1. 

Theorem  3.1.  fit  tr  hi  n  solution  to  (l.N)  with  nqiilunlii  /iro/n  rtirs  (1.!)).  (1.1(1) 
nml  III  1  >  0  hi  siijjiriiiitlq  lutqi .  Thru 

(3.1)  j  ku.(l)dt~(’Eir( 0)<(  V(L’,„(»)){  j  ||m’»|j  +  |Vhv +  )ii'i\ill'ill }. 

To  proceed  with  the  proof  of  Theorem  1.3.  let  the  functions  /j (./■).  //,(■!')• 
i  —  1.2,  and  h(.r)  he  defined  as  in  (1.14).  (l.lr>).  By  the  hypotheses  imposed  on 
functions  /»,(.('),  we  obtain 

(3-2)  jf  i,lv,li  +  l  l/t(|;'<v)|'2drdf. 


Mnry  Ann  lluin  nix)  Irma  Liutin  ka 


2i  r, 


win'll-  !vi,  {(/../  )  i.  y.i  :  I, '  1}  mill  V/i,  M /  \ M  » ,  -  lli-iii  i'.  n-»inn 

livpi  it  In-sis  (ll-‘2)  mi  M/i,  •  \vi-  tiuil 


L,  V'H  h 

(».»)  H.W  4  ,;-)/v<#i  /,  <l'l)  <11 

<  I,  ,  M£ti-,/j<£..()),/r,/t 

4  (  v  ,7, )  jVj  /i(iT|. 

Siniilitrly.  tin-  stum-  mnuinriit  ii|iplii-ii  to  /j  y ii-li Is 


(-11) 


j  I'^W'i^iV'it  i  f  i/,(^r.i-,!i'-ii/r.// 

<  /  /»j(  :^«'ihi  ~  +  (A/  i 


<>r  J  i>r 

lti-rnll 

/.,(.r)  t:  /,,( 

Tin'll,  by  .li-nscnV  iiii-i|itnlity. 


/  /■*(..  "i '  7" 

iff  i/r 


mi  x  ; 


(».«) 


{ I***/ 1"1  +  IVm'iP*  4  !i(ir,)iri)<IVill 

<  (\  f,:  {;/(«•»  )«'i  +• 

+f  j  [/< i  (JV|.  /. ( £ «<•/ ) & «<v/r<// )  4-  /,(£  if, ) &  .i',./r«// > 

i  <”l  ,/vr  +  / 1  (  ;■&«’(  )  ar*  lr'  /^(,Tr",»),7r‘M’l}«/l  'H 

+('•2  5Z*  1  ^ { 4/(  Iff  )if/ 4  ./ 1  ( 777  ) 777:  "’i  +  hi  777  i,-i )  777  ">  HI  ■ 


wlii-ri-  tin-  lust.  iiii-i|iiiility  fulliiws  limn  tin-  nioinitoiiiiity  of  tin-  1'iiiii'tiniis  /1 , . 

Driiotinn  JF  =  |?  j  {i/(ir/)ic,  t  /i(  /p. ) .77, "  f  +/a(,iv  "4 1 ,V,  "4  I'/l'd/.  wi- ulitnin 
from  Tliiiiri-in  .'1.1  mid  (;$.(>). 


(T7) 

f1  n 

/  i-:„.(i)<n  -  ft /:„.(»)  s  (()))[/•  +  /!(/■)). 

Sim-i- 

(3-K) 

/  /klOi/f  4  /  (0'/'  <  2«  £„.(«). 

Jll  Jr  n 

we  find 

C$.9) 

f  -  CimE„.{1))  <  Cr.nAE„,( ()))[*■  +  /|^], 

Ju 

Noulmrarty  r  mfilt  ti  KnrhhoJJ  pla*t  rtfunfum/t 


21  Hi 

mid  by  Lonmin  2.1. 

C  <  rr,,.1(/-;,I.(n))(^  +  hj=\  t  r, ...  /■;„  («>) 
cuo)  — >  (7'  -fi... )/■:..(•/')  <  rr,,,(/-;„.(o))|jr  +  /,</-)! 

=>  fcV(T)  <  r,(/-;.,(o))(^  +  //(jf)]. 

Hence.  recalling  (2.27). 

(.1. j i )  (/ » /»)  '(-/;;.(7lv)<  ?  -  /■'«-(<») 

f  / (r-t ,  (<>)) 

Setting 

,CM(/ +  M 

wo  Iihvo  1 1n*  result  nl'  Proposition  2.1  valid  with  tlio  above  I'uiict i« »ti  />(.*). 

As  in  soot  ion  2.3.  applying  t  lie  rosult  of  Proposition  2.1.  wo  olituin 

13.13)  l\ir{m(T  t  I))  4-  /i( /•.’„.(»«( 7’  4  I)))  <•  1 1 iT). 

for  />/  -■  0.  I.  ..  Thus,  applying  Loninin  2.f»  with 

(3.1-1)  *,.» 

yields 

(3.|!i)  S(m).  in  -  0.  I.  .. 

Sotting  1  --  in’/'  +  r.  0  <  r  <•'  /'. 

(3. n»)  /•:„.(/)  *>»)  *.  Si--:--)  •  ^<7:  u  /•»»■ 1  -  /'• 

which  oomplotos  the  proof  of  Thoorom  1.3.  fl 

4.  Proof  of  Theorem  1.1 

The  first  part  of  Theorem  1.1  (existence)  follows  by  applying  the  result  of 
the  main  theorem  in  [ti|  within  the  framework  described  in  the  first  section  of  [1] 
whore  a  system  of  coupled  plate  equations  is  considered.  The  details  are  omitted 
for  lack  of  space.  We  shall  concentrate  on  the  second  part  of  Theorem  l.l.  i.c., 
estimate  (1.7). 
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4.1  Change  of  Variables 

\\V  introduce  a  rliuiiKc  of  vnrialiles.  ir  =  r  //.  I  hen  «’  silt isties 


n't/  -  ~J ^ii'n  +  A^ic  —  A'i(  ir)  kj(tt') 
ir( I).  ■)  r„  ■  tin:  »'/(<>.  •)  =  '  i  -  <‘i 

Air  4-  (1  /»)#!«•  •  “ l/i ( nr. +  /&"') 

(  '  r~Air  i  (I  -  lO&jir  -  ^fc.u'n  -  »'  +  HT/; » ( 7T7 "')  ~  <77" 

-/:(ir)  4  /j(  (/') 

//(//•,  +■  Hi)  -  «/( i‘i )  -  fr,  I A  rh  w<  f/7 )  +  ,7;  fAll7  "')• 


By  virt in*  of  ( 1.0), 


d  li  .  ...  . 

-  -  l/|.  «l  t  )• 

d,/  (IT 


Moreover. 


(  I.:))  ||i//||,„.  ,  „• .  :•  f '(/*’«(*•).  /■V(<>)). 

Hence.  I>y  Sobolev's  Imbeddings.  for  any  r  >  I. 

(4,1)  III//!!.- . . . .  f •(/•;„«».  /•:.  (on. 

Setting  <i,  =  ^//,.  ./;>  s  iff  1/1.  I>  s  -/,.  VVc  conclude  that  //,  <  '">'1 

li  6  HO.  x;  /.-.,,  (!'))■  On  the  other  hand.  functions  defined  by 

A-(.s)  ~  A'j(-s)  A- 1  (--■•/ ) 

/(*)  /,(*)  -  M  -s) 

/i(.s)  -  //,(«)  -  hd(-  s) 


comply  with  hypothesis  (11-1). 

Tims  we  ire  in  a  position  to  apply  the  result  of  Theorem  1.2  to  equation 
(  |,|).  This  yields 

Theorem  4.1.  Let  ir(t)  In  ant, I  notation  nj  finite  '  ,„  '/«/  rum  spandnin  to  sjinirm 
(1.1).  Then  Hu  it  r.rixt  ronstantn  C.  u 1  >  0  nnrli  that 

(4.r»)  ||(//  -  i" )( f )|| //■'mi  +  IK"/  ~  ,i/)(0ll//,ni.  -  ^  ' 

whrir  \ *)  mitfl  depend  on  ||//o||„/iui.  Ili’nll/diiie  IIMI  U // 1  mi ■  llrl  II //' rm ■ 


Nnnlinrnrly  rrmpird  Kin  lihnjJ  phih  rqnntinnx 


4.2  Analysis  of  “a”  Equation 

Using  the  variable  i/\  we  sec  that  tin-  equation  for  a  (see  (1.1))  is  equivalent  to 


n,i  -  'y2A u,,  +  A2n 

=  h("') 

in 

i/(0.  •)  -  //„;  n,(0. 

■)  -  n\ 

in  n 

An  +  (1  -  fi)B |  n  = 

-fi(&‘i) 

on 

lfeAM  +  (l  -i,)B.2u 

=  »(«/)  -  ; 

1 

■Cr 

i 

+ 

4 

•c 

=s|* 

on  Ex 

wliiue  from  Theorem  4.1.  ii'(t)  satisfies 

(•>•7)  IMOIU,,,  <Cr  ^. 

with  the  constants  C  and  depending  on  /?,.(()).  E„{ 0). 
II I  II II 1  nil*  II  t1 1  ||// 1  tue 


Proposition  4.1.  Let  £,.(<))  <  It,  £,'„(())  <  [{.  Tlim  then-  exist  constants  ('. 
lJ  >  (I  such  that  for  all  t  >  0. 


(1. 1(1) 


l|A^(t/')(0||.,lw,  <  Cl-1 

l|/a(«*)(0ll/.all-,  <  Cr 

<  re  -'. 


Proof:  Inequalities  (4.8)  and  (4.!))  follow  direct  from  (4.7).  hypothesis  (H-l)  and 
the  imbedding  II'2(il)  C  C(il).  As  for  (4.10),  we  have 

ll£M£(-m(0)||;?(  <<"|IM^(-m(/))||‘i„, 

(Ul)  <  cfM '••{>){* +  \& Hit)? \,n' 

<C,{|l«*(/)ll?|illll  +  ||tr(/)||^IlJ. 

where  the  second  inequality  follows  from  the  imbedding  //l/2(I  )  c  /^.(T)  followed 
by  the  Trace  Theorem.  (4.7)  together  with  (4.11)  implies  (4. 10).  □ 

We  next  consider  the  following  nonuutonoinoiis  linear  problem. 

dn  ~  l2 ^ii’n  +  A‘ii  =  k(t,.r)  in  Q 

«((),  •)  =  u,(0,  ■)  -  a  |  in  Jl 

(4.12)  An  +  (1  -  ii)Byu  =  -/j(/,  j-)iL,t,  on 

jfcAu  +  (1  -  h)B-2u  -  i2rEun  -  u 

=  g(t,J-)u,  -  £Mt,x)&u,  +  oil 
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where 

(443) 

II  W)ll <r„r 

(4.14) 

IUC0II,, 

(4.15) 

in  <  <  M 

(4.1b) 

!i(l-  .i  )  >  0 

(447) 

Notin'  that,  a  homogeneous  system  (4.12)  with  A-  =  /  =  0  is  exponentially  stable. 
Hence,  one  <'an  show  by  usiiijj;  linear  evolnt ion  methods,  that  this  stability  is  pre¬ 
served  for  a  system  with  nonhoinogenoous,  lmt.  exponentially  decaying  terms.  This 
is  stated  below. 


Lemma  4.1.  Let  a  he  a  solution  to  (4.12)  suhjr.et  to  assumptions  (4.l3)-(4. 17). 
Thru  their  exist,  eonstants  C,  u>  >  t)  <lepemlin<i  on  Co.  <*’o,  M .  oi  siieli  that  for  all 

I  >  <>. 

(4.1H)  K0II„*„„  +  <  Ce  -,(||«„||„aiMl  +  +  >). 


We  note  that  the  solution  u  to  (4.7)  satisfies  (4.12)  with 


(4.10)  A ■((../•) 

S  A’2(«'(/..I')).  /((••'•)  =  >A  I'H.. r))  -  —h2( 

<)r 

-~u<(t..r)) 

l >T 

(4.20) 

/.(/..a  = 

(4.21) 

mo  . 

777”' (/-') 

(4.22) 

nit ••«•)  =  — 77-7- • 

a/((. .c) 

Hypotheses  assumed  in  (H-l)  together  with  the  result  of  Proposition  4  1  imply 
that  (4.  Kl)-(4. 17)  hold  true. 

Thus  we  are  in  a  position  to  apply  the  result  of  Lemma  4.1  to  the  solution  u 
of  equation  (4.1)  This  yields 

Theorem  4.2.  Let  u  he  a  solution  to  (4.5).  Then  their  exist  eonstants  C.  uj  >  0 
itrpendiiuj  on  E, .(()).  L’„(0)  siieli  that 

(4.23)  ll«(#)ll«=-....  -i-  ll«f(0ll«'...,  <  CV—#. 


Combining  together  the  results  of  Theorem  4.1  and  Theorem  4.2  and  recalling 
a  s  u)  +  u  yields  the  final  eonehision,  (1,7)  in  Theorem  1.1.  □ 
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AliSTliAi'T.  In  tin.'  paper  the  optimal  control  problem  for  the  thermally  coupled  in¬ 
compressible  Nnvier-Stokes  equations  bv  the  Dl.ichelet.  boundary  temperature  control 
is  discussed.  Wcll-posedness  uiul  existence  of  (lie  optimal  control  lor  the  fiuite-titue  hori¬ 
zon  problem  and  optimal  control  problem  for  the  stationary  equations  are  established. 
Necessary  opt  imality  conditions  are  also  obtained. 
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Key  worth  tint l  phmxcs.  Houssinesq  equation,  boundary  temperature  control,  necessary 
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1.  Introduction 

In  t  his  paper  we  discuss  the  optimal  contiol  problem  of  the  thermally  coupled 
incompressible  Navier-Stokcs  equations.  Consider  the  following  optimal  control 
problem 

minimize  •/(;;)  =  f  (■p(n(t).T(t)-T[,)  +  ^\<i(t)-Til[V)'S\iH 

ft.  1 1  ./a  \  i  j 

over  t){t)  €  C 

subject  to 

—it  +  u  ■  Vii  +  V;>  =  »  An  +  7  (T  -  To)  c,i  +  / 

<)t 

(1.2)  V  •■»  =  (),  u|p  -  (), 

|-T+  a-  VT  =  V-(«VT).  T  —  q  on  T 
at 

where  /  6  is  a  source  field,  u,  p,  T  stand  for  the  nonditnensionali/.od 

velocity  vector  in  Rd  witli  d  =  2.  3,  pressure,  and  temperature,  respectively  and 
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C  is  the  closed  convex  set.  in  /d(F)  such  that 

(1.3)  T|  <  <■/(•'■)  <  Ti  n.e.  r  6  F 

Here,  T\  <  To  <  Tj  and  •)■■=—-  where  7n  >  I)  is  a  constant,  reference  temperature 

-Ml 

and  fi  is  the  gravitational  constant,  the  vector  e,/  denotes  the  <1  —  th  unit  vector 
of  IV1,  Throughout  this  paper  we  assume  that  51  is  sufficiently  smooth,  |/.  k  are 
positive  constants  and  M(t.)  —  T(t.-)  —  T().  This  control  problem  and  the  cor¬ 
responding  problem  for  the  stationary  flow  (set-,  section  2)  are  motivated  ironi 
control  of  the  transport,  process  in  the  high  pressure  vapor  transport.  (HPVT)  re¬ 
actor  [1ST  1] .  For  example  we  consider  the  Schulz  geometry  depicted  in  Figure  1, 
The  source  material  and  the  growing  crystal  are  sealed  in  a  fused  silica  ampoule 
that  is  heated  by  a  furnace  liner  at  its  outer  cylindrical  surface.  The  substrate  F() 
(the  single  cryst  al)  is  located  on  a  fused  silica  window  (W)  which  is  cooled  by  a  jet 
of  helium  gas  from  the  outer  surface.  HPVT  processes  are  based  on  physical  vapor 
transport  and  can  be  described  very  roughly  as  proceeding  via  evaporation  at  the 
polycrystalline  source  and  condensation  at.  the  surface  of  the  cooler  substrate.  The 
system  of  equations  (1.2)  is  called  the  Boussinesq  equation  when1  we  assume  that 
the  flow  is  incompressible  and  the  transport  phenomena  of  a  single  (carrier)  gas  is 
modeled.  The  objective  of  (air  control  problem  includes  the  uniformity  of  the  tem¬ 
perature'  in  a  neighborhood  of  the  substrate  (W).  For  example,  the  performance 
index  appearing  (1.1)  is  given  by 

*W)'T(t)  -  7o)  =  i  /  (| «(/..»■)  -  »,/(.r)|'2  +  \T(t,.r)  -  T, ,(*)?)  <l,r, 

£  -hi 

where  the  pair  (a, /(;/•),  T, /(.»•))  is  the  desired  state.  We  refer  [1ST  1  ] .[1ST2]  for  the 
specific  choice  of  (a,/.  7’,/). 

Also  we  consider  a  family  of  control  problems  parameterized  by  r  >  0: 

(1.1)  minimize  ./(<;)  over  i/(t)  £  C 

subject,  to 

jjj"  +  a  ■  Vu  +  Vp  =  i/  An  +  7(7’  -  7’u)  t  ,i  +  f 

V  '  a  —  0.  ii|p  =  0, 

d.ri) 

— T  +  n  ■  VT  =  V  ■  (k  V7’). 


kii  ■  VT(f.  •)  =  -  (f i(t,  ■)  -  T{t,  ■))  on  F. 

where  n  is  the  (.at. ward  normal  vector  at  the  boundary  F.  The  boundary  condition 
for  T  is  given  by  the  Newton’s  law  of  cooling.  Problem  (1,4)  -  (1.5)  is  discussed 
in  [IST2]  and  is  much  nicer  to  be  dealt  with  botli  in  the  theoretical  and  numerical 
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point  of  view  since  it  is  naturally  formulated  under  the  Gelfand-triple  framework  in 
[LM],[IST2].  In  this  paper  we  develop  a  weak  formulation  of  the  Dirichlot  houndary 
control  problem  in  the  thermal  equation  of  (1.2)  (see.  Definitions  2.1  and  3.1)  which 
is  based  on  the  transposition  of  the  Gelfand  triple.  A  solution  to  equation  (1.2)  is 
defined  bv  an  asymptotic  limit  of  solutions  to  equation  (1.5)  when  f  — * •  ()+.  This 
limiting  procedure  is  necessary  since  our  weak  formulation  does  not.  allow  us  to 
use  the  (weak)  maximum  principle  to  obtain  a  priori  bound  of  solutions.  Thus  we 
analyze  problem  (1.1)  — (1.2)  as  the  limiting  case  of  problem  (1.1)  and  (1.5). 

The  outline  of  the  paper  is  as  follows.  In  section  2  we  discuss  the  correspond¬ 
ing  control  problems  (2.1)-(2.2)  for  the  stationary  How.  Basic  functional  space 
framework  and  the  dcHnition  of  weak  solutions  to  the  steady-state  equation  are 
given.  The  existence  of  weak  solutions  then  is  shown  by  the  limiting  procedure 
described  above  where  a  priori  -hound  of  the  thermal  component  0  is  used 
in  an  essential  way.  Necessary  optimality  condition  is  obtained  by  applying  the 
Lagrange  multiplier  theory  [MZ].  In  section  3  we  discuss  the  finite*  time  horizon 
problem  (l.l)-(l.ll).  The  existence  of  weak  solutions  to  (1.2)  and  necessary  opti¬ 
mality  condition  for  d  —  2  are  established  by  the  limiting  procedure. 


2.  Stationary  Case 

In  this  section  we  consider  control  problems  for  the  stationary  How: 

(2.1)  minimize  ./(«/)  =  *>(  it,  T  -  7b)  +  -  \<j  -  7b|/.a(n  over  g  6  C 
subject  to 

—u  An  +  it  ■  V«  +  Vp  =  (T  -  To)  r,t  +  f 

(2.2)  V  ■  u  =  0.  »|r  =  (). 

— s’.  AT  +  ii  ■  VT  =  0.  T  =  <j  on  V. 

2.1.  Wellposedness.  In  this  section  wo  discuss  existence  and  regularity  of  solu¬ 
tions  to  (2.2).  Let  Vji  he  the  divergence  free  subspnee  of  (//,j(12))<;  [GR]  and  // o  is 
defined  by 

Ho  =  {<i>  6  L2(il)'1  :  V  •  <l>  ~  0  and  n  0  =  0  on  T }. 

Ho  is  equipped  with  the  natural  L2  —  norm  and  Vb  is  equipped  with  |i/|'f.  = 

Let  H |  =  L'2{il)  equipped  with  the  natural  /Anorm  and  l7[  =  f/,|  (£2) 
equipped  with  \<t>\yt  =  |V0|;/J(li).  If  we  identify  H\  with  H\  then  V\  C.  H\  =  H\  C 
V,*.  Lot  A  denote  the  Laplaciau  and  Ao  =  A  with  dom(Ao)  =  H2(ll)  fi  H(j(S2). 
Then  -A(]  is  positive  selfadjoint  operator  on  //],  and  -  Ao  €  £(Vj,  V,*)  with 


(-Ao0,  0)  =  (V0,  V0)lj  for  </>,  0  £  Vi 
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whew?  Fj*  =  H  '(Si)  tuic!  (-,  •)  denotes  the  dual  product  of  V\  x  V).  Moreover,  V{ 
can  he  equipped  with 

(2.3)  =  <*,  (-A«)-1^), 

i.e..  (-Ao)_l  6  C(V‘ ,V\)  is  the  Riesz  map  of  V".  Consider  the  second  equation  of 
(2.2)  when  u  €  Mi  is  fixed.  By  Green's  formula  we  have  from  the  second  equation 
of  (2.2) 

(n  •  VO  —  k  A 0,  t/i)  =  k  (0,  0)  +  k  (y  —  71),  n  ■  V0)f  —  (#•  "  •  Vil>)  —  0 
for  V’  —  (-A o)_1</i.  <l>  €  //).  where  we  assumed  that  0  =  T  -  71)  is  sufficiently 
smooth  and  (f,y)y  —  j  f(n)u(s)  tin.  Thus,  the  second  equation  of  (2.2)  can  he 
written  as 

(2.4)  k(0 ,  -{()<  +«(</- 7ii.  ll•V^|.’)\^  —  <•.  where  v  =  (-An)-1* 

for  <!>  G.  H i  =  L2(S2).  Here,  we  assume  that  the  domain  Si  is  sufficiently  smooth  so 
that 

|(  -An)  <  o  !0|;,j;si).  <1>gL2{ Si) 

for  some  n  >  0.  Hence,  we  have  Vi/.’  €  //'(Si)  and  //  •  V</‘  g  //4(F)  for  r  — 
(— An)_l0,  <j>  €  L2(Si).  Let  IF  he  the  completion  of  /,2(Si)  with  respect  to  norm 
|(--A(i)  "10|/<j.  Then.  VF  =  (//[)*  where  Vj*  is  taken  to  he  the  pivoting  space 
equipped  with  inner  product  (2.3).  The  dual  product,  on  IF  x  H\  is  defined  as 

(0.0)iv*//,  =  ((-An )~'0.(1>).  0  €  IF  and  <t>  €  //|. 

Thus,  // 1  C  V\  —  (F|*)‘  C  IF  defines  the  Gelfaud  triple  and  results  in  tin1  transpo¬ 
sition  of  the  standard  triple:  //,J(S2)  C  /,2($  2)  =  L2(  Si)*  C  //“'(Si)  hy  one  Soholev 
index.  Moreover,  (2.4)  is  equivalently  written  as 

-KA0  +  V-(nfl)  +  r  =  0  in  IF 

where  /•  6  IF  is  defined  by 

(r.f/Oir*// 1  -  «(/;  -  7’u,  n  •  Vii')r.  with  </•  =  (-An) '  'o.  0  €  //|. 

Now.  we  define  the  weak  solution  to  (2.2)  hy 

Definition  2.1.  The  pair  (n,0)  e  VI,  x  L2( Si)  is  a  weak  solution  to  (2.2)  if 
(2.5a)  i /(Vit.Va)  +  b(u,  u,  v)  —  (7  0r,/  +  /,  c) 

lor  all  r  €  Vjj  and 

(2.56)  k(0,  (j>)i;i-{0 ,  «•  Vi/O/.i +k (^  — Tn,  n- V(/’)l  -0.  where V’  =  (— Ao)"l0 
for  all  <j>  6  L2( Si),  where  the  trilinear  form  b  on  (Vh):t  is  defined  hy 
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It  follows  from  [Tel]  that. 

Lemma  2.2.  The  t.rilinr.nr  form  b  satisfies 

(n)  | b{u.  n,  w)  <  |«|,,i|Vi»|\i,|«i/,4  <  M\  Mv'„Mi'„Mv'„ 

(l>)  b(u .  ik  in)  +  b(u,  in,  v)  =  0  in  particular  h(u.  v,  v)  =  0 

(r)  \b(u.v,w)\  <  A*/a  I "  I  vf,2 \v\\tt  I  Hu'2 1  M,l  *•«  fovd  =  2 

((/)  | />(«. e. w)|  <  A/2|1!|-|«|^|a|^>,|*C,|«-K,  f"1'1  =  3 

/()•/■  1/ . »».  it'  £  Vh. 

The  sesquilineur  form  on  //|  x  Hi  defined  by 

k  (/pi,  0j)//j  -  (0i,  n  ■  V0)/>'  where  0  =  (-A<>)"  l<;>2 

for  0/(  i  =  1,2  6  and  n  £  lo  given,  is  bounded  but  is  not  necessarily 
H\  -coercive  unless  |«|v„  is  sufficiently  small.  Thus,  one  cannot  show  that  (2.5) 
has  a  solution  (u.O)  €  To  x  H\  in  general.  We  overcome  this  difficulty  by  an 
approach  hi  [It]  in  which  a  solution  to  (2.5)  is  defined  by  a  weak  limit,  of  ( u,.0 , ) 
where  ( u, ,  0, )  £  Vo  x  is  a  weak  solution  to 

-v  An,  +  it  ■  V»,  +  Vp  =  *>  0,  c,i  +  f 
^2  (jj  -kAA,  -I-  a,  ■  Vfl,  =  0. 

k  n  ■  ti,  =  -  (iy  —  To  —  0, )  on  P. 

i 

A  variational  form  of  (2.0)  is  given  by  (2.5a)  and 

(2.7)  *  (V0.  V0)/.i  H-  ( ii  •  VW,  (,'•)  +  j  (0.  i/')r  -  ‘  (,,  -  Vi,.  *,•),• 

for  0  £  // 1  ( S  i ) .  Then  we  have 

Lotntna  2.3.  Fart  >  0  uvd  </  £  L2(P)  equation  ( 2.  Hu )  and  (2.7)  has  a  solution 
(i  i,,0f)  inViixHl(tt).  Moreover  if  T\  <  ft  <  Ti  u.c.  in  P  thenT\-Tu  <  ti,  <  Tj-7'n 
a.e  in  il. 

Proof:  Let  ii  £  V]j  be  given.  Note  that  (ii  ■  V0.  0)  =  — ^  (V  •  ii,  |0|2)  =  t).  Thus, 
it  follows  from  Lemma  2.2  that 

rr ( ( t/ 1 , 0| ),  ( ii2.  02))  =  v  (Vii|.  Vi/2)  +  b{u,  u , ,  u2) 

+  K  (V0I,  W’2)/,l  +  ^  (01  ■  02 )r  +  («  •  V0|,  02) 
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for  (iii<  '/’))•  i  —  1.  2.  defines  a  bounded,  elliptic  scsquilincar  form  on  ( Vji  x  // *  (Si))2 
with 

rr((«.  */’)•  ("•</’))  =  v  |Vu|2  +  k  IVi/'l2  +  -  | V'lr • 


whore*  wo  mod  the  fact  that  for  t  >  0 


’I//!  —  K  |V«/f  T 


_1_ 

2f 


defines  tho  equivalent  norm  on  //'(Si).  Thus,  it  follows  from  Lnx-Milgrum  theoroni 
that.  given  (fi,fl)  €  VI,  a  h  '(Si) 

tr((n.fl).  (i».  i/>))  »  h»r,,  +  /.  r)  +  -  (,/  -  7„.  V-)r.  »  €  //‘(Si) 

f 

has  a  uni(|ue  solution  (u.d)  in  Vh  x  //'(Si),  Moreover, 

K.  =  wri*  + 1  ifli?.a(n  <  2--  i.v  -  7hii*(n. 

A/a 


and 


it,  < 


(T|0|/>  +I/I/.0. 


whore  |0|/f„  <  A/n  .  <t>  €  VJ|.  Define  a  solution  map  <1>  on  V!i  x  //'(Si)  by 
<!>(». 0)  =  (t/.0).  L(*t.  t"1  he  tho  closed  conv<*x  suhspace  of  Vii  x  //'(Si),  defined  by 

C  -  {(0,  i p)  :  |0)»;,  <  —r  If/  — 7ii|/.i(i  )  |/|/.j)  ami  U'*|//i  < 

"  vie  V2( 

whore  |0|/,a  <  A/.||0|//i.  0  €  //'(Si).  It  follows  Iron  the  above  estimates  that 
‘I1  limps  from  C  into  C  Moreover,  it  is  shown  in  [1ST2]  that  <I>  is  continuous  and 
compact.  Hence  hy  Sohnudor  fixed  point  theorem  <I>  has  a  lixed  point  in  VI,  x  // 1  (Si) 
that  defines  a  solution  to  i‘2..rja)  and  (2.7). 

Moreover,  we  nssuint  that  T\  <  </  <  7-j  a.e.  in  I’.  Let.  t /*  =••  sup(0,  ,T>  -  7b). 
Then  «•  €  //'(Si)  [Tr]  and  >,  ■  VO,.  </')  =  -i(V-  |rf )  -  0.  From  (2.7) 

a'iVi/’|2H — (0,  —  (</ —  /(> )  •  t/')r. 

( 

where  [0,  -  (;/  -  7j,))  •(/>  >  (I  a.e.  on  F.  Hence*  |Vi;*|2j  =  I)  and  thus  0,  <  Tj  -  7h. 
Similarly,  we  can  prove  t  ine  0,  >  T\  -  7b  hy  choosing  »/•  =  inf (7’i  -  7« .//,).  □ 

Lemma  2.4.  Suppose  T\  j  ;/  <  T )  a.e.  in  F.  Lei  [u,.(),)  t  In  x  //'(Si)  he  tin 
solution  to  ( 2.5a)  and  (2.7)  77i.cn  there  crisis  a  setpienee  {<  }  of  positive  numbers 
such  that  u,  conven/cs  weidi/  to  u  in  Vt]  and  0,  ronven/es  wcuklt/  *  to  0  in  /.X(S2). 
where.  (it-.O)  €  Hi  x  L~*-(il)  satisfies  (2.5)  with.  T\  —  Tn  <  0  <  7b  -  7b  o  r.  in  Si. 

Proof:  Setting  «/>  =  0,  in  (2.7),  we  obtain 

(2*8)  ^m^  +  ^\0,\l<l-\y-T(i\l 


! 
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Hence  |W,|p  is  uniformly  hounded  iu  ,  >  0.  Note  that  from  (2. Jin) 

kk  <  ~(7|ftk»  +  l/l/.0. 

It  follows  from  Lemma  2. II  t.lmt  f|  —  71,  <  ft,  <  7^— To.  Hence  \ft,  |/,a  <  ^/men.s(il)  x 
nmx(|T|  —  71,  |,  \T-i  -  Ti|)  and  |u,  |\-0  is  uniformly  bounded  in  r  >  0  .  Thus  there 
exist.  (u,ft,g)  g  Vo  x  //'(SI)  x  L2( T)  and  a  sequence  {r}  of  positive’  numbers  such 
that  the  trace  of  ft,  +  7'0  on  V  converges  weakly  to  g  in  LJ(P).  ft,  converges  to  ft 
weakly  *  in  L'XJ(S2)  and  u,  converges  to  it  weakly  in  Hi.  ns  c  —  ()+.  From  (2.7).  we 
have  for  </’  £  //‘(S2) 

(2.0)  {ft,  -  {,,  -  71, ).  i/-)r  +  r  (*  (Vft. .  Vo)  +  („,■  VO, .  ./-))  =  0. 

where  it  follows  from  (2,8)  that 

r  |V0,li,  is  unifoiudy  bounded  in  f  >  0 

and 

Ik  -Vft,.  f)l  <  ^^<'^v,^VO,\l.\o\ln 
lor  some  M  >  0.  Thus,  from  (2.0) 

l(k  +  7’,,)  -  (/).  l  <  A/  Hr|t’*|//i 

for  some  M  >  0  and  all  ij>  E  // 1  (S 2).  which  implies  that  /)  =  /;  and  ft,  —  //  -  T(i 
as  f  — >  ()+  iu  // “  ‘^(F),  Setting  »/>  =  (~At,)'  '</>.  <!>  E  /•/,  =  //*(U)  in  (2.7)  and  l,.v 
Green's  formula  we  have 

(2.10)  k(0,,  i„  -  (ft,,  n,  ■  Vo)i,.'(U)  +  »>•(#..  /i  ■  VcOr  -•  0. 

Note  that  V f/>  £  //'(SI),  n  ■  V i '■  €  //'^(F).  and 

Ik  t/  V</’)M|  <  >| V t'i;. i 

Since  //'(Si )  is  compactly  embedded  into  //'(Si)  it  follows  from  (2.10)  that  (a.W)  E 
In  x  /.X(S2)  satisfies  (2.5b).  Since  (i i,.ft,)  converges  weakly  to  (u.ft)  in  Hi  *  I.'-(U) 
and  //‘(Si)  is  compactly  embedded  into  L'(S2).  it  follows  from  Lemma  2.2  that 
(u.ft)  E  Hi  x  /k(SJ)  satisfies  (2.5a).  □ 

2.2.  Necessary  Optimality  Condition.  Let  us  denote  by  S(g),  the  solution  set 

of  (2.2)  for  <i  E  l2(V).  Then,  we  have  the  existence  of  minimi/er  for  (2.1 )  —  (2.2). 

Theorem  2.5.  Consider  the  ininirniztititrii  problem  (2.1)  —  (2.2)  which  in  equiva¬ 
lently  written  an 

minimize  J(u,T  —  Tn,g)  =  yj(«,  T  —  Tn)  +  $\u-T»\Un 
over  (u,  T  -  7’0)  €  S(g)  and  g  E  C, 
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where  C  is  a  rinsed  convex  set  in  L2(V).  Assume  that  <fi(n.0)  is  coercive  in  0  € 
H ]  =  L2(ll)  and  satisfies 

i p(z)  :  z  —  (it, T  -  To)  £  VI)  x  L2(U)  —>  R+  is  convex  and  lower  semi.eonti.no  us 
and  0  <  *?(:)  <  5,  |s|vi,x/.a(ii)  +  f>*  f»r  >>i<  ><2  €  7?+ . 

Then  Problem  (2.1)— (2.2)  has  a  solution. 

Proof:  It.  follows  from  Lemma  2.4  that  S(ff)  is  nonempty  for  g  £  Lt't 

(?t*..,<4)  €  S{<]k)<  (Ik-  €  C  ho  a  minimizing  sequence.  Since  li  >  0  | </*.  -  TJi | /,j{ r>  is 
uniformly  bounded  in  A\  From  the  assumption  on  *p  we  have  j<4|/,a  is  uniformly 
bounded.  Setting  a  —  u *.  in  (2.5a),  we  obtain  from  Lemma  2.2 


<  (~r\fh\i.>  +  \f\i.i)  Kl //„• 

Hence,  |«a- | v„  is  uniformly  boumled  and  thus  there  exists  a  subsequence  of  {A1}, 
which  will  be  denoted  by  the  same  index,  such  that  (iq-.f4  •</*•)  converges  weakly  to 
(u.Oyfi)  £  V»  x  H\  x  C  since  Vh  x  H\  x  L2(r)  is  a  Hilbert  space  and  C  is  closed  and 
convex.  Since  H '(52)  is  compactly  embedded  into  L\il),  it.  follows  from  Lemma 
2.2  that  b(/q..iq.,  a)  — *  h(u,  ii.  a)  for  a  £  Vh.  Note  that 

|(fl,  if  V0)|  <  |^|/,'j|a|/,4|Vi/’|;.t  <  A/ |W|/,j |a|/,i |(/)|/,j 

for  0  =  (-Ao)_10.  Thus.  (0*..  iq.  •  V0)  — »  (0.  a  ■  V i/’)  for  0  =  (-An)" ’o')  and 
(u,ff)  €  A'(/y).  Now,  since  ^  is  convex  and  lower  semieoutinous  it  follows  from  (ET) 
that  (ut9,g)  minimizes  (2.1).  d 

Recall  that  IV  is  the  completion  of  H\  =  L2(H)  with  respect.  to  norm 
|(— Ao ) " 1 0| //, .  Problem  (2.1)— (2.2)  is  equivalently  written  as  a  constrained  min¬ 
imization  on  x  =  (u.T  —  TJj,  /y)  €  X  =  Hi  x  // 1  x  L2(l')  with 

minimize  ./ (.r)  —  ^(a,7’  -  To)  +  ij  |//  -  7ii|'21(|-)  oara  .a  e  -Y 


subject  to  r(.r)  =  0  and  g  £  C 

when-  tin*  equality  constraint  c  :  ,Y  — *  V’  =  VJ*  x  IV  is  defined  by 
(f  (.a),  (a, <•/>))  =  i/(Yh.  Ve)  +  />(«.  a.  a)  -  -v (0r a) 

(2.11) 


+k  (fl,  0)  -  (0.  a  ■  V0)  +  w  (g  -  7]).  it  ■  Vi/.j|-. 


for  (a,0)  £  E)  x  //t  with  i/>  =  (-Ao)  1 0-  Assume  that  .a*  =  (a’.W’.j/*)  denotes 
the  optimal  solution  of  (2.1) -(2.2).  Then  we  have 

Theorem  2.6.  Assume  that,  x *  w  n  regular  point,  in  the  sense  [MZ]  that 
(2.12)  0  £  int  {e'(,i:*)(a,0, It)  :  (a,0)  £  Vii  x  7/)  and h  £  C’  -  r/*}  in  (Vj))*  x  IV. 
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Then  there  exists  a  Lagrange,  multiplier  (A*,/;*)  £  VI)  x  O  //, ' ( i i ))  such 

that 

;/  (VA* ,  V»)  +  b{ ii,  ii* ,  A’ )  4-  b{  it* .  »>,  A* ) 

(2. 13)  -(8*V/i', v)  +  (vn{u\0*),  v)  =  0 

k  (V/i*.  V0)  -  ('t*  •  V/t*.  0)  -7  (A*,  V’frf)  4-  ,0*),  iji)  ~  0 

far  v  £  l  u  and  ij>  €  //,’  (S i)  and 

(2.14)  {ii (</*  -  T„)  4-  k it  •  V/t*.  h  -  <y*)r  >  0  /or  «// h  6  C. 

Proof:  It.  follows  from  Lemma  2.2  mid  (2.11)  Unit  r  is  Freehet  < liff«H*c»nt. ial »U*  and 
the  F— derivative  r,(.t**)(i>. Ii)  is  given  I»y 

(r'(.r*)(i>.0,/»),  V’)  =  i'(Vr,  V0i)  4-  b(i',  n*.  i/’i)  +  b{u\i>,  0,)  -  7  (0r,,.  0,) 

+  k  (0,  0a)  -  (0*.  n  ■  Vi/>)  -  (0.  •  Vi/')  +  k  {Ii,  11  •  0) |- 

for  (t’,0,/>)  e  X  and  0  =  (i/'|.0j)  €  Vo  x  //,,  where  0  ( —  A0 )  1 0’a ■  Sinci’ 
.r’  is  regular,  it  then  follows  from  [M2]  that  there  exists  a  Lagrange  multiplier 
A  =  (A *.//*)  €  Y*  =  Vi>  x  Hi  sueli  that 

(2.15)  (/(h*.9*).  (n,0))  +/<(<,*  -To,  h  -//*),•  +  (r'(.r*)(i>.0./i  -  #■/*),  A)  >  0 
for  all  (n,0)  £  VIi  x  Hi  and  h  6  C-.  Setting  (e,0)  -  0,  we  obtain  (2.14)  if  we  define 

//*=(- A, u)  V- 

Next,  setting  /1  =  ;/*  in  (2.15).  wo  have 

(*>*.»*).  (r.0))  +  (e'(.r*)(,i,0.O).  A)  =  l> 

for  all  (e. i/i)  €  Vo  x  //(,  Tims  we  obtain 

h(VA*.  V  e)  +  b(  a.  11* .  A* )  +  />(  11* ,  a.  A* )  -  (ff*  V/t*.  «»)  4-  fo,(n*.fl*).  e)  =  0 
for  all  w  6  V[)  and 

k(-Ai i//*.  0)/,j  -  (it*  •  V/t*.0)  -  7(A*.  0rj)  4-  (^o(ii‘ ,()').  0)  =  0. 

for  all  0  £  // 1  =  L2(i2)  which  implies  (2.UV).  □ 

Note1  that  if  the  lini'iir  operator  £  €  £(Vo  x  f/| ,  V[*  x  IV’),  defined  by  F(t\  0)  = 
e/(.i,*)(n,0,())1  is  surjective,  then  the  regular  point  condition  (2.12)  is  satisfied. 
Moreover,  we  have  1  he  following  lemma. 
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Lemma  2.7.  If  g*  G  int  (0)  then  the  retpdar  point,  condition  (2.1:1)  is  rquinalnd 
to  that  equation  for  (A.//)  6  Vo  x  (H*(U)  H  Ht\  (Si)) 

m(VA.  Ve)  +  fc(i.\  u\  A)  +  t».  A)  -  (0*  V//.  n)  =  0  fa  re  €  Vi, 

(2.1(5)  h(V/f.  V  i/’)  -  (a"  ■  V//,  t/')  -  7(A.  i I'e.i)  =  0.  for  if  G  H,\(il) 

and  n  ■  V/t  =  0  on  1’. 

implies  ( A,  n)  0. 

Proof:  11  1 1*  6  int(<J)  then  (2.12)  is  equivalent  to  that.  C>’  =  r,(.r*’)  is  surjeetive. 
Define  n  linear  map  C  G  £(A'.Vi,  x  H\)  hy  C(i\<i>.h)  ■—  (d.B)  where  (VM)  G 
Vi,  x  //,  is  the  nni<|Ue  solution  to 

V  (VU,  Vi/> i )  4-  h(n.  u\  t', )  4-  />(«*.  e.  i/'i )  -  -y  (</>c,/,  </•, )  =  0 

H  ((-).  tj'2 )  -  (0.  ii*  •  Vi")  -  (O’ .  e  ■  Vi;*)  4-  K  (/».  n  •  V r)r  —  (I 

for  (i/’i.  i/’-j )  €  Hi  x  // 1  and  c  =  (-Ao)‘  '(/•j.  Since  Hl(il)  is  compactly  embedded 
int  //'(SI).  it.  follows  from  Lemma  2.2  that  C  is  eompaet.  It  thus  follows  from 
Banach  dosed  ratine  and  Hies/.-Sehnuder  theorems  that  e'(.r’)  is  surjeetive  if  and 
only  if  ki  r(Ct')  —  {()}  (Dlj.  which  is  equivalent  to  (2.1(51.  □ 

3.  Finite-time  horizon  problem 

In  this  section  we  discuss  the  iinite-tinie  horizon  prohletu  (1.1 )-( 1 .—).  First, 
we  formulate  the  weak  form  of  equation  (1.1)  —  (1.2).  By  Clreen's  formula  we  have 
from  (1.2) 

(“»(/).  </0  =  (-//(()•  V0(t)  4- kAW(/).  i,.') 

=  -n  (0(1).  if)  -  k  (//(/)  -  T».  n  ■  W)r  4-  (0(t).  «(/)•  Vr) 

for  if  =  (-An)  ]<;>.  if  G  // 1  lA(il).  where  we  assumed  that  (/(/)  is  sullicieutly 
smooth.  We  deline  the  weak  solution  of  ( 1 . 1 )-( 1 .2)  hv 

Definition  3.1.  The  pair  (u.0)  g  //*(((, 7':  Vi,  x  // , )  ft  VI ‘ 1  (0.  7';  lj,*  x  W)  with 
s  >  1  is  a  weak  solut  ion  to  (1.1)— (1.2)  if 

(3.1fl)  (^ u(t).  i’)\;;  <1„  4-  lz(Vu(/),  Vc)  4-  /'((/(().  «((),  c)  -  ■)  (0(l)e,l.  *  )  —  t) 

for  all  v  G  VJ,, 

(3-1  b)  (jf»(t)^l>)\vs,h~H(0(t).,l>)-(0(t),  ifVd4K(;/(f)-7i1./oVdr=() 

for  all  0  G  H\ ,  where  i f  ~  (— An)“lc/>. 
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llecnll  Unit  //,  =  /;J(S2),  VV  =  H  '(SI)  and  VI,  x  //,  c  //«,  x  l',*  =  (//„  x  r,*)*  c 
VJ*  x  IF  defines  the  Gelfand  triple  where  Hu  x  V,*  is  the  pivoting  space  and  V'|*  is 
equipped  with  inner  product  (2.3). 

Annin,  we  construct  a  solution  to  (3.1)  hy  the1  limiting:  procedure  for  solutions 
to  (1.5)  as  t  — *  0+.  To  this  end  we  consider  equation  (1.5).  Let  V  —  Va  x  //'(il) 
and  //  —  Hu  x  //*($!)  For  r  >  0  define  a  sesquil  incur  form  h  on  V’  x  V  hy 

(3.2)  ri(o.c)  -  n  ( V  o ! ,  Vi/’i)  -  7(02',/.  0i)  +  s'  ( Vf,V  V  h'i  )  -t  -  (o-i.  t'j)r 

f 

for  (,')  —  (0i.</>2).  0  -  ( »/•  i .  0g)  €  V'.  Then,  </  satisfies 


|/~/(0. 0)|  <  A/  |0|r|t/'|\-  for  0.  i/»  €  V'  and 


(1(0,0)  > 


|0|‘f  -  7 10| //  for  0  €  1’. 


for  >  l)  and  A/  >  1.  where  we  used  the  fact  that 

(»■■!)  *\™\Un  +  $W\Uv)  >*'Khu> 

for  f  <  1.  Deline  the  tri-linear  form  h  on  \M  hy 

//((a.  ff, ).(/•,  0.),(»\  //:t))  =  (/(//.a.  a.)  4-  (a  ■  V«2.0:i) 


Since 


(3.5)  (a  ■  V«, .  V0a)  +  (a  ■  V()i.V02)  =  -(V  •  a.  tf,«2)  =  « 

for  u  €  V(i  and  ti\.  0-2  £  //'(il).  it  follows  that  5  satislies  Lemma  3.2  in  which 
VJi.  Hu  are  replared  hy  V.  //.  r<>spect ively.  The  weak  form  of  equation  (1.5)  is 
then  given  hy 

(3. (in)  (^a(f).  0)t;,*  't..  +  >'(Vu(/).  V0)  +  //(»(().  «(/).0)  =  (yO(t)v,i  t-  /.0). 

for  O  G  \-a  and 

(3.0 II)  (jO(t).  0>,//',* r//>  +K(V«(/).Ve)  +  *(//(/)  -  (//(/)  •  '/;,). f)r  =0 

lor  0  t£  //'(SI),  where  (/(/)  —  T(L •)  -  7’u.  or  equivalently 

ir)v,v  +  n(  -(0.  0)  +  //(;(/),  :(()•  0)  =  (/.  0t)  +  -  (//(/)  -  Vie  f  j)r. 

(It  ( 

for  i\'  ~  (<;'(.  t'-j)  t  Vi  wlinv  z(t)  =  (//(/.*).  0(/)).  Note  t-liut 


!(//•  0)H  <  A/  M/,-qnl0|//.(U) 

lor  //  S  L2(F)  and  r  €  //'(SI).  Hence,  hy  using  tin*  standard  arguments  in 
[Tcl],[('F]  we  have 

Theorem  3.2.  If  d  =  2  then  for  any  4(0)  €  //  and  tj  e  U  —  /,*((),  7’:  L2(F)), 
equation  (l.H)—(1.4)  has  a  unique  solution  z(t)  =  (u(t.-).O(t)  —  T(t.-)  -  7’o)  £ 
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C(ihT-,H)  n  7/2(0,  T\  V)  n  //'(O.T:  1/*)  satisfying  (:Ui)  n.e.  ,n  (0.7')  for  all  T. 
If  d  =  3  thru  aquation  (l.A)-(l.f)  has  a  weak  solution  z(t)  6  Cu,(tt,T-.  H)  n 
La(0.7’:V')n  ir'-'/'HO.TjV)  for  any  ;(())  e  H  and,,  £  7,2(t).  7’;  7.2(I’))  with 
hound 

5 1 +  ['  ‘'W(»)\l„  +  *\V0(s)\‘  +  I  I»(.s)|f.,/, 

./(i  ’ 

(3.7) 

<  ;;|;(*0I//  +  /  (”>»(«) r, /+/,«(«))+- (W(.x).  (,/(s)  ~  T„)  -  fl(s)),  ds 

*  ./it  f 

for  t  >  0.  In  (1.1)  rqualilt/  holds  instead  of  tin ■  ineqiialiti /  trim/  il  —  2. 

Let  A’  !)<■  tlir  closed  convex  set  in  L*( 0.7* ;  7.2(['))  dclined  by 

(3.8)  7v  =  {</(/)  €  7,2((). /';  7.2(1'))  :  //(/)  6  C’  n.e.  in  (0.7')}. 


Then,  the  following  corollary  is  proved  in  [IST2]. 

Corollary  3.3.  Assume  that  t,  £  K.  i.r..  T\  -  7Jt  <  //(/.•)  <  7a  -  7ii  n.i  in 
(t).T’)  x  SI  and  T\  <  7'(0,  •)  <  X,  n.r  in  SI.  Then,  there  exists  a  solution  to  (:t.(i) 
such  that  T\  -  7a  <  0(1.  •)  <  7v>  —  To  n.r  in  (0.7’)  x  !1.  /‘be  .we/»  a  solution 
0(1)  r,  T(t)  -  To  £  C(0.7’;  7.2(SI)) "n  7^(0. 7’;  //'  (S2))  n  //'(«. 7’:  7/'(S2)*). 

For  0  <  i  <  J  let.  iis  denote  by  (n,.t), )  the  solution  to  (3.0)  in  the  sense  of 
Theorem  3.2  and  Corollary  3.3.  Next,  we  show  that  (a.  .0, )  converges  to  a  solution 
(3.1)  in  the  sense  of  Definit  ion  3.1. 


Theorem  3.4.  Supjme  ,/  £  7\  anil  T\  <  7’(0.  •)  <  7-»  n.e.  in  St.  Tln  n  there 
exists  a  sequence  (<}  of  posit  ire  iiiinihers  such  that  u,  count  rips  to  u  wenklj,  ill 
7.2(0,  X:  Vo)  and  U‘I,"((I,T:  V(>‘)  (s  ■-  2  if  d  --  2  and  s  -  1/3  if  d  =  3)  and  stroinilu 
in  L2([).  T\  Ho),  undfl,  eonuvn/es  toll  in  wenkli,  *  in  L  x  ( (0.  T)  x  SI)  and  strain, hj 
in  7.2(0, 7':  II  ’(St))  as  t  — *  0’1  .  inhere  the  pair  ( ii.tl )  is  a  solution  to  (■!.!)  with 
7 1  -  7i,  <  0(1.  )  <  Tj  -  7i,  n.e  in  (0.7’)  x  52. 

Proof:  The  proof  is  given  in  several  steps. 

Step  1.  We  establish  the  uniform  bound  For  ( u,,() , )  and  the  trace  offf, (/)  on  F. 
Since  for  0(t)  e  7/J(0.7':  7/’(S2))  n  7/ 1  (0. 7':  7/’(S2)*) 


(»■»)  \  jtmn \i>  -  (j,m.  *.«•.  /  £  (o .rj. 

it  follows  from  Corollary  3.3  and  (3.(ib)  that 

*  Hh  n|Vtf,(/)|2  +  -1-  \0,(t)\(.  <  i  |*/(/)  -  7| lip 

Integrating  this  with  respect  to  t.  we  obtain 

(3.KI)  \0,(0\b+  f‘2*\V0l(*)\*+-\0l(s)ttds  <  |tf(0)|,.j  +  l'  -  |;/(.s)  -  Tn\f  ds 
./a  f  ./a  ' 


Kn/.iifunii  lio 


for  /  €  [0.7  ].  Hence  jn  \0,  (x)|p  tin  is  uniformly  bounded  in  <  >  (1. 

From  (3.7)  and  (3.9)  wo  have 

MOI ?,„  +  f  i‘\uA»)\i-n'i*<  —  t\\H")\h  +  \f\i.*?'l"- 

./ n  f/  ./(t 

where  |o|//„  <  A/n|0|\;,.  It  follows  from  Corollary  3.3  that 
(3.11)  !M0l/.'ti»,  <iimx(T,  -n.ti-To). 

Hence  J(f  \0,  («)|j  tls  is  uniformly  bounded  and  so  is 

s,ip  111.(01'//,,+  /  '0«.(orf„«// 

/  6(0,7]  ./ii 

in  f  >  0.  It  follows  from  Lemma  2.2  that 

|/>(izU).  i/(0. 0)1  <  A/-2 1 /»( 0 1 \ •„ | «( 0 1 //„ |$l t ;, 


|fc(«(0.  "(0.0)1  <  A/a|ii(/)|%a|«(0|J/*Mv„  for  </  -  3. 
Hence.  from  (3.(m) 


I *7: "((0I\;;  <  i0".(0lii1  +  A0|»t,(0|:^|i/,(0lJ,/,f  +  A/:thKM0l/y  +  l/l/.O- 


and  /  |-«f(/)|-'/;',//  is  uniformly  bounded  for  <1  --  3.  Similarly,  for  //  ■=  2  wi> 

./i,  111 

/•  /  ,  / 

have  ^  |--k,  (/)|^..  <//. 

Setting  i,”  —  (-An)  '(/>.  0  t  // 1  =  //*($!)  in  (3.(>b)  and  by  (ireen's  formula 
we  obtain 

(3.12)  (^«,(O.0)tf.//,  +K(f>,(O.0)/.v  -(«,(0.»,(/)  ?>/•)/.-• 

+  k(»,(/).ii  •  Vi, dr  -  0. 


|(ff,(0.«.(0-V», '•)/>•  I  <  .'1/K(0l/.0".(OK„M,.-* 

j*T  j 

for  some  A/  >  t)  it  follows  from  (3.12)  that  /  |  —0,  (/ )|u-  ill  is  uniformly  boumled. 

J  ii  ’ll 

Step  2.  We  show  that  (i/, (0.^(0)  and  the  trace  of  #,(/)  4-  To  on  F  have  the 
appropriate  limit.  It  follows  from  Anhui's  lemma  [CF]  that  there  exist  //(/)  £ 


77/  mnillff  rnuplril  Ntinif  r-Stnkr.s  rtfiintitnis 


/^(().7’;//J(r)).  n(/)  £  L2((hT:Vu)  *  7':  0(0  e  Tx((0.7)  x  It)  x 

//'(().  T;  ll‘)  and  a  subsequence  (r)  of  positive  nninhers  sucli  that 
(0,  (t)  +  7<>)||-  converges  weakly  to  */(0  in  7,J(0. 7‘:  /.*(!')), 

«,  (0— *  u(t)  weakly  in  Aa(0. T:  Hi)  ami  strongly  in  AJ(0.7: //n) 

0,(/)  —  0(0  weakly  *  in  /„"'■((().  7’)  x  Si)  and  strongly  in  7^(0. 7:7/  '(0)) 
From  (3.(>l>).  lor  dO  e  7.'J(0.7':  //'(»)) 


d0>  F  (MO  -  (.7(0  -  7a).  0(0)f 

ill 


+»K(V0,(O.Vf(O)  +  f  (1/  ■  V0,(O-  <.'(/))  -  () 


wln’fe  from  (3.  1(1) 


I' I^MOIjW  +  *|V0,(Olib 


(II  is  uniformlv  hounded  in  r  >  1) 


and  from  (3..r>)  and  (.’1.1 1) 


/V 

■I  a 


(0  '  V7,(0.  f'(0)df|  <  ,i\u,  |, ,11.7’./ /')■ 


wit  h  .1  =  max(|7'i  -  7Ji|. |7’a  --  7 J j | ) .  Thus. 


(M0  +  7o  -  //(/).  <  M  v/*l<i’(7)|/>(n.V://' ) 


for  some  M  >  0  and  all  i/  €  /.i(ll.  /’;  // 1  (S 2) ) .  which  implies  that  <)(t)  -  //( 0  and 

0,  (0  +  7]i  —  #/(/)  tts  f  — » (I1  in  //*(().  /’;  If  1 7 ' ( I ' ) ) . 

Step  3.  We  show  that.  (n(t).O(t))  is  a  weak  solution  of  (1.2)  in  the  sense  ol 
Definition  3.1,  From  (3.12) 

((-An)  ‘(0,(0 -0(0)).  0)U 

(Til)  ,./ 

+  /  *(0.(0.  #)»  (0,  (/).  a,  (0  •Vi/'),..-  4-  s(0,(/).  »»  Vc  ’)vdt=  0 

for  f  =  (-An)  *0.  <!>  6  /^(D).  Since  every  7. convergent  sequence  has  an  almost 
everywhere  point  wise  convergent,  subsequence,  we  can  assume  that 

(«,(0.(  A(.)  ’0.(7))  -(«(<). (-A„)  ‘0(f))  in  L'2(S2)*'  x  l2(U) 


\ 
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for  t  €  (0.7']  \  E.  where  E  has  zero  Lebesgno  measure.  From  (3.6a) 

(«,(/)  -  e) 

(3.15) 


+ 


f  i' (Vu,(. *). 

J  0 


),  V/’)  +  //(«,(. v).  a,[s).  /•)  -  l/yti,  (.•<)/•„  +  /,  ")  (is  =  0 


for  a  €  Vo.  Note  that 


/  |f>('".(«)  -  i/(.s),/i,  (.s),1')|//« 

./a 

<  A/  /  | (/,(«)  -  «(■•*)!  J/.’f  !«»(■'*)  -  « (« ) U t (“ ) I \ « 1 1  ’ I  v rf' 
•Ai 


<  M  jit,  (ft)  -  , .r./f „,!«.(••*)  -  «(«)l  ;^Vr;  V.1  ,t«.  <*)l  !•:  V..  I  ]  *'l  V„ 

where  wo  ltso/l  tho  fiu't  that  |«/>| <  f|/3|;/i  and  [f/j| 1  for  0  6  // 1  (£2) 
and  tho  Holder  inequality.  Similarly,  wo  iiavo 

/  |(tf,(").  ("■«(«)-  a(s))'V*/-)|(/.s 

./a 

<  A/  (n,  (.«*)  -  »(«)i),/4n.T;»„)l"'('S)  ~  ■ 

Houoo,  wo  can  pass  the  limit  off  —  <)!  in  (0.14)  and  (.4. 15)  to  obtain 

(//(/)  -  //(()).  o) 


\n 


(3.10) 


/ 


+  I  V  (Vv/(.s).  V<*)  4-  /j(h(.s)%  J/(.S ),  /’)  -  (-,(}{*)(■'!  -f  /.  r)  (Is  ^  0 


(fl(t)  -  0(0).  V') 

+  f  K(9[t),  0)L2-(e(t),„(t)  Vil>)  +  K(H(t).  If  ■  V tOr'tt  =  1) 

./ II 

for  r  €  Mi,  V'  =  ( -  -  An )  '(/>.  <,6  €  LJ(U)  and  t  €  (0.7']  \  E.  Sinoo  tho  integrands 
appearing  in  (3.16)  an-  intograble,  (3.10)  holds  for  /ill  /  G  (0.T].  Therefore  (w.ff) 
is  a  weak  solution  to  (1.2).  □ 

Corollary  3.5.  Suppose  //(())  6  M>  and  d  —  2.  Then  f/te  solution  to  (1,1)— (1,2)  in 
the  sense  of  Definition  3,1  is  unique  and  (a,  ,6,)  — *  (i i.O)  in  L:’((k  T:  Vh  x  (4 i ) )  f~i 
H[{o,T.  M;  x  W). 
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Proof:  Since1  8(f)  e  L2(0, T;  L2(U))  it  follows  from  [Tol],[WvW]  that.  we  lmve 
u(t)  e  C(()S-,V{))  n  L2(ilT\  nv„).  Note  that 

|(®1.M|  '  ^(-AoKV)  -  ■  V(-A||)  l0)\ 

(3.17)  <  l^i  -  QAi.A't'AuA^i!  i  +  \0\\iA"2 

-  ~  It, 

for  8j  €  L2(il),  Uj  £  H2({i)  n  Vo,  /  =  1.2  and  </>  6  /.“(SI),  where  we  used  the 
fact  that  IV’l/.i  <  elV’l^lV'l//?  for  V’  £  // 1  (£ 2).  Suppose  (it i  =  1.2  is  two 
solutions  to  (3.1).  Since 

I W)Mt)  ■  V{-A„)-1^)|  <  At  WOM'dOkM,.;. 
we  lmve  O^t)  6  //'((), T; IF).  Then,  it  follows  from  Lemma  2.2  and  (3.17)  that 

|tt|(0-M3(0l?/„  +  |fl|(O-^)l?/  • 

<  A/  /  1  (1  + 1»| (*)!?;,  +I#| («)|?,a )|«l (*)-  «2(*)|?/t,  +  |u(s)|2/..|#,-^,(«)|2/  „/«. 

./(l 

Hence,  by  Gronwalls  inequality  we  have  («i(O>0i(O)  =  («a(f).^a( 0)  for  every 

*  €  (0,71. 

Let  /.»(()  *«,(«)  -«(/)  and  w(l)  =  fl,  -fl(<).  Since  (<-(().  »-(/.))  6  7,2((),T :  In  x 
L2(il))  D //'((),  T;  VJj*  x  M"),  it  follows  from  (3.1)  and  (3.12)  that 

^  +M»’(0i«(0<  f’(0)  =  7  («’(/)<>/. «’(/)) 

^  .  +«M0f£*  +  (», (f ).»»(*)■  V(-A„)"' «•(/)) 

+(■»>(<).  •«,(!.)  •  V(-Ao)' 1  «>(/))  +  if  (d,  +  7(i  -  </(/).  «  •  V(— An ) "1n’(/))r  =  0. 
Note  that 

l(*. (0+71)  »  ■  V(-A|))  ln,(0)r|  <  A/|(ff,(/)  +7J,)  -«(/)(„  .,.k(0li.f 

and  that  from  (3.13)  0,  +71,  -  //(/)  in  L'2(U.T\H  l/2(I')).  Hence,  from  (3.17) 

W)?h„  +  >+  /  v  |n(«)|if;1  +  k  | ll’( «) -j  f/.S 

<  A/  /  (1  +  |a,(.s)|^|  +  |d,(.s)|2.J)|e(.s)|2/„  +  |u(s)|y/j  |m(s)|2/  , 

•/() 

+*  |(0,  (*)  +  T„)  -  <?(«)!//  i/a(f)  fLs 

The  desired  convergence  property  follows  from  Gronwall's  inequality.  □ 
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Let  us  denote  by  S(u),  the  solution  sot  of  (1.2)  for  g  6  A2(V)  in  tin*  s<'iiso  of 
Definition  3.1.  Thou,  wo  have 

Theorem  3.6.  Consider  tlir  finitr-tiinr  horizon  problem  ( 1.1)— (1.2)  which  is 
equivalently  written  as 


minimize.  ,J(a.T  -  To.g)  =  j  <p(u(t.).T(t)  -  T0)  +  ~  | </(/)  -  T(i|^J(,-)  > It 

oner  (u(t).T(t)  —  7b)  6  £’(#/)  and  //(f)  S  A’. 

where  K  is  a  closed  convex  set  in  U  =  L2(0, 7’;  L2(r)).  Assume  that  *p(ii,(l)  is 
coercive  in  9  6  H i  =  L2(H)  nrui  satisfies 


<^(c)  :  c  =  (m, T  —  Td)  S  Vn  x  L2(H)  — »  /f+  is  convex  and  lower  seinieontinous 
and  0  <  tp(c)  <  h i  |5|\;,x/,a  +  ^2  forb\,  6  /?+. 

TV/rn  Problem  (1.1)— (1.2)  has  a  solution. 

Proof:  It  follows  from  Lonimn  3.4  that  A'(.v)  is  nonempty  for  g  6  ((().  T)  x  V). 

Lot  (itk.Uk)  €  S((ik)x  A*  l>o  a  minimizing  so(|Uonoo.  Since  li  >  0  |//a(0  -7h|('  i«  uul- 
fornily  bounded  in  A:.  It  follows  from  the  assumption  on  that  |0*-(f)|/, ho. t-.i.hu)) 
is  uniformly  bounded.  From  (3.1a)  we  have 

IMOI//,,  +  /  "  I ttk(s) |jj,  c/s  <  ~  /  V2  K4(s)|/.i  +  |/|/;j  </« 

for  /  €  [O.r],  Hence  sup/ei„  7]  |"A-(f)|//„  +  Id  |«a(OIv„  dt  is  uniformly  bounded.  This 
im])lies  that  from  Lemma  2.2  (ha-, 9k)  S  IV '■ l/:,(0.7’;  V',*  x  IV).  It  thus  follows  from 
Aubin's  lemma  that  there  exists  a  subsequence  of  (A  },  which  will  be  denoted  by  the 
same  index,  such  that  (a;.,  ttk.'ik)  converges  to  (u.O.y)  weakly  in  A2(().  7’;  lb)  x 
La((),  T\  L2(il))  x  K  and  strongly  in  A2(0,  T ;  7/n  x  7/_l)  since  A*  is  closed  and 
convex.  Hence,  using  the  same  arguments  as  in  the  proof  of  Theorem  3.4,  it  cun 
be  shown  that  ( u(t),0(t).g(t ))  satisfies  (3.1).  Now.  since  i p  is  convex  ami  lower 
seinieontinous  it  follows  from  [ET]  that  ( it,  ft.  //)  minimizes  (1.1).  □ 

We  have  the  following  necessary  optimality  condition. 

Theorem  3.7.  Let.  d  =  2,  A'  be  given  by  (3.8)  and  u(0)  €  Vo.  If  (u*,f)*)  £  S(if), 
g*  €  K  minimizes  (1.1),  then  there  exists  a  Lagrange,  multiplier 
(A(f),u(t))eL2(0,T;Vu)n//1(0,T;Ko*)xL2(0ir;//2($l)n//lj(n))n^1((),T;L2(H)). 


Thvi'mnlUj  rouplcd  Navin-Stokvs  rquritiovn 
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such  that 

{~7tm'  ")  +  ^(VA(/).  Ve)  +  fr(i>,  «*(/),  A(*))- 1  I*.  A(0) 

-(0(/)V,i(f).  »)  +  <*>«("*('). »*(<)),  '-)  =  o  with  A(T)  =  0 

(3.18) 

ij>)  +  « (V/t(0-  W)  -  («*(0  ■  V/1(0.  </’> 

-7  (A (O.  V-Ol)  +  (<Po(if  (t-).tt* (t)),  I/O  -  0  inif/t  /t(T)  =  0 
/or  o  6  V'  and  </>  6  7/(|  (i  2)  mirl 

(3.19)  (//  (//*(/)  -  71,)  4-  k  n  ■  V/i(t),  h{t)  -  H*(t))i’  >  0  for  all  h  6  l\. 


Proof:  Consider  a  family  of  control  problems 

(3.20)  minimize  ./(w.d.f/)  ~  J(u,9. ;/)  +  |i/  —  subject  to  ( l.fi) 

for  f  >  0.  It.  in  shown  in  (IST2)  that  (3.20)  lias  a  solution  ( u* .  9* .  <y* )  wlicrc  it*  £ 
La(0.  T\  V{))  n  Hl( 0. 7’:  Ift),  9*  €  /,^((<).T)  x  12)  and  r/t*  6  A  and  they  satisfy  the 
necessary  optimality  condition 

(-^A ,«).  v)  +  i/(VA,(/).  Vv)  +  h(iKu:(t.),X,(t))  +  h(u*[t).i’,\l(t)) 

+  <y?«(«;(*).®;.  «->  = «  with A,m  = » 

(3.21) 

(~^/‘.(<).  i/O  +  K(V/t,,  V(/>)  +  ^  (//,(/),  vOr  -  <«,*(/■)  ■  V//, (/).  i/O 

~7  (A, (/•),  i/K’rf)  +  (<*>»(«?(*).  #, *(*))•  </’)  =0  with  It, [T)  =0 
for  v  €  K  and  ij>  €  //* (S2)  and 

(3.22)  (/^(tf;(<)-7),)+(.v;(«)-.v*(0)+«n-V/£,,  h(t)-rff  (t))v  >  0  for  all  /»  e  A’. 

Here  we  used  the  fact,  that  /i,(f)  6  L2((),T;  Af2(12))  and  K«.V/t,(/)  + l/it(f)  =  0  on 
T.  It  follows  from  the  proof  of  Theorem  3.4  that  there  exists  u{t)  e  L1  (0,  T:  VJi )  x 
// 1  (0,  T\  10,*),  9  €  T)  x  12),  <j{t)  6  A'  and  a  sequence  t  of  positive  numbers 

such  that  0'(l)  converges  to  6[t.)  weakly  *  in  LtX-((0,  T)  x  12),  uf{t)  converges  to 
u(t)  weakly  in  L2(U.T-,Vo)  and  strongly  in  L2((),T\  Ho),  and  y*[t)  converges  to 
<j(t)  weakly  in  U  where  (u(t,),9(t.))  £  S(g).  Note  that 
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where  (i i,, 9,)  is  the  solution  to  (1.5)  for  g(t)  =  y*(t).  Then,  it  follows  from  Corol¬ 
lary  3.5  that  (u, ,  0, )  — *  strongly  in  La((),  T\  Va  x  L2(i})).  Since  ./  is  lower 

semiconti nous,  we  obtain 

■/(«.«•») +  <  ./(«*,**.»•) 

which  implies  <■/(/)  —  </*(/)  and  y*(t.)  — *  </*(f),  strongly  in  L2(0,T;  L2(F)). 

Now  we  show  that  (X,(t),  fir(t))  converges  to  (A(f),  /t(f)),  weakly  in  L2(0,T; 
VI,  x  and  strongly  in  L2((),7’;//0  x  /7'(f2)).  Let  V2  =  {0  e  tf2(il)  : 

//  •  Vt/’  +  —  (1  on  I’ }  and  consider  the  sesquilinear  form  a  on  V2  x  V2  defined  by 

d(f,  i/’i.  02)  =  vfAi/'i,  Ai/’-i)  +  («*(/)  •  Vt/'i.  AV’a) 

Then,  d  satisfies 

sup  |d(t,  i/'i .  v’a)|  <  k|A(/’i|  +  '■|«,*(<)|;/j|V(/>i|/^ 

i/'jf.  V  J 

and 

(3.23)  d(/,i/>,  i/0  >  ^  |A(/)|2  j  -  /)2(/)  |Vi/'|2  j  for  0  G  Vj, 
where  />2(f.)  =  ('Im.*(0I//j  €  Z- 1  (C). 5T).  Let.  //* (S2)  lie  equipped  with 

Mm  i  =  |Vt/'|/vj(1J)  +  - 

Then,  Z2(U)  is  the  dual  space  of  Vj  when  Hl(ii)  is  identified  with  its  dual.  Since 
for  A  G  0  €  H'(U) 

k(V A,  Vt/;)  +  ~  (A.  i/Or  =  -s'  (AA.  i/O. 

The  second  equation  of  (3.21)  can  be  written  as 

(-■jf; /b(0*  O/.ixr,  +  d(f.,M,(f),  i/O  -  *V  (A, (/■),— AVc/) 

(3.24) 

+(v»9(«;(o.«;(<)).  -a  Vo  =  (• 

for  i /;  C  Va,  where  the  dual  product  on  L2(U)  x  is  defined  as 

(</>.  I/O /,-> X Uj  =  (0.  -Ai/0  for  0  G  Za(S2).  0  €  VV 

It  can  be  shown,  using  the  Galerkin  method  in  [LM]  (see,  [IST2]  for  details),  that 
equation  the  first  equation  of  (3.21)  coupled  with  (3.24)  has  a  unique  solution 
(A ,(t),/i,(0)  G  L2((),T;V(|  x  V^)  x  //*((), T\  VJ,*  x  L2(i1)).  Moreover,  we  have 

^im<)Im>  + « (oiia 

<  2/j2(f)|Mt(f)|;/i  +  -  ('y|A,(t)|ta  +  |0a(ii,*(t).<2*(t))|f,j),J. 

rl 
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Thrnnally  roujilnt  Namcr-Stnkn s  liquation. 


Hcncx\  by  tho  Grouwiill’s  inequality  xui>f€|o.r]  +  J,{  k  dt  is 

uniformly  bounded  in  0  <  f  <  1,  which  implies  ;t,  — ►  0  n.e,  in  P  uniformly  in  t  e 
[0,T].  Thus,  it  is  not  difficult  to  show  that  (A converges  to  (A(f)./t(/.)), 
weakly  in  £2((),  T;  Vu xH‘2(il))  and  strongly  in  L2{i),T\  IfaxH1  (il))  and  (A )) 
satisfies  (3.18).  □ 


References 

[AT]  F.Ahergcl  aim  R.Tonmm,  On  some  control  problems  in  fluid  mechanics,  Theorct  ical  mnl 
Computational  Fluid  Mcclmnics.  I  ( 1990).  :10:1-M25. 

[t’l'|  P.  Constantin  mnl  C.  l  oins,  Navirr-Stokrs  Equations.  The  University  of  Chicago  Press, 
Chicago,  1088. 

jDI)  M.C.Desui  mnl  K.lto,  Optitnnl  Control  of  Navier --Stokes  l'',<|iiHtions,  SIAM  .1.  Control  A’ 
Optiin.,  to  appear  (1001). 

[KT]  I.Kkelmtd  mnl  It.Tenmm,  Con ee.r  Analysis  anil  Variational  I'rohltins.  North  llollmnl. 
Ainstcrtlmn  (107(1). 

[fil]  R.GIowinski,  Nani  rural  Mr  lb  aits  fir  Nontinrai  Variational  I’roblnns ,  Springer-  Verlag, 
Berlin.  1081. 

[C ! It]  V.Girault  mnl  I’.A.  Haviart.  Eintlr  Elrmrnl  Mrtlioils  for  Niwin -Stokrs  liquations. 

Springer- Verlag,  Berlin.  1084. 

[1ST1)  K.lto,  .I.S.Seroggs  mnl  ll.T.Trmi.  Mnthenuiticiil  issues  in  optinmi  design  of  u  vapor 
transport  reactor,  Proceeding  of  IMA  workshop  on  Flow  Control,  etl  by  M.Ciunr.lmrger. 
(100,1). 

[1ST2]  K.lto.  .I.S.Seroggs  and  ll.T.Trmi,  Optimal  Control  of  Thermally  Coupled  Navier  Stokes 
ICciuations,  submitted  to  SIAM  .1.  Control  K •  Optlm.  (10011). 

[LM]  .1.1, .Lions  and  K.Mugenos,A/on-/i«tmi;/<  aeons  lloumlary  Valin  I’mhlrins  anil  .t/i/i/ieu- 
lions,  Vol  1,11,  Springer- Verlag,  New  York,  1072. 

[MZ]  11. Maurer  and  J.Zowe,  First  and  second-order  necessary  ami  sullieient  optimality  con¬ 
ditions  for  Inlhiite-diinenshmal  program. ning  problems.  Math  Programming.  Hi  (1070), 
08-110. 

[Ta|  ll.Tatmbe,  Equations  of  Evolution,  Pltumn.  Sim  Francisco.  1070. 

[Tel]  H.Tcmmu.  N twin- Stokrs  Equations  anil  Nonlinear  /■iinrliiiniil  Analysis,  SIAM.  Phil¬ 
adelphia,  108:1. 

[Te2]  ILTemmu.  Injinilt  Diinnisionnt  Di/naaiirul  Systrms  in  Mrrhanirs  anil  I'ysirs.  Appl. 
Math.  Sri.  08,  Springer- Verlag,  New  York,  1088, 

[TV]  (!.M.  Troianiello,  Elliptir  Piffrnulial  Equations  anil  Obslnrh  I’mhlrins.  Plenum  Press, 
New  York.  1 087. 

[WvW]  Wolf  von  Wahl,  ’/Vie  Equations  of  Nil inrl-Slokrs  anil  Abstrart  I’anibolir  Equations, 
Vieweg,  Braunschweig  1085. 

[Yo]  K.YosIda,  I'liurtioiml  Analysis.  Springer- Verlag.  New  York. 


Kn/ufutni  Ito 

Center  for  Research  In  Scientific  Computation 
Department  of  Mulhciuntics 
North  Carolina  State  University 
Raleigh,  NC  27695,  USA 


tin  riintlli  mnl  til  NiiiiH-rlnil  Mni  Itriiutt  It  i* .  V*d.  I  IM.  41-)  I  HIM  Mu  khiiiiwr  Vnlmi  llirtl 


231 


ADAPTIVE  ESTIMATION  OF  NONLINEAR  DISTRIBUTED 
PARAMETER  SYSTEMS 

JOSKPH  KAZIMIR  AND  I.C.  HOHKN 

Center  for  Applied  Mathematical  Sciences 
Department  of  Mathematics 
University  of  Southern  California 

Aihthact The  adaptive  (on-line)  estimation  of  pur  unie  tern  for  a  class  of  nonlinear 
distributed  parameter  systems  la  considered.  A  combined  st  ate  and  parameter  a  inmlor 
is  eonstrneted  as  an  Initial  value  problem  for  an  inlinite  dimensional  evolution  equation. 
State  convergence  Is  established  via  a  Lyapunov-like  estimate.  The  finite  dimensional 
notion  of  persistence  of  excitation  Is  extended  to  the  inlinite  dimensional  ease  and 
used  to  establish  parameter  convergence.  A  Unite  dimensional  approximation  theory  Is 
presented  and  a  convergence  result.  Is  proven.  An  example  involving  the  identification 
of  a  nonlinear  heat  equation  Is  discussed  and  results  of  a  numerical  st  udy  ale  presented. 

1991  Mathematics  Subject  (tlassijiention.  93B30,  93025.  93020,  (if). Ill) 

Key  wonts  atifl  phrases.  On-line  estimation,  adaptive  identification,  pmmnctcr  con¬ 
vergence,  persistence  of  excitation,  distributed  parameter  systems.  Inlinite  dimensional 
systems,  finite,  dimensional  approximation. 


1.  Introduction 

In  thin  brief  note  we  consider  the  tulaptive.  or  on-line.  identification  of  un¬ 
known  parameters  in  nonlinenr  infinite  dimensional,  or  tliHtrihuted  parameter.  sys¬ 
tems.  Ottr  estimator  takes  the  form  of  an,  in  general,  infinite  dimensional  nonnn- 
tonomons  linear  dynamical  system.  This  system  is  nonantononioiiH  as  a  result  of 
its  dependence  ttpoti  the  state  of  the  plant,  which  is  assumed  to  la*  available  for 
measurement  in  its  entirety  at  all  times  t  >  l).  The  estimator  is  integrated  in 
real  time  producing  estimates  for  both  tiie  plant,  state  and  the  unknown  param¬ 
eters.  The  estimator  equations  are  constructed  ho  as  to  force  the  derivative  of  an 
associated  energy  or  Lyapunov  functional  to  be  non-positive,  It  is  not,  however, 
negative  definite.  As  a  result  of  this,  it  is  possible  to  argue,  via  a  modification  of 
a  result  known  as  Barbalat’s  Lemma  (a  uniformly  continuous  suuuuablc  function 
must,  tend  to  zero  asymptotically,  see  [14]),  that  the  state  error  converges  to  zero 
as  time  tends  to  infinity.  To  establish  parameter  convergence,  however,  requires  nil 
additional  richness  condition  on  the  measured  plant  data.  In  the  tulaptive  control 
literature,  this  condition  is  referred  to  us  persistence  of  excitation.  We  define  a 

This  research  was  supported  iu  part  by  the  Air  Force  Oflleo  of  Scientific  Research  under  grant 
AFOSR  91-007fi. 
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particular  notion  of  richness  or  persistence  of  excitation,  an<l  then  use  it  to  ar¬ 
gue  that  the  parameter  error  converges  to  zero  as  time  tends  to  infinity.  Finally, 
since  the  estimator  is  infnite  dimensional,  its  integration  requires  some  form  of  fi¬ 
nite  dimensional  approximation.  Consequently,  we  also  develop  an  associated  finite 
dimensional  approximation  and  convergence  theory. 

The  approach  we  take  here  is  motivated  by  the  finite  dimensional  treatments 
by  Morgan  and  Narendra  in  [11]  and  Narendra  and  Kudva  in  [12].  We  are  not 
the  first  researchers  to  suggest  that  finite  dimensional  adaptive  techniques  be  ap¬ 
plied  to  infinite  dimensional  systems.  In  [1]  Alt,  Hoffmann,  and  Sprekels,  and  in 
[8j  Hoffmann  and  Sprekels  considered  an  asymptotic  embedding  method  for  the 
identification  of  linear  elliptic  partial  differential  equations.  The  elliptic  equation 
is  embedded  in  an  evolution  equation  so  that  the  elliptic  equation's  solution  is  an 
asymptotic  steady  state  of  the  evolution  equation.  In  [9]  (see  also  [7])  Hoffmann 
and  Sprekels  provide  an  abstract  functional  analytic  framework  for  their  earlier 
results  and  extend  them  to  certain  classes  of  stationary  elliptic  ami  evolutionary 
parabolic  nonlinear  variational  inequalities.  Our  treatment  here  is  most  closely  re¬ 
lated  to  the  work  of  Baumeister  and  Scondo  in  [2]  (set'  also  [3])  and  the  results  in 
Scondo's  Pli.D.  thesis  [Hi],  The  primary  difference'  between  these  efforts  and  ours 
is  that  theirs  is  a  tiro-spare  theory,  while  ours  is  set  in  only  a  single  Hilbert  space. 
More  precisely,  their  state  estimator  is  defined  via  a  Gelfaud  triple  of  spaces  (i.e. 
V  H  «— >  V*)  and  a  strongly  H-coereive  operator.  Our  state  estimator,  on  the 
other  hand,  is  set  in  the  same  Hilbert  space,  //.  as  the  plant  and  is  governed  by  an 
//-accretive  operator.  To  establish  convergence  in  our  ease,  we  to  appropri¬ 
ately  modify  the  requisite  regularity  and  richness  conditions  on  the  plant.  In  our 
definitions  of  admissibility  and  persistence  of  excitation,  the  interaction  between 
the  plant,  and  the  estimator  dynamics  is  more  explicit  than  it  is  in  the  two-space 
theory.  Interaction  between  the  plant  and  estimator  dynamics  in  the  two-space 
theory  is  certainly  present.  However,  it  is  somewhat  subtler.  The  one-space  theory 
is  in  some  ways  more  versatile  than  the  corresponding  two-space  theory.  This  is 
particularly  true  in  the  case  of  hereditary  or  delay  systems  where  in  general  there 
is  no  natural  and  simple  choice  for  an  energy  space. 

This  paper  represents  our  first,  reporting  of  our  findings  and  is  by  no  means 
complete,  For  example,  a  careful  examination  and  characterization  of  t  he  persis¬ 
tence  of  excitation  condition  given  in  Section  3  in  the  spirit  of  the  one  given  for 
tin;  two-space  theory  in  [0]  must  be  carried  out.  The  same  is  true  for  the  admis- 
siblity  condition  given  in  Section  2.  The  significance  of  such  studies  stems  from 
the  fact  that  in  actual  practice,  with  the  possible  exception  of  only  the  simplest 
plants  and  estimators,  these  conditions  are  extremely  difficult,  if  not  impossible, 
to  check,  Our  efforts  in  this  direction  and  others  are  currently  underway.  When 
these  studies  have;  beeen  completed,  our  findings  will  be  reported  on  elsewhere. 

An  outline  of  the  remainder  of  the  paper  is  as  follows.  In  Section  2  we  define 
the  plant,  and  the  estimator.  The  notion  of  an  admissible  plant  is  defined  and 
the  estimator  equations  are  shovui  to  lie  well  post’d.  In  Section  3  the  convergence 
of  the  state  error  to  zero  is  established.  We  define  the  notion  of  a  plant  being 
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persistently  exciting,  and  use  this  to  establish  parameter  convergence.  In  Section  4 
we  develop  our  abstract  approximation  theory,  and  provide  sufficient  conditions  for 
an  approximation  scheme  to  be  convergent..  Finally,  in  a  fifth  section,  to  illustrate 
the  application  of  our  general  approach,  we  consider  the  identification  of  a  gradient 
dependent  thermal  conductivity  in  a  one  dimensional  nonlinear  heat  equation  with 
Diriehlet  boundary  conditions.  An  estimator  in  the  form  of  a  simple  constant 
coefficient  heat  operator  with  Neumann  boundary  conditions  is  defined.  A  linear 
spline  based  approximation  scheme  is  developed.  Numerical  results  are  presented. 

2.  An  Adaptive  or  On-Line  Estimator 

Let  H  be  a  real  Hilbert  space  with  inner  product  {•>■)  and  corresponding 
induced  norm  |  •  |,  and  let  Q  he  a  real  Hilbert  space  with  inner  product  (•,  -)q  and 
corresponding  induced  norm  |  ■  |y.  For  each  q  €  Q  let  A(q)  :  Dom(A(</))  c  H  — >  H 
he  a  possibly  nonlinear  operator  on  //,  where  Dmn(A{q))  =  [i p  £  H  :  A(q)ip  €  H). 
We  assume  that  the  map  q  —*  A(c/)<^,  ^  €  Dom(A(q))  is  linear  from  Q  into  //.  Let 
/  :  [(),  oo)  — •  H ,  and  let,  To  €  H.  Led  7  €  Q  and  consider  the  dynamical  system  in 
H  given  by 

(2.1)  Hi)  +  A{q)x(t)  =  /(f),  t  >  0. 

(2.2)  7(0)  -  J(). 

We  assume  that  q  is  unknown  and  that  the  state  of  the  plant,  (2.1).  (2.2).  x(t) 
can  be  measured  and  is  available  at.  all  times  t  >  0.  We  want  to  define  a  linear 
dynamical  system  on  H  which  uses  the  measurement  of  x  to  asymptotically  (i.e. 
as  t  — *  00)  estimate  q. 

Let  Ad  :  Dom(Au)  C  H  —>  H  he  a  linear  operator  on  H  satisfying  the 
following  two  assumptions. 

(Al)  (Acerotivity)  There’  exists  >  0  for  which 

(Any5,<*j)  >  Oii|y>|2.  €  Doiii(Ai)). 

(.42)  (Surjectivity)  The  operator  A  +  A»  :  I)oiii(Au)  C  //—»//  is  surjective  for 
some  A  >  0. 

It  follows  (see,  for  example,  [10],  [13]  or  [17])  that  Dotn{A»)  -  H ,  and  that  -An  6 
G(H,  1.  —  on).  That  is,  —An  is  the  infinitesimal  generator  of  a  Co-semigroup  of 
hounded  linear  operators  on  H,  (Tu(f)  :  t  >  ()},  satisfying 

(2.3)  171,(01  <  t  >  0. 

Our  on-line  estimator  is  then  dehued  to  he  the  dynamical  system  in  //  given 
by 

(2.4)  x(t)  +  A(,.r(f)  +  A(q(t.))J(t)  =  7(f)  +  A0T(t).  I  >  0, 


(2.5)  (rj(t),p)cj  -  (A(p)x(t),x(t))  =  ~{A(p)x{t),x[t))< 


p<eQ,  t>  0. 
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(2.6)  j  (0)  =  *„  6  H,  q( U)  =  f/n  6  Q. 

Tht’  dcHniticm  of  our  estimator  given  in  (2.4)-(2.6)  above  is  primarily  motivated  by 
the  analogous  definition  in  finite  dimensions  (see  [12]).  In  the  finite  dimensional 
setting,  the  construction  of  the  estimator  in  this  form  is  based  upon  the  desire 
for  linearity,  homogeneous  error  equations,  and  the  ability  to  obtain  a  particular 
Lyapunov  estimate.  This  estimator  can  also  be  derived  via  a  gradient  argument 
(see  [16]). 

Wo  assume  that,  x  is  a  strong  solution  to  the  init.hu  value  problem  (2.1),  (2.2) 
in  the  sense  that  x  £  Cl([Q,oe)\H)  and  x(t)  £  Dom(A(q))  for  all  t  >  0.  Wo  make 
the  additional  regularity  assumption  on  the  data.  .7,  that  for  all  t  >  I),  x(t)  £ 
Dom(A(q )),  for  aP  q  £  Q.  We  note  that  if  the  operator  A  and  the  parameter  space 
Q  are  sufficiently  regular  in  the  sense  that  Dom(A(q))  =  Dom(A)  is  independent  of 
q  £  Q.  then  this  additional  regularity  assumption  on  the  data  x  can  be  eliminated. 
For  t  >  0.  define  the  linear  map  B(t)  :  Q  —*  H  by 

B(t)q  =  Amt)'  < i  6  Q- 

To  establish  that  the  estimator  (2.4)-(2.6)  is  well  posed,  and  to  establish  our 
convergence  results  in  the  next  section,  we  require  the  following  definition. 

Definition  2.1.  The  triple  {q,  .7a./}  will  he  rolled  Au -admissible  if 

(/)  for  each  i  >  0,  the  operator  13(1)  is  hounded  (i,e.  13(1 )  £  C(Q.H))  and 
there  exists  a  >  0  such  that 

\B{t)q\  <  f>Mg.  q$Q- 

(/'/)  the  operators  B(t )*  £  C(H,Q),  t  >  ().  are  stroiit/ly  continuously  differen¬ 
tiable  on  [0.  x). 

(Hi)  x(t)  £  Dom(An),  for  t  >  0.  and  Aux  £  C'  ([0.  x);  //). 

(in)  f  £  6'1  ([(), x);  //), 


We  note  that  when  B(t)  £  C(Q,H ),  its  Hilbert  space  adjoint.  B(t)*  £ 
C(H,Q)  is  given  by 

(/?(0V.</)y  =  (A(q)7(t),p)n,  £  //.  q  £  Q. 

Let  Z  —  H  x  Q  with  inner  product  (•,  •)/  given  by 

(2.7)  ((v>.  </).(</’./')};;  =  (*.  </’)  +  (q.l>)q.  (y.  q).  (</’./>)  €  Z, 

with  the  corresponding  induced  norm  being  denoted  by  |  •  \/.  For  t  >  0,  define  the 
linear  operator  A(t.)  :  Doin(A)  C  Z  —>  Z  by 


AW  = 


4a  D(t) 
-D(ty  o 


.Iiwi'pli  Kuzimir  unci  I.Ci.  Homcii 


with  Dniii(A)  =  Dom(Au)  x  Q,  define  F (f)  g  Z  l»y 


F{t)  - 


fit)  +  A[)J(t) 


tuid  sot  =  (j-,,. /y„)  g  Z.  Note  that  Dnm[A)  is  donso  in  Z.  Tho  estimator  (2.1)- 
(2.(i)  nui  then  ho  written  ils  tho  abstract  initial  value  problem  in  Z  given  by 


(2.«)  z(l)  +  A(tU(l)  =  Fit.).  /><>. 


(2-0) 


=(»>)  =  so. 


Assume  that  tlu*  triple  {'/.  .»■»./}  is  An-admissible,  and  define  the  operator 
.Au  :  Dnm{A)  C  Z  —  Z  by 

‘  Ai  0 
0  0 


Ao  = 


and  for  t  >  0  define  the  operator  B(l)  g  £{Z.  Z)  by 

Bit) 

Then  A[t)  =  An  +  B(t),  I  >  0,  and  it  is  easily  argued  that  for  I  >  0 


_  r  »  mi) 

"  L  -^(0*  0 


and  thus  that  \B(t)\cw,X)  <  a.  I  >  0.  The  fact,  that  -An  £  ("»’(//.  1,  -o,i)  implies 
that  -An  is  the  infinitesimal  generator  of  a  Co-semigroup  of  contractions.  {7h(0  : 
t  >  0).  on  Z.  That  is.  -An  £  G(Z,  1,0).  It  follows  that  (xec,  for  example.  [10). 
Theorem  IX. 2.1)  for  each  t  >  0,  -A(0  £  C<(Z,  l.n).  Consequently.  the  family  of 
operators  { — A(/ )  :()</<  T }  is  stable  (see  j  18] .  Definition  IA)  for  all  T  >  0. 

The  fact  that  it  was  assumed  that  ?r  is  a  strong  solution  to  the  plant  oqtiat  ions, 
(2.1),  (2.2),  and  that  the  triple  {f/.irn,/}  is  An-admissible,  implies  that  the  map 
t  — *  ~A(f)~  is  strongly  continuously  differentiable  in  Z  for  each  ;  £  Dom(A). 
It  follows  from  the  corollary  to  Theorem  4.1.2  in  [  1 8)  that  there  exists  a  unique 
evolution  system,  {(/(/.  *)  :  0  <  a  <  /  },  with  (/(<,«)  £  C(Z.  Z).  t)  <  h  <  t  satisfying 

(«)  U(t,s)  is  strongly  continuous  in  n  and  /,  U(s,»)  =  /.  and  |C(f.*)|  < 

(b)  (/(/,  s)  =  (/( t ,  r)U{r.  .s),  for  ()<«</•<  t. 

{<•)  U(t,n)Dom(A)  C  Dom(A),  for  (I  <  «  <  f, 

{(I)  for  z  £  Dom(A),  f/(/.,*)c  is  strongly  continuously  differentiable  on  Z  in 
both  .s  and  /,  and 

s)c  =  - A(t.)U{t ,  .s)i.  0  <  s  <  f, 

^-f/(/,s);  =  f/(/,s)A(s)j,  »<*<  f, 

UM 

with  both  sides  of  these  equations  being  strongly  continuous  in  Z. 
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Continuing  to  assume  tlmt.  tin*  triple  {7.  J‘u. /}  is  Mu-admissible.  define  the 
function  :  £  C([0.  T]:  Z).  for  nil  T  >  (I  by 

(2.10)  ;(f)  =f/(/, <));„+  f  U(t,s)F(s)ds.  />(). 

Jo 

The  following  theon'in  and  it  s  corollary  are  then  immediate  consequences  of  The¬ 
orem  4.5.3  in  [18]. 

Theorem  2.2.  Suppose  that  the  triple  {7. 7n./}  in  An-admissible  and  that  Co  = 
(.rn, 70)  £  Don  1  (A).  Thru  the  Z -valued  funet.i an  z  i/inrn  by  (2.10)  is  an  element 
in  C'(\0,T}:Z).  for  all  T  >  0.  and  satisfies  (2.8)  and  (2.9). 

Corollary  2.3.  Suppose  that  the  triple  {tj.Jo.f}  is  An-adnnssible,  that  7,  fc'  Q 
and  .I'n  £  Doiti(An),  and  fin  t  >  0.  we  write  z(t)  yiren  by  (2.10)  as  z(t)  = 
(.r(/). y(f)).  Then  ./•  €  C’1  ([(). 7’]:  //)  and  7  e  C'([0.T]:G).  for  all  T  >  0.  and  Un- 
pair  (./■.  7)  satisfies  (2.  l)-(2.(>). 

lor  I  >  0  set  i  (t)  ~  .r(/)  ~d‘(t)  and  r(t)  —  7 {t)  —  7.  It  then  follows  that  e  and 
/•  satisfy 

(2.11)  e(t)  +  Anr(t)  +  M(r(  0)7(0  =  0.  /  >  0. 

(2.12)  (m^>)Q-(A(p)7(t).r(t))=U.  p£Q.  /XI. 

(2.13)  r(0)  =  f«  g //.  /'((>)  =  n.  €  g. 

where  r<i  =  .i'n  —  t<i  and  i'o  =  iju  —tj.  The  system  (2.1  1)-(2.13)  may  equivalently  lie 
written 

y(t)  +  A{t)y(t)  -  0.  f>0. 

,'/(0)  =  ip  1 

where  for  t  >  0,  //(/)  =  (e(f).  *'(/))  €  Z  and  1/0  =  (eu.ru)  G  Z.  It  follows  that. 
y{t)  =  U{ f,s)y(s ).  0  <  s  <  t. 

If  the  triple  {7.3*1,,/}  is  Mo-admissible  and  e0  e  Dmn(A»)  and  r,  1  G  then 
//  G  CH[l),T\iZ).  v  £  C '([(), 7’]://),  and  r  €  C  ([(), 7’]; Q),  for  all  T  >  0.  In  the 
next  section  we  argue  that  litii/_.^.  |e(t)|  =  0  and,  under  an  appropriate  addi¬ 
tional  richness  assumption  011  the  plant,  data.  T(t),  t  >  0,  (i.e.  An-prrsistenee  of 
ereitation)  that.  linn—*,  |/'(/)|g  =  0. 
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3.  State  and  Parameter  Error  Convergence 

Lot  <  and  r  bo  the  solutions  to  the  initial  value  problem  (2.1 1)-(2.13)  and 
define 

+  f><). 

Lemma  3.1.  Snpp one  that  tlic  triple  {q.  7u,  / }  in  An-ndminsihle  and  that  j;«  € 
Doiti(Au).  Then 


EC)  +  o„  /  |e(.s)|'J,/.s  <  C.  /  >  0. 

./(I 


where  (,'  =  £7(0)  =  }{|r,i|a  +  |r„|^}. 

Proof.  Using  (2.11)  and  (2.12)  wo  obtain 

Jtm  =  jtr2[(<(n-r(t))  +  (,Vlr(t))Q\ 

«  (r(t).'iO)  +  (>in.r(t))Q 

(3.2)  =  ~(Ane(t)  +  I3(t)r(t).e{l)) +  ([)(!)' <V)-r(t))Q 
=  -(.V(0.*(0> 

<  -cv„|r(/.)|a. 

Int.enrnt.inK  both  sides  of  the  above  expression  from  (1  to  t.  we  obtain  (3.1).  □ 
The  oonvorgoneo  of  the  state  estimator  is  established  in  the  next  theorem. 
The  proof  we  give  is  a  variant  of  the  argument,  used  to  establish  Dari  mint's  Lemma 
in  [14]. 

Theorem  3.2.  IJ  the  triple  { q.Xn.f }  in  Aa-atlminnihlt  and  ./'a  e  l)oin(Aa).  thru 
E  in  noninereanivfi  and  linn  .  x  |r(/)|  =  0. 

Proof.  That  E  is  noninereasing  follows  immediately  from  (3.2).  Let  t-t  >  t  \  >1) 
and  note  that  Assumption  (.41),  Definition  2.1.  and  (3.1)  imply  that 

K'i»)|,i-k(f.)l'J  =  jf  ' 

-  2  /  {e(t),r(t))dt 

■h  i 

(3.3)  -  -2  /  J(A,f'(/),r(0)f/f-2  /  \li{t)r{t).e{t))dt 

Jli  Jty 

<  -2o,)  f  \e(t)\2dt +‘2<\  I  k(f)|y|(  (0|(/f 

.//,  ./(, 

<  ~{\<W  +  \'V)\iQ}dt 

<  2«»C(*a-<i). 
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Now  suppose  that  lini/-.^  |r(f)|  0.  Then  there  exist  f  >  0  ami  a  se(|neiiee  { t ,  }  x  , 

with  lini,  — -k  t,  =  00  for  which 

(3.4)  #=1.2 . 

It  follows  from  (3.3)  ami  (3.4)  that  for  f>  >  0  ami  /  =  1.2. .. . 

r  i^oi *<i'  =  r  \<(t,)\2<it- f'  {k(/,-)ia-Hoia}i/f 

.//,  S  .//,  S  Jl,  -  A 

>  c7>-2o( ;/  (/,-/)<// 

=  iY»-nO’>2. 

Choosing  /)  —  f/(2f»0,  we  obtain 


This  contradicts  the  fact  that  Lemma  3.1  implies  that 

on  /  |r(/)|2d/  <  C  <  •■». 

./(» 

and  conseciuently  liiu,_.v  |c(/)|2  =  0.  and  the  theorem  is  proved.  □ 

In  order  to  establish  parameter  convergence,  we  require  the  following  defini¬ 
tion. 


Definition  3.3.  The  triple  {q.  .  / }  is  said  to  hr  either  Au-pcrsistentl)/  ixeitinn 

or  An -rich  if  there  exist  positive  constants  r«,  A>.  mid  e„  such  that  for  each  </  ti  Q 
with  |r/|y  —  1  and  t  >  l)  sufficiently  lari/e.  then  exists  t  6  (M  +  Tii]  so  eh  that 

I  Si, 

I u {t  4-  A 1  -  s)  li(s)qds\  >  Co. 

Parameter  convergence  is  demonstrateil  in  the  next  theorem.  The  proof  is 
a  variant  on  an  argument  used  in  the  finite  dimensional  ease'  by  Hamiieister  and 
Seondo  in  (2]. 

Theorem  3.4.  Suppose  that  the  triple  {q.Tn.f}  is  Ao-admissihh  and  At, -persis¬ 
tently  rxeitiiiq  and  that  x„  g  l)om(An).  Then  linn  -v  l/-(# )  lc^  —  P- 


Proof.  We  begin  by  noting  that  for  t^  >  1 1 ,  (2.11)  implies  that 

e(h)  =  Tn[t-i  -  #i)c(/|)  -  I  To(t-i  ~  s)D(s)iis)ds. 

Ji  1 
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It  tlii'ii  follows  from  (2.3)  that 


I  /  '  Mh  -  s)B{h)t{h)<Is\  <  |,-(i2)|  +  |7),(/,  -  ti),itx 

■it  i 


<  k(fa)|  +  f 


.  -rii,(la  -  l|  )  I 


Also,  from  (2.12)  and  Definition  2.1  we  obtain 


\r{t-2)  -  r(t\)\Q  =  sup  |<r(/-j) -r(M.«M  =  «M>  I (/  /,(0^</)qI 

l>/lo<i  Jti 

(:*•(>)  =  sup  I  j  {+{t)'<l)Q<lf \~  sup  |  f  (B{tyc{t).<i)Q(lt\ 

•' *  i  Mtj<’  i  •' 1 1 

=  “up  I  /  (A((i)7-(t),((t))<lt\<  sup  /  o|f/|y|<-(0|*// 

l'/l<v ~ *  •' *  i 

<  of  |r(t)|f/t  <  - /|)i{  ^  ]i  (/)|2i//}i. 

Now.  from  Theorem  3.2  we  know  that.  E  is  noninorousing.  Sinee  £,’(/.)  >  0. 
I  >  0.  it.  follows  that  linq-.v  E(t)  must,  exist.  Also  from  Theorem  3.2  we  know 
that  liun-.-x  \<(t)\  —  1).  Consequently.  we  must,  have  that  lini/..x  |r(f)|g  =  />.  for 
some  />  >  0.  Suppose  that.  />  £  l*.  Tlii'ii  there  exist  a  sequence  of  positive  numbers 

{tk  .  with  linu  _.x  t a-  =  oo  and  b  >  0  for  which  |/,(/*.)|y  >  b.  k  =  1,2 . For 

each  positive  integer  k  sutHciently  large,  let  /*  lie  as  in  Definition  3.3  corresponding 
to  (/  =  r(/ji)/|r(/j;.)|y.  Then,  using  (3.5)  and  (3.0)  we  obtain 

/•  *  k  * 

I  /  7n(b,.  +  A)  —  0 B[t  )r(t  ^)dt\ 

J  n 

i-h-  i  Sci 

<  1/  Tu{h-  +Ai  -  t)B(t)r(l)<lt\ 

■ttk 

+  \[k  T»{h  +  A»  -  0B{l)(r(tk)  -/(/))<  lt\ 

■iu 

<  \<ih-  +  Ai)|  +  (•-,,"A»|r(fA.)| 

/•U  t-^n  .  rt 

j-  I  /  i.di  / 


/•f  fc  t-^tl  .  W 

+  ! y_  Hh.-i)02(/_£|r)4{jj  |,.(.s)|j,/.s}if/f 

<  |e(/\ +A„)|+C  "''*''\c(h)\  +  <>Hh  +bu-tk)±{  j'  ’ 

^ _  r*  j.  -f  Tp-f  /in 

<  |e(fA.  +  +  r  ""*"k(tjt)l  +  o2An \/ To  +  Ao{  / 

Jtk 


|c(-s)rd.s}  i  Ai 


'■(s)|2d.s}i. 
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It.  tin'll  follows  from  Definition  3.3  and  the  above  estimate  that  for  all  positive 
integers  k  sufficiently  large,  we  have 

['>•+*'»  _  r(ti) 

<><^  <  HttMj,  7;,(/.t. 

ft  It  +Tn  +l\j 

(3.7)  <  \v(h  +  A.)|  +  <  \c(h)\  +  «a  W*»  +  />„{  /  |e(0|ar//}i. 

Jii.. 

Letting  /,•  — >  oe.  in  (3.7).  and  recalling  Lemma  3.1  and  Theorem  3.2.  we  obtain 
a  contradiction.  Thus  we  must,  have  that  lim/-«'XI  |r(/)|y  =  0.  and  the  theorem  is 
proved.  □ 


4.  Approximation  Theory 

The  estimator,  (2.4)-(2.(i)  is.  in  general,  infinite  dimensional.  Consequently 
its  implementation  requires  some  form  of  finite  dimensional  approximation  and  a 
corresponding  convergence  theory. 

For  each  n  =  1.2.  ....let  H"  and  Qn  be'  finite  dimensional  snbspaeesof  H  and 
Q,  respectively.  Let  P\\  and  P'A  denote  the  corresponding  orthogonal  projec  tions 
of  H  onto  Hn  and  Q  onto  Q" .  respectively.  L<>t  /l,"  £  C(H" ,  H“).  In  order  to 
establish  a  convergence  result,  we  will  require  the  following  three  assumpt  ions. 

(43)  (Subspace  Approximation)  For  each  p  £  H  and  e/  £  Q  we  have 
lim  \Pnp  —  p\  —  0  and  lim  \Pn<i  —  </|<>  =  0. 

II  -  •  X  II  ■  •  -X.  ' 

(.44)  (Uniform  Accrctivity)  For  o(l  >  0  as  in  Assumption  (41),  we  have 

(AS<pa,<fiH)  >n„|*"|a.  p"  6  //". 

(45)  (Strong  Convergence'  in  the  Generalized  Sense)  For  some  A  with  Pc  A  > 
-no,  wo  have 

lim  |(A  4-  A", )  '  P’li'r  ~  (A  4-  4o )  p\  =  1),  ^  E  //• 

Let  {7(5‘(/.)  :  t  >  0}  denote'  the  Co-semigroup  of  bounded  linear  operators  on 
H"  with  infinite'simal  generator  —  4,'J .  That  is, 

77/ (0  =  exp(-4,'{0-  /su¬ 
it  follows  from  Assumption  (44)  above  that 

177/(01  <  <  t  >0. 

iinel  from  Assumptions  (43)  -  (45)  and  the  Trotter- Kato  theorem  (see.  for  example, 
[10]  or  [13])  that 

(4.1 )  lim  | T^t)P\\p  -  Tu{t.)p\  =0,  v?  €  7/, 

1l—*CtO 

with  the  convergence  being  uniform  in  t  on  compact  t-intervals. 
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For  each  t  >  0  define  13"  (f)  €  C{Qn ,  H")  1>y 

D"(1)<i"  =  Pfimw  =  PfiAWmi)'  <l"  G  Q"- 

If  the  triple  {f/Jin./}  is  .lo-aelmissiblc,  then  |/?"(f)|  <«»,£>  0. 

We  consider  the  following  approximating  estimator, 

(4.2)  Jr”  {t)  +  A,  ■'■”(')  +  B"(f),r(t)  =  PH  fit)  +  Pi'/  -4,  ,7(0.  t  >  <>• 


(4.4)  -  D"(ty.ru(t)  =  -P%B(trx{t).  t  >  0, 

(4.4)  .r"(o)  =  =  p,v„.  V"(«)  -  </;;  -  /’<>,. 

and  argue  that. 


(4.5)  lint  |, r"(/)  -  x{t)\  -  <>  and  lim  |f/"(f)  -  r/(f)|y  *  0, 

U  — *  "X  H  — •'%. 

uniformly  in  t  on  compact.  t-intervals.  when'  r"  and  </"  art-  the  solutions  to  the 
system  (4.2)-(4.4)  and  ,r  and  q  are  the  solutions  to  the  system  (2.4)-(2.G). 

To  establish  the  convergence  in  (4.5).  we  rewrite  the  initial  valu<>  probh’m 
(4.2)-(4.4)  as  an  equivalent  system  in  the  product  space  Z"  —  H"  x  Q" .  Note 
t  hat.  Z"  is  a  finite  dimensional  subspace  of  Z.  For  /  >  0.  define  the  linear  op(>rator 
A" It)  €  C{Z\Z“)  by 

v  _  K  O"(0  ‘ 

'  ~  o 

For  each  7/  =  1.2  .  C(Z.Z")  denote  the  orthogonal  projection  of  Z 

onto  Z"  with  respect  t  the  ■  u.-r  product  given  in  (2.7).  It  follows  that 


■ii  _ 


nil 
1  II 
0 


For  each  /  >  0  set  F"[t)  =  V"  F(t)  6  Z"  \  that  is 


pa  ii » _  PDm  +  i^AM  ' 

( 1  ~  -p^u(trnt)  . ' 

We  set  z,’j  =  (.i'", .  ii" )  €  Z" .  The  estimator  (4.2)-(4.4)  ran  then  b<i  written  ns  the 
initial  value'  problem  in  Z"  given  by 


(4.G)  zn(t)  +  =  F"(t ),  t  >  0, 


(4.7)  z"(0)  =  z;;, 

whore  zn(t)  =  (xn(t),q,l(t)),  t  >  0. 


■m 
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Assume  t-lmt  tho  triple  \i],Ta.f}  is  Ai-ivdtnissible,  mid  lot.  { t/ >l ( f .  «) :  0  <  .s  < 
/.}  In-  tin*  fimclainotit.nl  operator  milutiou  to  tlio  initiul  vtiluo  problem  (4.0),  (1.7). 
It  tin'll  follows  that. 


mid  t-lmt 


|t/,,(/.«)|  <  ()<  .s  <  / , 


;"(/)  =  +  [  U"(t.»)l-'"{*)<l*.  f><), 

J  ii 


mid  wo  want  to  show  that 


lhn  |s"(0-5(*)l*«0. 

ii  ....  x 


uniformly  in  I  on  compart,  /-intervals,  where  is  given  l>y  (4.8)  and  .:  is  given  by 

(2.10). 

Define  the  operator  A<"  6  C[Z",Z")  by 

A"  Ii 
All  ^Ml  *' 

~  0  0  • 

mid  for  /  >  0  define  the  operator  t3"(t )  €  C(Z" .  Z")  by 


B"(t)  -  (>  ^  * 

°  1 '  - u"(ty  o 


Then  A"(t)  =  A"  +  8"(/),  /  >  0.  B"(t)  =  PuB(t).  I  >  0.  and  it  is  easily  argued 
that  fort  >  0,  |fl"(f}|  <  «v.  Let  {T,"(t)  :/>()}  be  the  ('u-«eiuigronp  ofcotit  factions 
on  Z"  with  infinitesimal  generator  -A”, .  That  is  T("(t)  ~  exp(-A'jt).  /  >  0.  with 
|7J|"(f)|  <  l,  t  >  0.  It  also  follows  that 


nun  o 

0  / 


and  from  (1. 1 ).  that 


lint  |-7;r(/)'P,V-^('M>f  =».  y'€ 


uniformly  in  /  on  rampart,  /-intervals,  where*  { '77> ( / )  :  t  >  0}  is  the  ( 'n-seinigroup 
of  contractions  on  Z  with  generator  —An. 


Theorem  4.1.  Suppose  that  the  Assumptions  (,4l)-(/l5)  hold  and  that  the  triple 
{5>3*n./}  is  At) -admissible.  Then. 

lhn  \;"(t)-z[t) |*  =  (1. 

a— *-x 

uniformly  in  t  on  compart  t -internals,  where  is  yiven  by  (4.8)  and  ;  is  i/ivcn  by 

(2.10). 
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Proof.  From  (2.10)  and  (4.8),  it.  is  clour  that  wo  need  only  argue  that 

(4.10)  lini  \Un(t.,nyP“ip  —  U[t,N)<p\z  a=  0,  veZ, 

uniformly  on  the  triangle  Ay  =  {(.s, /)  :  0  <  n  <  t  <  T },  whero  T  >  0  is  fixed  but 
arbitrary.  Now,  for  (*.  t)  €  Ay  wo  have1  (seo  [4],  Thoorom  !>.2) 

U"(t.  *)P'V  =  V(f  -  *)7>’V  +  £  T„u((  -  r )BH{r)Un{r.n)Vu'pttr,  <E  Z. 

and 

f/(f.  «)i,s  =  7ii(/ s)<fi  +  f  %(i  -  r)B(r)U(r.*)<fi<lr,  $  €  Dum(A). 

J  t* 

Consequently.  for  ip  €  Doni(A)  and  (*,  t )  €  Ay,  we  have 

|£/,,(t.a)PV-^(*.«M* 

+  f  {Wit  -  r)5"(r)f/''(r.*)PV  -  %{t  -  r)B(r)V(r,s)*\<lr\x 

<  \W(t-H)v\~-  7i,(f-*M# 

+  f  |T0"(f  -  r)F'(J(r){f;"(r.«)P'V-  -  (/(»•.«)*}!*</»• 

+  f  |{7J,' ‘(f-r)-p"  -71, (f-r)}8(r)(/(r..« 

<  i7;r(f-Vv-^»(/-«M« 

+  f  \W(t  -  »)P"  -  7Ii(f  -  r)}S(r)f/(r.*)v?|#»/r 
+n  /  |(/,,(r.aVPV-^(»,."M«t/**- 

The  eonvorgenee  result  given  in  (4.9),  the  strong  continuity  of  the  mappings  r  >-» 
B(t )  and  (a, t)  •—  f/(r, rr),  Ay  compact,  and  an  application  of  the  Cironwall 
inequality  then  imply  the  convergence  in  (4.10)  for  <f  €  Dom(A).  The  uniform 

exponential  hound  on  U  and  Un  for  all  n  —  1.2 . together  with  the  fact  that 

Dam(A)  is  dense  in  Z  then  yield  the  desired  result  for  all  \p  €  Z.  □ 

5.  An  Example  and  Numerical  Results 

In  this  section  we  illustrate  the  application  of  our  scheme  to  the  estimat  ion  of 
the  thermal  conductivity  in  a  one  dimensional  nonlinear  (strictly  speaking,  quasi- 
linear)  heat  equation.  We  note  that  we  do  not  attempt  to  verify  /lo-achnissibility  or 
Ao-persistence  of  excitation  for  the  example  presented  below.  The  Ao-admissibility 
is  determined  by  the  regularity  of  the  plant.  Assumptions,  albeit  rather  restrictive 


Adaptive  estimation  of  nonlinear'  distributed  pammeter  systems 


244 


mu's,  cun  he  made  which  would  guarantee  that  the  .state  of  the  plant  is  sufficiently 
regular  to  yield  do-admissibility.  As  for  do-persistenee  of  excitation,  the  condition 
specified  in  Definit  ion  .1,3  is  rather  difficult ,  if  not  impossible  to  check.  It  is  possible, 
however,  >  study  this  condition  and  its  c  haracterization  in  some  very  simple  cases. 
Such  a  stun  ’  provides  valuable  insight  into  tuning  our  adaptive  estimator  when  it 
is  applied  in  the  context  of  more  complex  examples.  In  the  case  of  the  two-space 
theory  detailed  in  [5]  and  [16],  an  investigation  of  the  persistence  of  excitation 
condition  wns  reported  on  in  [6],  An  analogous  study  for  the  one-space  t  heory 
treated  here  is  currently  under  way  and  when  completed,  will  be  reported  on 
elsewhere. 

We  consider  the  identification  of  the  thermal  conductivity,  7j.  in  the  one  di¬ 
mensional  quasi-linear  heat,  equation 


together  with  the  Dirichlet  boundary  conditions 
(5.2)  ir«,())  =  0  and  3»(U)«<), 


(><//<  I,  /  >  (). 


t  >  0. 


and  the  initial  conditions 


(5.3)  T((),?/)  =  ./■()(?/),  0  <  n  <  1. 

We  assume  that  .r(|  6  Lj(l ),  1)  and  f(t,  ■ )  e  L^((h  •)• 

Let  H  =  1^(0.  1)  be  endowed  with  the  standard  inner  product.,  and  define 
the  Hilbert,  space  Q  as  follows,  Let 

Q  =  {y?  :  ^6  //;,(ll.(l+)  and  yt.  /V  6  L^(K'  )}. 

Define  the  inner  product.  {•.  •)(,».  on  Q  ny 

(5,1)  (y;,  u>)q  =  /  ta ;,,(0V(0)i/'(0)fW+ /  y.il'&Q. 

where  a>o, u!\  £  L i(K+ )  are  positive  weighting  functions.  Let  |  •  |y  denote  the  norm 
induced  by  the  inner  product  given  in  (5.4),  and  define  the  Hilbert  sptiee  Q  to 
be  the  completion  of  the  inner  product,  space  {().  (-.  *)c^.  I  ■  ly}-  Let  Dom(A)  — 
//*(».  l)ni/,}(0, 1)  and  for  r/  €  Q  and  y?  €  Uom.(A ),  set  /t(r/)y?  =  —  D{q[D^)D\p}. 

For  our  estimator  dynamics,  we  use  the  sum  of  a  linear  constant,  coefficient 
heat  conduction  operator  and  a  decay  term  with  Neumann  (insulated)  boundary 
conditions.  That  is,  we  define  Ao  :  Dmn(A{t)  C  H  — »  H  by 

Ao^  —  { —  n  i  D 2  +  ft(j  }y?,  y?  €  Dom(At)). 

wlu>re  Od,o i  >  0,  with 

Dom(Ao)  =  {y? :  y?  €  H2{ 0,  l),D(fi(0)  =  Dy?(  1)  =  ()}. 
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It  follows  that  for  <p  6  Doni(Ao)  wo  have 

(Ai<p.vj)  > 

It  is  also  oasily  argued  that  A  +  An  :  Doih(Ad)  C  H  —>  H  is  surjective  for  any 
A  >  -on . 

Wo  approximate  using  linear  B-splinos.  For  n  —  1,2 . lot  {tp"  ]"_n  he  the 

standard  linear  B-splinos  on  the  interval  [0,  lj  defined  with  respect  to  the1  uniform 
mesh  {(),  . . .  ,  1 }.  That,  is,  for  /  =  0, 1, 2, . . .  ,  n 

jit /  1  -  _  'I-  r  e 

{),  elsewhere  on  [0. 1). 

Set  H"  =  span{vj'/ }“..()•  For  each  n  =  1.2 _ _  let.  denote  the  orthogonal 

projection  of  H  onto  H".  Standard  approximation  results  for  spline  functions  (see 
[15])  can  be  used  to  establish  that  the  strong  c(»nvergence  to  the'  identity  of  P\) 
required  by  Assumption  (A.'i)  is  satisfied. 

Let  .»•„(<)  €  R,,+  l  bo  the  coordinate'  vector  for  J'"(t)  with  respect,  to  the  basis 
{^"}j U-  That.  is. 

II 

Let.  A/, i  denote  the  Cram  matrix  corresponding  to  the  basis  We  have 

‘210  O' 

14  10 
0  14  1 

.  r  r]  . i  i  o  •  •  ■ 


A/„  -  =  U  ^!'(.r)/;(.r)d.(J  =  - 


1110 
0  111 
0  1  2 


Also,  let  K„  be  the  (»  +  1)  x  (//-*-  1)  matrix  given  by 


K„  =  |/v„],  ,  =  [/' 

L-/u 


1  -1  0 

-1  2  -1  0 

0  -1  2  -1 

0 


-1  2  -1  0 

0  -1  2  -1 

0  -1  1 


) 
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We  approximate  the  operator  Ad,  by  the  operator  AH  constructed  using  a  stan¬ 
dard  Galerkin  approach.  For  tins  type  of  approximation,  it  is  easily  argued  that 
Assumptions  (A4)  and  (A5)  are  satisfic'd.  It  is  also  easily  established  that  the  ma¬ 
trix  representation  for  the  operator  A,",  with  respect  to  the  basis  An,,,  is 

given  by 

Add  =  A/-'(o|A„  +«„A/i,)  =  n [ Mn  1 1\„  4-  an/,,, 

where  /„  denotes  the  (v  +  1)  x  (a  +  1)  identity  matrix. 

We  also  use  linear  13-splines  to  discret  ize  Q,  For  each  in  =  1.2 . and  each 

r  >  0.  let  {t/,)”‘r}"L i)  be  the  standard  linear  B-splines  on  the  interval  [0.  r]  defined 

with  respect,  to  the  uniform  mesh  {().  ^ . /).  Let  ()"'■'  -  span { 

where1 

J  j- 0.1.2 . m  - 1. 

\  +  Vi-vv)' 

with  (k'noting  the  characteristic  function  for  the  interval  ./.  If  we  let  P^IJ  de¬ 
note  tlie  orthogonal  projection  of  Q  onto  the  requisite  strong  convergence  to 
the  identity  can  be  demonstrated.  Consequently.  Assumption  (A.3)  holds.  Let 
denote  the  (in  +  1)  x  (in  +  1)  Gram  matrix  corresponding  to  the  basis  [li'"1'1 
That  is 

H . ■»[«, . <’■% 

=  r  ^(0)il>’;‘'r(f)), !'';'■'  (()), If)  +  r  ^(0)DH>rrWDn^-r(0)M. 

J  a  ./a 

Let  tlm,r(t)  -  [v»m-(0o . <linAt)ni}1  6  R”’ 1  1  denote  the  coordinate  vector  for 

the  approximating  estimate  </"',r(f)  with  resp(>et  to  the  basis  That  is 

III 

<l'"  r(n  =  '  ><>• 

7  II 

There  is  some  practical  advantage  to  be  gained  by  using  a  finite  dimen¬ 
sional  approximation  to  the  plant  data.  7(f),  t  >  0.  in  the  estimator  equations. 
The  convergence  theory  given  in  Section  1  can  be  easily  modified  to  permit  this. 
(Our  results  on  this  will  be  reported  on  elsewhere.)  To  do  this  we  use  the  or¬ 
thogonal  projection,  P" ,  of  //,*, (().  1)  onto  the  subspnee  of  //",  defined  by 

H"  =  spanj •fi" } "„/ .  If 

o  i 

j~  • 

(i.e.  let  T\,(t)  E  lR'1^1  be  the  coordinate  vector  for  7'"(t)  with  respect  to  tin*  basis 
then 

7  ad  =  L-'h„m)). 


I 


I 


I 


! 
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when*  for  y?  €  H,i( 0. 1),  /»„(*)  e  R""1  is  given  by 


=  f  D<p(i))Dip'-(ii)<hi> 

•/(i 


mid  L„  €  K(" -nd"- 1)  iH  five'll  by 


j  =  1,2 . ii  -  1. 


2  -10 
-1  2  • 
() 


(1-1  2 


/„,  =  iLniij  =  /  D^r(.i')D/;(-o^-  =  » 


It  is  rnsily  verified  that  for  yJ  €  1) 

/i.,(>5b  =  ~'2v?(i0  +  ^(,Lrr)}' 

j  =  1.2 . ii  -  1. 

Thus  tlio  approximating  estimator  >.  (4.1$)  -  (4.5)  will,  7  replaced  by  7" )  does  not 
require  spatially  distributed  data.  For  a  given  value  ol  n.  .r  need  only  Ik*  si»atmll> 

sainpU’d  at  tho  n  —  l  nodal  points  * .  »  ‘  . 

For  ouch  /  >  0.  define  tho  (h  +  1)  *  ("'  +  1)  matrix  (f)  >y 

(/J . 

Jo 

j  =  (1, 1.2 . ill,  i  =  ()■  1.2 . a. 

Using  tho.  fact  that  7"(0  €  Npnn{*’,},;.:,‘  C  span(^}y  and  the  fort  that.  DJj 
is  piecewise  constant,  and  adopting  tin-  convention  that  .r„(')n  -  •'wb.  -  '»> 
obtain  that 

l iin.mAt)b.i  »  »«>'"■' .}){7„(u,  -^(n,  ,} 
-ii./",','(ii{7„(0m.  -  7„(0,}){7, ,(/),.  .  -  TaU),}. 
i  =  1.2 . n  -  1.  =  D.  1.2 . in, 

and  ,  . 

[W, (Ok,  =  <>•  i  =0.n.  ./=<)•  1.2.....  in. 

The  matrix  form  of  the  approximating  estimator.  ( l.:i)-(4.5).  is  then  given  by 

(5.5)  j„(t)  +  /1|1,i.1'ii(0  +  A/„  1  Un.lii.r(f)'liii.r^) 

=  A/,.  7„(0  +  -4o„7„(0.  '><>• 

(5.(1)  . . (0  -  . (0v>a(0.  I  >  0* 

(5  7)  ,i:,| (0)  —  A/„  'j'lln,  (/m.v(fl)  ~ 
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whore  the  (»i  +  1)- vectors  f„{t)  and  .i'u„  and  the  (in  +  l)-vector  <yniIlil.  are  given  by 


r,.(t)i  =  f 

./a 


fit- >!))*’! (n)<t>h  >  ~  1,2 . n. 


kn..|,  =  [  M>}W!('i)<hi‘ 

,/a 


(  =  0,1,2 . n. 


=  (Va>  V’"1,1  }q  = 

4-  C  ^(0)D^(0)D^"  r(f)),K).  i  =  0. 1 . m. 


respectively. 
We  set 


q(f))  =  Ml--<  *"*).  ()>(). 


/{til)  -  {nin(\nt)  +  10  ":,/a }  \  |  2 1  ri)  ( t/).  ()<//<!.  /  >  0. 


.»•«(»/)*-().  ()<//<  1. 

and  simulated  the  plant,  (equations  (5.1)-(5.3))  using  the  1MSL  rout  ine  DMOLCH. 
a  double  precision  Hermite  polynomial  based  method  of  lines  IM)E  solver.  In  our 
estimator,  wo  set  no  =  10  J,  oi  =  5  x  1(1  :t,  r  =  11.5, 


+>{<*)  = 


=U 


0  <  V  <  r 
r  <  0  <  x  , 


.(■(,((;)  =0.  ()<//<  1 . 


=  1,  <1  <  <  x. 

We  integrated  the  approximating  estimator  (i.e.  equations  (5, 5)- (5. 7)  using  the 
NAC1  Library  stiff'  system  solver,  D02NBF.  The  requisite  integrals  were  computed 
using  a  composite  two  point  Gauss- Legendre  quadrature  rule.  All  code's  were  writ¬ 
ten  in  FORTR  AN  and  run  on  a  Sun  SRARCstation  10  under  UNIX.  In  Figure  5.1 
wo  have  plotted  our  filial  (i.e.  at  time  /  =  100)  estimates  for  i]  for  various  values 
of  n  and  m.  In  Figure  5.2  we  have  plotted  the  estimates  for  q  at.  various  times. 
These  estimates  were  generates!  with  n  =  32  and  m  =  10. 


■liwrph  Ku/.imii  mill  1.(1.  Uow-u 


1'Kil'HK  .r).‘2.  Estinmti'H  for  <j  at  various  times  generated  with  11 
32  and  m  =  1G. 
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DECAY  ESTIMATES  FOR  THE  WAVE  EQUATION  WITH 
INTERNAL  DAMPING 
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A I  is  i  u  Mr.  We  nlitnin  optimal  estimates  for  t  lie*  solution  of  an  integral  inequality  n* 
Iftt »tl  t o  many  stabilization  problems.  Then  it  is  applied  to  improve1  some  rceent  resuMs 
iMMuvrninn  til*'  energy  decay  of  ihe  wave  equation  with  internal  nonlinear  feedback, 
i’ltlikt  the  earlier  works,  our  method  also  applies  in  tin*  ease  of  hounded  feedback 
fu  net  ions. 

1?MH  Mdthrnmtii*  Suhjrt  l  ( ■InssiJitotiDn.  rtril llil >  1 

l\r;i  word*  and  phiVHrs.  Wave  equation,  feedback  stabilize  ion,  integral  iiiecjualily. 


1.  Introduction 

Let-  S 1  he  ii  bounded  domain  in  R"  (11  >  i )  having  n  liouiu  my  F  of  class  ("- 
am t  let  <i  ;  R  —  R  lie  a  iioii-deeronsiitg  eoiitinuoiis  function  satisfying  i/(0]  =-  U. 
( '■  insider  the  problem 

( 1 . 1 )  it"  -  At/  +  <i{ii')  —  0  in  SixR  | 

( 1 .2)  a  —  0  on  F  x  R 

(l.d)  «(())  =  i/o  mid  //'(())  ~ // 1  mi  11 

where  we  use  the  notation  R,  [t).4"x).  We  detiue  the  energy  of  the  solutions 
of  this  system  by 

E  =  E(l)  \=  ±  I  u'(tf  +  |Vi/(0l2  <u,  t  e  1R  t . 

Ju 

This  problem  is  well-posed  and  dissipative.  Indeed,  we  have  the  following  theorem 
due  to  Haraiix:  it  improved  some  earlier  results  of  Lions  Strauss  [11]  and  Brezis 
[1]. 

Theorem  1.1  (Haraux  [4],  [5]).  a)  Gwen  (it().«i)  e  (Si)  x  /.-(SI)  iirbi- 
huril.ji,  the  problem  (1.1)  (I  d)  has  n  unique  solution  (defined  in  a  suitable  weak 


Wow  cijuutmn  with  hiti  nml  tinmphttf 


2Ty\ 


sni sc)  sail sfy i lit/ 


(1.4)  </-  e  H^D)  nr' (R¥:  L'^n)) 

mul 

(l.-r))  »'{/ («')  e  Lj,„  (R+:L'(H)). 

Morrourr.  its  rnrrt/i/  is  non-mnruxinfi. 

h)  If  (Hu, ii i)  €  (//2(Si)  n  ll,\(il))  x  IIt\(il)  and  fi(ii\)  £  thru  the  solution 

of  (i.l)  (1..H)  has  thr  following  irtfidarUy  properties: 

(l  (i)  U  £  A'(R+: //*(«)  n //,',(»)). 

(17)  If'e  ♦.://,!(«)). 

(IS)  Hwe /.''(R+ :/;■*(«)). 

(1  !))  nl  II1)  €  /.v(R+:/;J(Sl)). 

Morrourr.  thr  function 

1R.i  St*—  I  |  At/(/.  .r)|^  +  |  ¥  ii' (t ,  .r)|“  </./■ 

■hi 

is  vmi-ivi-misinii.  Fiiudli/,  tlir  mcrtu/  function  is  ioriilh/  nh.iohi.trli/  continuous  and 
wr  have 

(1.10)  E'  —  I  u'fi(ii)  d.r  <  t) 

■hi 

almost  rvcrt/tnhrrr  in  1R ,  . 

The  purpose  of  this  paper  is  to  study  the  energy  decay  rate  under  suitable 
grow  t  li  assumpt ions  on  In  the  rest,  of  the  paper  we  assume  t hat  t  here  exist  three 
numbers  />  >  1.  i/  >  1  >  #•  >  0  and  four  positive  constants  <•,.  I  <"  i  <  I  such  that 

(l.U)  nkl"<  l//(..-)l  <  if  kl<i 

and 

(1-12)  £,kr  <l/y(-')l  Jrtkl"  if  kl  >  1. 

I-et.  us  observe  that  if  the  inequalities  of  (1.11)  (rusp.  of  (1.12))  are  satislied  only 
in  some  smaller  neighbourhood  of  0  (resp,  of  ±->o),  then  they  are  also  satisfied 
(maybe  with  other  const  nuts  r, )  in  the  neighbourhood  |.r|  <  1  (resp.  |.r|  >  1)  by 
the  non-decreasing  property  of  r/. 
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Theorem  1.2.  Assume  (1.11)  urn/ (1.12)  with 

(1.13)  p  >  1.  /•  =  1  and  (j  >  I  such  that  [n  —  2)</  <  n  +  2. 

Thru  for  evr.ru  («„,  m  )  6  //,( (SI)  n  L2(il)  the  solution  of  the  problem  (l.l)  ( 1.3) 

satisfies  the  estimate 

(1.11)  E[t)  <  Ct  11  V/X). 

where  C  is  a  constant  dependiny  only  on  the  initial  eneryi/  /?(())  m  (/.continuous 
way. 


Remarks.  There  is  an  analogous  result,  ii  we  assume  (1.11)  with  p  —  1:  then 
an  easy  adaptat  ion  of  our  proof  given  below  lends  to  the  estimate 

(1.15)  £(/)  <  r1 -“"£(())  V/X). 

where  ui  is  a  positive  constant,  independent,  of  the  initial  data. 

Theorem  1.2  improves  and  simplifies  several  earlier  theorems  of  Nnkao  [13], 
Ilnrnux  and  Zuazun  [G|.  Zuazun  [14],  Conrad.  Leblond  and  Mnrmorut  [2]  by  weak¬ 
ening  their  growth  assumptions  on  </  near  zero. 

It  is  easy  to  give  examples  of  functions  ;/  satisfying  (1.11)  (1.13).  For  example, 
choose  two  numbers  o  >  (>,  ii  >  0  and  consider  the  funct  ion 


(Uti) 


|.r|,,sgu.r.  if  |.r|  <  l. 
|.r|  'sgu  ,r.  if  |.)'|  >  1. 


If  ii  >  4  and  i  >  (n  +4 )/(n  -  4),  then  we  cannot  apply  theorem  1.1  because  there 
is  no  < i  satisfying  (1.12)  and  (1.13).  We  cannot  apply  this  theorem  either  if  .3  <  l: 
then  the  first  inequality  in  (1.12)  is  not  satisfied  with  r  -  1.  In  the  remaining 
eases,  i.e.  when  ii  >  1  and  (a  -  4 )/3  <  ii  +4.  we  may  apply  theorem  1.1  wit  h 
p  =  max -jo.  1,/n}.  r/  =  ti  and  r  —  l:forp  — o  =  1  we  rather  apply  the  complement 
of  the  theorem  mentioned  above  (ef.(l.lJi)). 


As  F.  Conrad  kindly  pointed  out  to  the  author,  theorem  1.2  and  the  previous 
results  all  have  a  drawback  from  the  point  of  view  of  applications;  they  never 
apply  if  the  function  y  is  hounded.  Indeed,  no  bounded  function  can  verify  the 
first  inequality  in  (1.12)  if  r  >  0.  On  the  other  hand,  in  many  applications  the 
function  <i  is  bounded,  as  for  example  the  function  introduced  in  (1.1(1)  if  ii  -  0. 
The  following  result  applies  in  such  situations  as  well,  at  least,  for  smooth  initial 
data. 

Theorem  1.3.  Assume  (1.11).  (1.12)  "'ith 

(1.17)  ]>  >1.  0  <  r  <  1  nnd  q  >  '  such  that,  (ti  —  4 )(/  <  v  +  4. 


Ware  t  t/iitiliiiii  ii’ilh  internal  (tan!  peel 


Furthermore,  assume  that 

(1.18)  2/j  >  n  +  (2  —  n)r  and  2p  >  n  —  2  —  nq  1 . 

Then  for  ever//  (n{).u\)  €  (//2(12)n//|',($2))  x  (S  2)  satisfying  r/(»i)  €  //($2)  their 
exists  a  constant.  C  such  that  the  solution  of  the  problem  (1.1)  ( 1 )  satisfies  the 

estimate 

(1.10)  E{t)  it  >  0. 


Remarks.  —  The  technical  condition  (1.18)  is  easy  to  satisfy.  Indeed,  if  (1.11). 
(1.12)  and  (1.17)  arc  satisfied,  then  replacing  p  by 

(1.20)  niax{/>,  (v  f  (2  -  »)r)/2.  (//  -  2  -  n<f  1  )/2} 


(1.11),  (1.12),  (1.17)  remain  valid  (with  the  same  constants  e,)  and  (1.18)  will  la1 
satisfied,  too.  Note  that  condition  (1.18)  is  automatically  satisfied  if  n  <  2. 

Consider  for  example  the  function  <j  defined  by  the  formula  ( 1 . 1(5 )  with  n  >  0. 
;i  >  0.  If  n  >  4  and  ;i  >  (//  +  4)/( //  -  1).  then  there  is  no  </  satisfying  (1.12)  and 

(1.17) .  On  th**  other  hand,  if  (n  -4 )(1  <  ii  +4,  then  we  may  apply  theorem  1.3  with 
r  =  min{/i  1}.  q  =  inaxj.4. 1}  and  with  any  p  >  1  satisfying  p  >  unujo  1/n)  and 

(1.18) .  For  exiimi)le,  if  n  /  I  and  ,d  —  0.  then  we  may  choose  r  —  0.  q  —  1  and 
p  =  mnx{o,  l/o,  /i/2} . 

Another  example  is  given  by 


!!(■'■) 


y/x.  if  X  >  (I. 

-X2.  if  .!•<(). 


Ill  this  case  theorem  1.2  cannot  be  applied  because  (1.12)  is  not  satisfied  with 
r  ■—  1.  If  n  >  12.  then  theorem  1.3  cannot  be  applied  either  because  there  is  no  q 
satisfying  (1.12)  and  (1.17).  On  the  other  baud,  in  case  ii  <  12  theorem  1.3  applies 
with  r  -  1/2,  <i=2  and  with  p  =  2  if  n  <  (i.  p  -  (n  +  2)/4  if  (i  <  n  <  12.  A  more 
general  example  is  given  by  the  formula 

m  \ 

,/(./■):=  £>,(.r,  )"•  -]T ,/'('r  )''■ 

i=l  i=l 

where  ,r+  =  max(.r. 0).  ./•„  —  max( -x. 0).  <■,.  < I /», .  //,  are  given  positive  numbers. 


There  is  a  result  analogous  to  theorem  1  .U  if  (1.11),  (  1.18)  are  satisfied  with 
p  =  1  and  q,  r  satisfy  the  conditions  r  (1.12).  (1.17):  if  n  >  2.  then  we  also  nix'd 
the  assumption  v  —  1 .  If  t  hese  conditions  are  satisfied,  then  an  easy  adaptat  ion  of 
the  proof  of  theorem  1.3  leads  to  the  estimate  (1.15)  where  u,'  is  a  positive  constant 
depending  on  the  initial  data. 
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Let  us  note’ t lull  theorem  1.3  implies  an  earlier  theorem  of  Nnkno  [13];  his 
original,  stronger  growth  assumptions  on  </  excluded  the  bounded  functions. 

Our  method  of  proof  differs  from  those  of  the  earlier  works  The  idett  is  to 
prove  that  the  energy  function  satisfies  the  integral  inequalities 

(1.21)  j  E,,  +  I(.s)  ds<TE{i))''E{t),  Vf  e  IRh 

with  n  =  (/)  —  l)/2,  for  a  suitable  positive  constant  A.  Then  we  can  conclude  bv 
applying  the  following  result  which  improves  some  earlier  theorems  of  Haraux  [3] 
and  Laguese  [10]. 

Theorem  1.4.  Let  E  ;  IR+  — *  R+  hr  a  non-i.ncrrusiny  function  and  assume 
that  there  arc  two  constants  n  >  0  and  T  >  0  such  that.  (1.21)  is  satisfied,  Then 
we  have 

T  +  nt  ‘ l/" 

(1.22)  E«)  <  E(0)~— -  .  Vf  >  T. 

T  +  nl 

Remarks.  —  Note  that  the  inequality  (1.22)  is  obviously  satisfied  for  0  <  f  <  T 
too:  then  it  is  weaker  then  the  trivial  inequality  E(t)  <  E(  0).  There  is  an  analogous 
(anti  simj»ler)  result  if  (1.21)  is  satisfied  with  n  =  0;  then  we  have 

(1.23)  E(t.)  <  E(l))c[  t>"‘  .  Vf  >  7', 
instead  of  (1.22). 

Our  approach  seems  to  lie  simpler  than  that  of  Nnkno  [13]  because  we  apply 
simpler  and  more  natural  integral  inequalities  and  also  simpler  than  the  Liapunov 
type  method  of  Haraux  and  Ztmzua  [(»]  because  we  do  not.  have  t.o  introduce 
artificial  Liapunov  functions  and  a  corresponding  artificial  parameter. 

Let  us  also  mention  that  strong  stability  results  (without  decay  estimates) 
were  obtained  earlier  (by  applying  LaSalle's  invariance  principle)  by  Murcuti  [12]. 

The  author  is  grateful  to  K.  Conrad  and  A.  Haraux  for  fruitful  discussions 
and  to  the  organizers  of  the  11)113  Vomit  Conference  on  Control  Theory  for  their 
invitation. 


2.  Proof  of  Theorem  1.4 


IF  £7(0)  =  0,  then  E  :  0  and  there  is  nothing  to  prove.  Otherwise,  replacing 
the  function  E  by  the  function  E/ E( 0)  we  may  assume  t  hat  £(0)  =  1  and  we  have 
t.o  prove  the  estimate 


(2.1) 


Wfii'r  rtf  util  inti  with  inlrrnul  dmnpnifi 


Ini induce  tin*  function 


*w-jf 


E"  1  1  ds. 


It  is  non-increasing  and  locally  absolutely  continuous.  Differentiating  and  using 
(1.21)  wc  find  that 


whence 


-r  >  T-'  'F'"'  u.e.  in  (O.+x) 


(F  '")  >  nT'"  1  a.e.  in  (II.  i?).  13  ;=  sii|){/  :  E(t)  >  (>}. 


(Ol)scrve  that.  F'~'*(t)  is  defined  for  /  <  /?.)  Integrating  in  [(I.  s]  we  obtain 


(F(s)‘  “  —  F(0)‘ ")  >  i\T  "  for  every  *  t  [().  li) 


whence 


(2.2)  F(«)  <  (F(())-‘  +  nT 's)  ' for  every  *  6  [0.  Li). 

Since  F(. s)  -  ()  if  *  >  I),  this  inequality  is  valid  in  fact  for  every  »  e  K(..  Since 
F(0)  <  TE( ())"  H  =  T  by  ( 1.21),  the  right-hand  side  of  (2.2)  is  less  than  equal  to 

{T  "  +  t\T  '"•'*)  =  7'(,,H)/'’(7'  + os)  l/n. 

On  the  other  hand,  E  being  nonnegative  and  non-increasing,  the  left-hand  side  of 
(2.2)  may  be  estimated  as  follows: 

/•+•■*.  /•'/'+ (n-i  i ).» 

F{. s)  =  J  E"  1  dt.  >  j  E"  ' 1  dt  >  (T  +  ns)F(T  +  (o  +  l).s)"  H. 

Therefore  we  deduce  from  (2.2)  the  estimate' 


wlienct' 


(T  +  ns)E(T  +  (n+  Ds)""  <  T("4  l)/,,(7'4  ns) 


((\S\  l/*1 

1  4-  —  J  ,  Vs  >  0. 


Choosing  I  :=  T  +  (n  4-  l)s  hence  the  inequality(2.1)  follows.  [J 

Remark  2.1.  The  theorem  is  optimal  in  the  following  sense:  given  o  >  l). 
T  >  0,  C  >  ()  and  t1  >  T  arbitrarily,  there  exists  a  non-increasing  function 
E  :  R+  — *  R+  satisfying  (1.21)  and  such  that. 


E(  0)  =  C  and  E(t')  =  E(0) 


T  +  nf' 

T  +  nT 
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Wt>  leave  to  the  reader  to  verify  that  the  following  example  has  these  properties: 


(2.3)  /?(/):= 


r r(l+nC  "t/T)  ~xf". 

<  C^l+n)l/’'{l+tllC-nt‘/Tyl," 


0. 


ifo<t<(//-rc")/(o+i). 

if  (t'-TC')/{n  +  1  )<t  <t\ 
if  t>t'. 


Let  us  also  note  that  for  t  <  T  we  cannot  say  more  than  the  trivial  estimate 
E(()  <  /?(()).  Indeed,  for  any  given  o  >  0,  T  >  0.  C  >  0  and  I'  <  T  the  function 


(2.4) 


if  o  <  t  <  r. 
if  i  >  T 


satisfies  (1.21)  and  E(t')  =  E( 0)  =  C. 

Remark  2.2.  —  Assume  that  E  is  also  continuous.  Then  the  inequalities  (1.22) 
are  strict:  in  particular.  E(T)  <  /?(()).  We  refer  to  (!)]  for  this  result,  for  a  detailed 
study  of  integral  inequalities  of  type  (1.21)  (also  for  n  <  0)  and  for  the  study  of 
closely  related  differential  inequalities. 


3.  Proof  of  Theorem  1.2 


Applying  a  density  and  approximation  argument,  as  in  [4].  [!>]  it  is  sufficient, 
to  consider  the  ease  where 


(«!..«,)  e  (tfa($l)n  //,!(«))  X  //,!(»)  and  //(«,)€ 

In  t  his  ease'  the  solution  of  (1.1)  (1.3)  has  the  regularity  properties  ( 1 .(»)  (1.!)) 

and  this  regularity  is  sufficient  to  justify  all  computations  that  follow.  Let.  us  begin 
by  recalling  the  proof  of  formula  (1.10)  in  theorem  1.1.  Multiplying  (1.1)  with  a', 
integrating  by  parts  in  S2  x  (.S'.  T)  and  using  (1.2)  we  obtain  easily  that 

(3.1)  E(S)  -  E(T)  =  f  [  //</( i/)  dx  dt.  0  <  S  <  T  <  +oc. 

Js  .Mi 

Since  .ry(.r)  >  0  for  all  .r  C  R.  it  follows  that  the  energy  is  non-increasing,  locally 
absolutely  continuous  and 


E'  —  -  I  u'cj(u')  dx 
Ju 


+  • 


(3.2) 


a.e.  in  R 


Vi'ni'r  rqutihnii  unlit  inimint  damping 


m) 


Next,  we  multiply  (1.1)  with  E*p"[^‘iu.  We  have 

0  =  j  Eu'-  uri  n(a"  -  A n  +  </(n))  clx  <lt 
=  [£<"  11/2  I  uu  dx]'  -  J  Eu‘  :')/2E'  j  uu'  dx  dt 


+ 


K('>~U/a  jf  IVi/f2  -  (i/)2  +  n<l{n')  dx  dt 


whnuT 
r’t 


I  E^l)/2  dt  =  [/•;'"  l)/2  [  uu1  dx]  *  +  /-^  j  E{>'  :i)/2E'  j  an1  dx  dt 
+  j  fc,,',”l)/a  I  2 («')“  -  »(/((/')  dx 


dt 


Using  the  non-increasing  property  of  E ,  the  Soholev  imbedding  //’(SI)  C 
the  definition  of  E  and  the  Cmiehy-Sehwarz  inequality  we  have 


Zv("-  11/2  /  in/  dx!  <  c£'',H,/a  <  cE 

./$  i 


and 


|  jf  eU‘~  ')/*e'  j  uu'  dx  dt|  <  — e  I  £<"  1  '/*/?'  dt  <  -c  j  E'  dt  <  cE(S). 

(Here  and  in  the  sequel  we  denote  liy  e  positive  constants  which  may  he  different.  at 
different  oeeitreneies.)  Using  these  estimate's  we  conelnde  from  the  above  identity 
that. 


(3.3) 


2  I  E{,,+  l)ri  dt  <  rE(S)  +  j  '  E{>’  11/2  f  2(ii,)a  -  iin(ii')  dx  dt. 


In  order  to  estimate'  the  lust,  term  of  (li.d),  we  set 


(3.4)  iii  1}.  lh  :=  {.f  6  il  :  |n'|  >  1}. 

and  we  remark  that  the  assumption  ( i .  1 1 )  implies  the  following  two  inequalities 
(we  also  use  (.'1.2)  and  the  Holder  inequality): 


(3-5) 

[  (i/)’J  dx  <  i  f 
.'lii  J ll 

(m/(V(«,))2/("+|)  dx  <  r{-E')2n‘^'\ 

\ 

and 

(3.0) 

[  (jin')2  'lx  <  c.  1 
J  Hi  J  i 

(ti,(/(u,))2/(»'+l)  dx  <  p(_£')VCH-ll 

li 

\  ; 


a«i 
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Now  fix  an  arbitrarily  small  e  >  0  (U>  Ik*  chosen  later).  Using  (3.5),  (3.8).  the 
boundedness  of  E"  for  any  n  >  0.  tlm  obvious  estimate 

IMI/.qnt  -  "El,i 

and  applying  tin1  Young  inequality  we  obtain  the  following  estimate. 

[  2{,,V  - .«,(«')  -ix  .u  s ffi0- w<-k')w""  + 

./si, 

_,.(f )f'. 

Hence 

,;li7)  [‘  gd>  -u/a  /  2(a')w  -  »</("')  <lx  <lt  <  £  /  £°,+  ,,/il  <l».  +  r{e)E{S) 

./.s'  "  ./ill  ,'s 

and  substituting  this  into  (3.3)  we  obtain  that 

(3,K)  (2-f) '-+"/'■*  iU.<r(e)E(S)+  -u,iW)  dx  dt. 

Assume  for  a  moment  the  estimates 

-‘»/a  j  (, ,,'j *  dx  <  -  c(<r)K' 


and 

(3.1b) 


£«<•  "/a  f  \u!i(u')\<h<eEu'"),'i  ->is)E'. 

■Mlj 


Then  we  have  (similarly  to  (3.7)) 
// 


j'  /.;(/■  u/a  jf"  2(,/)'2  -  «;/(«')  dx  dt  <  2f  [  dt  4-  r(?)E($) 

and  we  eonelude  from  (3.W)  that 

(;U1)  (2-  3*)^  /-;(H  n/,!  dt  •  .•(,  )/■:(*). 

Choosing  £  =  1/3  and  4  =■  e(e)  we  deduce  from  (3.1 1)  that 

l‘  /i«i' "»/a  dt  <  ,4f-;(.s-).  o .v  •  r  <  +■%•. 

and  letting  7'  —  +o&  this  yi< '  Is  the  following  crucial  estimate 
(H.  12)  J  E[l"  ')/2  dt  <  AK(S),  VS  >  0. 

We  may  tints  complete  the  proof  by  applying  theorem  1/1. 


t 


Wnw.  nipiriliori  with  inlrvntil  dninpiiig 


It  remains  to  prove  the  estimates  (3.9)  and  (3.11J).  Since  now  r  =  I  hy 
hypothecs  (3.9)  follows  easily  from  (1.12)  ntul  (3.2): 

E1’-"'3  /  (ti'f  <lx  <  e., 1  /  u' <)(«')  dx  <  -c,  1 

./iij  J tij 

Turning  to  the  proof  of  (3.10)  first  we  apply  the  Holder  inequality,  the  Soholev 
imbedding  H[{  12)  C  Lu+l(il)  (this  follows  from  hypothesis  (1.13)  on  r /)  and  the 
deKnition  of  the  energy: 

Eu‘~uri  f  |  «ff(«')|«l*<E(,,",)/a||«||,+  ,||j»(M')||, ^r^',/all»('‘,)ll/,l'1/s(ija). 

J  11a 

(Here  and  in  the  sequel  we  denote  the  norm  of  by  ||  •  ||r% .  1  <  n  <  -x.)  Using 

(1.12)  and  (3.2)  to  estimate  the  last,  norm  we  obtain  that 

fb'-U/'J  ^  | iff/(„') |  dx  <  c£',/a(^  u'u(n')  dx y'/('''<  ”  <  rE‘‘/2\E'\,l/l' ' *»*. 

Applying  the  Young  inequality  hence  we  conclude  that 

/t("  -  D/a  /  lullin')]  dx  <  f/jU'/t  U/'i  _ 

Jiij 

Since  /;((/  +  1)  >  /»  +  1,  hence  (3.10)  follows  (with  another  f). 


4.  Proof  of  Theorem  1.3 


Adapting  the  proof  of  theorem  1.2  we  only  have  to  modify  the  proof  of  the 
estimates  (3.9)  and  (3.10).  Let  us  begin  with  the  proof  of  (3.9).  If  r  =  1.  then  the 
previous  proof  remains  valid.  If  ii  =  1,  then  //'(SI)  C  AX(U)  and  we  conclude 
from  (1.7)  that  »'  g  Lx( IR.t :  LV(S l)).  Using  the  obvious  relation 

|  £  min {//( I ).  -  n(-  1)}  >  0  if  |.H  >  1 

it  follows  that 


E[l'  ll/J  /  (»/')*  dx  <  <El>‘  /  |«,||iA/((i')|  dx  <  rffi>  ,,/a||M'|K||«<»/(«#) 

■hi,  hi, 


<  cE{“-'iri(-E')  <  -cE'. 
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Indeed,  wo  have.  putting  n  :=  (2  -  (r  +  l).s)/(l  -  »)  for  brevity, 

£(,-n/2  [  („')2  {lx  <  rE(p-i)/2  f  |„/|'><|-"t|„V,(u')|"  rlx 
•A  tj  Jtlj 

<  1  »/=* || it#' |«t 1  — >  ||  1/( , _ II  i/- 

_  n/a  ||«'  || ;;( 1  ~  ^  -  e'  )" 


Choosing  s  =  2/(p  +  1)  the  right  hand  side  of  (4.1)  becomes 

Assumption  (1.18)  on  r  implies  the  Sobolev  imbedding  //'(SI)  C  //<i|t,-'’)/(/»--i)(Ji), 
(This  assumption  is  needed  only  if  n  >  3:  the  case  n  =  2  is  trivial,)  Using  also 
(1.7)  we  thus  deduce  from  (4.1)  that. 

E(,,"l)/'2  f  (i//)2  dx  <  cf'E(+1)/2  -  c(f')E' 

Jih 

with  some  constant  r  which  does  not  depend  on  s' .  ('housing  s' e/e  hence  (3.9) 
follows. 

Turning  to  the  proof  of  (3.10)  we  may  assume  that  (/  >  1.  Indeed,  if  <j  =  1. 
then  we  may  replace  (/  by  1  with  a  sufficiently  small  <*>  >  t):  tin'll  (1.12),  (1.17) 
and  (1.18)  remain  valid.  The  case  a  <  4  is  obvious:  then  we  have  //2(S1)  C  /,v(  11) 
whence  a  €  L'X'(R+;  £/x'(il))  (cf.  (1.6)).  Therefore 

E[,,'l)/2  I  |«ff(.,')|  'lx  <  El" -|,/a||.i|kll®(«')lli.',n,» 

■hh 

<cE(''-1^||«|k||(Ay(a')||,,{!u 
<<•&•"  l^||«|k.(-E')  <  -iE'. 

Now  assume  that  n  >  4.  First  we  show  for  any  fixed  s'  >  0  the  inequality 
(4.2)  £(p-1)/2  /  |u0(m')|  dx  <  e'£l,,_,)l,+',)/2||u||2+i  —  c(e')E'. 

Jiii 
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Ill(l('('d,  WO  llRVO 

[  |m/(n,)|  (lx  <  E{1’  ,,/a|hi||,+  .||fl(«')ll/....^,«a, 

Jill 

ll«iu+,  ll(ii,w(«')),#/(M  "’ll/..  • 

<  rE^‘~ 1  )/J ||  it ||(/+ 1  {—E')'1^ 1 4  n) 
<ff»£’(P-i)(i+,)/aj||f||^j 

Next,  wo  recall  that  the  intcrpolatiotial  inequality 

(4.3)  Nl„i.  <',ll»ll2il/Ui-a,ll»ll.!'' 

is  valid  for  every  .«*  €  [2n/(n  —  2).  +<x)  and  /  £  [().  1]  sneli  that. 


1  -n-‘2  l-l 

- _  >  f  __ —  + - , 

<1  +  1  2  ii  s 


Choosing 


/  =  max 


one  can  readily  verify  that  /  £  ((I.  1).  Flirt hornioro.  it  is  easy  to  show  that  in  ease 
n  —  i  (-4.4)  is  satislie.  1  if  we  choose  a  sufficiently  largo  s  >  2 n/(n  -  2).  while  in  case 
n  >  1  it  follows  from  (1.17)  and  (1.18)  that  (4.4)  is  satisfied  with  »  —  2 ii/(ii  -  4). 
Choosing  ,s  in  this  way,  using  (4,4).  the  Sobolev  imbeddings  // 1  (12)  C  l2"^"  - 21  ($2). 
H2(tt)  C  and  applying  (l.(i)  we  obtain  that 

E1"-1)("*)/3||(1||J-h  -•><■•'/ '/a||f,||.^/;v..a)l|!i|l!,!i;!“!.',,)n 

<  ,.£’(/> -mu ip/^|| #/ 1| fjVZ/i ^  r£b<- 1  wni+./i/i 

<  ,./,;(/>+ 1  )t* 

(in  t  lie  last  step  we  used  I  he  definition  of/).  We  thus  deduce  from  (4.2)  t  he  estimate 

')/2  /  |/i.r/(f/')|  dx  <  (*'/•<"*  »/*  - 

Jill 

with  some  constant  c  which  does  not  depend  on  e' .  Choosing  ?'  :  —  e/r  hence  (4.10) 
follows. 

Now  the  proof  may  be  completed  in  the  same  way  as  that  of  theorem  1.2  in 
the  proceeding  section.  □ 

Remarks.  .  Unlike  the  situation  of  the  proceeding  section,  in  the  present  case 

the  constants  in  the  estimates  (4.9).  (4.10)  do  not,  depend  only  on  the  initial  energy 
of  t  he  solution.  Therefore  we  cannot  apply  here  a  density  argument  to  obtain  t  he 
estimate  (1.19)  for  all  solutions  with  initial  data  in  W,|(f 2)  x  L2{tt). 


t 
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We  mentioned  in  section  1  thill  there  is  n  result,  antilogous  to  theorem  1.2 
it  p  =  1.  In  this  ease  we  can  repent  the  above  proof,  excepting  that,  we  cannot 
assume  in  the  case  n  >  2  that  r  <  1.  Under  the  additional  assumption  r  ~  1  we 
may  then  prove  (3.9)  as  follows:  in  the  inequality  following  (4.1)  we  have  n  =  2 
for  any  choice  of  n  £  (0. 1),  Hence 

[  (n’)u  (lx  <  — »||«'||a  -r{?')E' 

•'si, 

<  cs'EU'-U/ml  *)]  E  -  c(e <  <E  -  r(c  ')£' 

and  (3,9)  follows  by  choosing  s1  :=  s/r.  Then  we  obtain  again  the  iut.(‘gral  estimates 
(3.12)  (with  p  =  1)  and  we  conclude  by  applying  the  corresponding  variant  (with 
t\  =  0)  of  theorem  1.4. 
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ON  THE  CONTROLLABILITY  OF  THE  ROTATION  OF  A 

FLEXIBLE  ARM 

W,  KRAUS 

Fnehboreich  Matlicmatik 
Trchnische  Hoehsclmle  Darmstadt 


Ahsiiiaii  .  ('onsitliTcd  is  the  ratal  ion  of  a  llrxiblc  arm  in  a  horizontal  plane  about  an 
axis  through  t  lie  arm's  fixed  end  and  driven  by  a  motor  wliose  tore  pie  is  controlled.  The 
model  was  derived  and  investigated  computationally  by  Sakawa  for  the  ease  that  the 
arm  is  described  as  a  homogeneous  Hitler  beam.  The  resulting  equation  of  motion  is  a 
partial  differential  equation  of  the  type  of  a  wave  equation  which  is  linear  with  respect 
to  the  state,  if  the  control  is  fixed,  and  non-linear  with  respect  to  the  control. 

Considered  is  the  problem  of  steering  the  beam,  within  a  given  tilin'  interval, 
from  t  ile  position  of  rest  lor  I  lie  angle  zero  into  (  lie  position  of  rest  under  a  certain 
given  angle. 

At  first  we  show  that,  for  every  A/* -control  which  is  suitably  bounded,  there  is 
exactly  one  (weak)  solution  of  the  initial  boundary  value  problem  which  describes  the 
system  without  the  end  condition. 

Then  we  present-  an  iterative  method  for  solving  the  problem  of  controllability 
and  discuss  its  convergence. 

I  Dill  Miithvmnt.ic.1  Subjvrt  (Hn»xiJiivHnn.  !).'«’ Id.  <i:»Cir> 

K f  ij  innriln  mill  plmwrs.  Controllability,  rotation  of  a  flexible  arm.  homogeneous  Killer 
beam. 


Introduction 

The  problem  of  controllability  of  n  rotating  homogeneous  Euler  beam  Inis  been 
dealt,  with  in  [  l]  and  [5]  where  also  references  of  former  work  are  given.  The  model 
being  investigated  ia  (,r)]  was  slightly  modilied  in  [3]  and  also  treated  by  a  method 
of  decomposition,  however,  of  a  more  direct  and  simpler  way  than  in  jf>) , 

in  this  paper  we  consider  the  model  which  was  derived  in  [0]  and  treated 
numerically  based  on  the  method  of  Galeikin.  We  are  concerned  with  the  homoge¬ 
neous  ease  which  lends  to  a  differential  equation  of  the  form  (1.8)  with  boundary 
conditions  (1.3)  and  initial  conditions  (1.4)  winch  correspond  to  the  position  of 
rest  of  the  system  at  the  beginning  of  the  movement. 

In  Section  1  we  formulate  the  problem  of  controllability  to  be  solved  in  this 
paper.  Section  2  is  devoted  to  the  question  of  solvability  of  the  model  equations 
(1.8).  (1.3),  (1.4).  Here  we  also  derive  an  integral  differential  equation  (see  (2.7)) 


t 


I 
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which  is  equivalent  to  the  mo<l<'l  equations  and  show  that,  tliis  has  a  unicjiK'  solu¬ 
tion  if  the1  control  is  suitably  hounded. 

Ill  Section  d  we  present  mi  iterative  method  for  solving  the  problem  of  con¬ 
trollability  and  discuss  its  convergence  under  suitable  conditions. 


1.  The  Model  and  the  Problem  of  Controllability 

We  consider  the  rotation  of  a  flexible  arm  in  a  horizontal  plane  about  an  axis 
through  the  arm's  fixed  end.  We  assume  this  rotation  to  be  driven  by  a  motor 
whose  torque  is  controlled.  The  equations  of  motion  of  the  driving  motor  are  given 
by 


(1.1) 


;.(/)  =  «■(/). 

«•(/)  =  "(i)-  1  e  [o.T]. 


for  some  given  time  T  >  0.  where  =  y>(/)  is  the  angle  of  rotation,  w  —  ir(l)  is 
the  angular  velocity,  and  u(l)  —  t(I)/J  where  r  =  r{t)  is  the  tor(|ue  generated  by 
the  motor  and  ./  is  the  moment  of  inertia  of  the  motor.  If  the  bending  vibrations 
of  the  arm  are  small,  we  can  assume  ./  to  lie  constant. 

In  addition  we  assume  the  arm  to  bo  homogeneous  and  of  length  1,  Following 
[(i|  we  model  the  displacement  //  —  iy(/..r)  of  the  arm  from  the  rotating  zero  line 
by  the  differential  equation 

(12)  Hi  fit-. r)  +  (d  r)  -  ~\(l  -  .r‘ 1 /.  r)|  -  r) 

—  — j-i i(f)  for  all  /  €  (d.T).  ./■  6  (0.  1). 


The  left,  end  of  the  arm  being  elamped  and  the  light  end  being  free  leads  to  the 
boundary  conditions 

//(/.ID  -  //..(Ml)  =  l)  ) 

(l  .:l)  and  >  for  /  ci  [»).  7  ]. 

1)  ----  //,„(/.  1)  -  "  J 

At  the  beginning  of  the  motion  the  arm  is  assumed  to  be  in  rest  which  lc-«ds  to 
the  ini t  ini  eoiidit  ions 


111)  //(<>..»•)  =  //,(( )..|)  ---  I)  for  ,r  e  ft).  I) 

and 


(l..r>) 


v?(«)  =  t((»)  =  <)■ 


On  using  (l.l'  and  (l.Ji)  we  get. 
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and 

/ 

(1.7)  y?(f)  =  /('  -  *)«(*)  */- 

0 

fin-  f  e  (0,7’]  SO  that  (1.2)  can  be  rewritten  in  the-  form 

A  | 

.y*f(A.  .»■)  +  !i,rru{t,  ~  ij  llh)(lsf  {  ~~\(  \  -  .r2)tlAf  >■>■)]  +  !/(*■•')} 

—  -.ru(t)  for  t  £  (0.7’).  r  £  (0. 1). 

Now  we  arc  in  the  position  of  formulating  the 


Problem  of  Controllability:  Let  some  angle  y>r  €  R  with  y'I'  #  0  be  proscribed. 
Determine  »  €  L2[().T\  such  that- 

7 

(1.9)  ju(f)df~  0  (<t=>  ^(7’)  =  0). 
o 

7 

(1.10)  -  j  til(1)dl  -  y?/-  (^— r>  y-(7’)  =  V5/')- 

'll 

and  the  corresponding  solution  ;/  =  //(!.. r)  of  (l.H).  ( I  .It),  and  (1.1)  satisfies  the 
end  condition 

(1.11)  i/(7'.  .r)  -  </i (/'..»■)=  0  for  .i  (=  (0. 1 ) . 

In  words:  Tin-  torque  of  the  driving  motor  is  to  be  detenu. nod  such  that  tin-  arm 
is  steered  from  a  position  of  rest  at  t  -  0  with  angle  zero  fu  a  position  of  rest  at 
/  =  /  with  angle  y?/-. 

2.  On  the  Solvability  of  the  Model  Equations 

Before  d'-aling  with  the  problem  of  controllability  we  investigate  the  question 
under  which  condition,  for  a  given  a  t  l  there  exists  a  unique  weak  solution 

ij  —  i/{t.  .r)  of  ( i.K).  (1.4).  (1.4). 

For  this  purpose  we  at  first,  observe  t  hat  the  different  ial  operator 
Llc)(.i  )  =  c(  "(.r)  for  almost  nil  ,r  €  (0. 1) 
is  self  adjoint  and  positive  definite  on 

D{L)  =  {■.  €  Hl( 0. 1)|  =(())  =  *'(())  =  z"(l)  =  ;'"(!)  -  0} 
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and  lias  tin  inifinite  sequence  of  tstiiipk'  eigenvalues 

Ai  =  [(./  _  2^  +  J  6 

whic  h  arc  the  positive  solutions  of  the  transcendental  equation 

cosh(A^ )  (’OS  (A*)  =  -1 

and  for  which  linii_.x.  fj  =  0  holds  true.  The  corresponding  sequence  of  orthonor- 
mul  eigenfunctions  e,  6  D(L ).  j  c  N,  is  given  by  (r;  =  v?j7llv5.illl.i,(0.ii)jC:fi  where 

-  cosh(A^r)  -  cos(Ay'.'')  -  Jj (sinh(A^.r)  -  siii(A^.r)) 


cosh  (A3 )  +  cos(A; )  . 

7,  = - 4 - 4  •  j  e  N. 

sinh(A3 )  +  sin(A^ ) 

Now  wo  consider  the  differential  equation 

.»  //(/(/••<•)  +  -.m  •('••'')  -  /(b.r) 

'“,I;  for  16(0,7’)  and  ./•€(().  1) 

where  /  €  L2{(l),T),  H)  is  chosen  arbitrarily  together  with  the  boundary  condi¬ 
tio,  is  (l.:i)  and  the  initial  conditions  (1.4).  By  results  in  [lj  and  [2]  there  is  a  unique 
weak  solution  y  —  y{l.  ■>  )  of  (2.1),  (1.3),  (1.4)  with  //  6  (■([().  7'],  V’)  n  f  *((().  7’].  H) 
which  is  given  bv 


(2.2)  y{t..r)  =  I  j"  ,(.r)c/.rsin  y/\j{t  ■ 

1- 1  *  J  ()  Cl 

for  1  6  [0.7  ]  and  .r  6  [0. 1]  where  H  =■  L2{{).  7  )  and 

V  -  [r  6  //2(ll.  1)1  e(0)  =  7(0)  -0}. 


-  *)<!»<  ,(./■) 


Its  time'  derivative  reads 


(2.:i)  >„(>■■<) 


.  1 

T.  j  j  /(«,  j-)<i(.f)il.r  cos  \f\j(t  -  .s)ct.s(  j  (.») 


for  1  6  [0,7’]  and  .r  6  [0. 1]. 

If//  =  y{t,.r )  is  in  C([0,7’],V')nC,l([0,7’],//)  and  is  a  solution  of  (1.8).  (1.3). 

(1.4)  for  some  given  u  6  L2(0, 7’),  then  we  put 

t 

(2.4)  =  (  J  u(»)d*)2{~Hl  -  *a)to(*,*)]  +  J/(N.r)}  -  .m(f) 
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for  t  £  (0,7')  and  .r  €  (0. 1)  and  infer  that  ;/  =  y(t,.r)  is  also  a  weak  solution  of 
(2.1),  (1.3),  (1.4),  shire  /  £  £2((0,  T).  H). 

In  order  to  show  that  /  €  L2((0,  71).  H)  wo  define 


=  -  ■I-2)'/* (I •  J*)]  +  U(t'-r-) 


=  ^(1  -  I2) Hr. r (!.■>')  -  ■i-VJ.(t..r)  +  y(t,.r) 


for  t  £  (0 ,  T)  and  .r  €  (0,  1).  Then  it  follows,  for  every  I  £  (0.7^),  that 


Mt^)\\n<\([^-r2)2ysAt^r)2dx)i 
1  I 

+  (/  ;4(I.J-)^)4(f  //(/..  r)2f/x)4 

(2-0)  u  o 

l  I  i 

<  \  ( f'h,  ( b  .r )  ac/x )  i  +  2(  jy, .  .r  )'Je/.r )  *  +  4  { j'!hj  (t..r)2,l.r)i 

0  (I  0 

=  f  lltf(/,-)llr. 

From  this  estimate  and  the  fact  that  y  £  ("([(). 7').  V)  one  can  easily  infer  that  / 
dc'fined  by  (2.4)  is  in  //*(((), T).  77).  Therefore  every  weak  solution  //  =  //(/,. r)  of 
(1.8).  (l.:i).  (1.4)  for  some  given  u  €  L2(().T)  which  is  in  f’([().r].  V,)rir1  ([().  T],  //) 
satislic's  the  following  integral  differential  equation 


;/(/../■)  = 


x  '.  "  1 

^  — t==  I  [(  I  n((T)<lrr)2  I  y(s,  .!■)(  I(.r)il.r 

■i  “ 1  v  7  0  I)  U 

l 

-  I  .Tr, {.r)il.rii( *)] sin  \/A,(f  ~  -SW-S ',/(•'') 


for  /  £  [0.7’]  and  .r  €  [0,  X]  where  y  —  //(/.. .r)  is  defined  bv  (2.5). 

Conversely,  if;/  =  ;/(b.r)  is  in  C([0,  T],  F)  n  Cl([(),7’[.  //)  and  satisfies  (2.7) 
with  r/  =  <■/(/..  r)  being  defined  by  (2.5),  them  ;/  =  ;/(/,  i)  is  a  weak  solut  ion  of  (1.8). 
(1.3),' (1.4)  in  C(|0,7’].  KJnC'^O,  T],//). 

For  every  u  £  L2{{),T)  wo  define  an  affine  linear  mapping 


A'(«,.);C'([l),r],F)nCl(  [0,  T\ ,  H )  -  C(  [0,  T\ ,  V )  n  C' 1  ( [0,  T] ,  // ) 
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S(n.ij){t..r)  =  ^2  ~Jy  I  n(CT),l(TY  I  ! 

./-I  V  7  (J  *.  ’n 

l 

-i/(.s)  ! j(r)d,r\  sin  v/A^(i 


j  .? e j(.r)ilj\  sin  -  «)d«  f  j(.r) 

i) 

for  (/,.»■)  p  [(),  T]  x  [().  1]  whore  //  —  <y(.s iy)  is  defined  by  (2.5). 

Obviously  //  6  C*([0,  T],  V’)n('l([ll,7''],  //)  is  ti  solution  of  (2.7).  if  mul  only  if 
y  smisfii'N  the  fixed  point,  equation 

(2.1>)  y-S(ii.y). 

Let  y\.  y-i  €  C([0. ^’].  U)  ri  C '([(). T],  H)  be  chosen  arbitrarily.  Then,  for  every 
t  €  [11.  T}.  we  obtain 

■)  -  .s,(«.//2)(L-)Hi- 

•X:  '  ",  [. 

=  ( I [  j  u(a)ilcr)2  j  </(*, 1/1  -  !/i)<  i(.r)<l,r  sin  -  «)]«/«)*’ 

/--I  'u  i)  it 

x  '.  1 

<  52^  /  (  j  "('T)f/'T)‘(  I  •''•//I  -  .'/•2)f  ./(.r)f/-i')'Jf/«  ■  T 

J  =  1  I)  0  'll 

<  r'lMlj,  (ess  sup  ||.</(L-.//i  -  ,t/2)||//)' 

te[u,r| 

<  ^  r*  ||t/||jy(  Unix  \\{yi  -  OI|l-)a  see  (2.(5). 

'riierefore 

max  ||.S’(«.  U\  ){t .  ■)  —  S(n.!/2)(t.-)\\\ 
tcln.ri 

(2.10) 

<  -0-rJ||./||f,  max  ||(.</i  - 

which  implies  that,  equation  (2.9)  lias  exactly  one  solution  //  =  yu  €  C’([().  T\%  e;n 
(_’1([0.Tj.  H).  if  there  is  some  eoustant.  -y  P  [().  1)  such  that. 


fr2 1|«||5,  <7a 

i|,'H"  £  /lr 


which  is  equivalent  to 


Under  this  condition  y„  is  also  the  unique  weak  solution  of  (1.8),  (l.:j).  (1,4). 
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3.  Iterative  Solution  of  the  Problem  of  Controllability 

In  view  of  tin*  considerations  of  Soot  ion  2  tin*  problem  of  controllability  can 
he  equivalently  rewritten  as  follows:  Find  u  6.  LJ(0.7‘)  and  //  €  V  =  ("(['*.7’].  \’)n 
("(p.T\.H)  such  that 


r  / 


(3.1) 

j  u(l)<lt  —  (),  1  lii(l)il(  =  — 

ii  0 

(3.2) 

H-S(n.y)  =0. 

(3.3) 

.7(7’.  •)  -•=  tf#(T..)  =0 

where 

S{u.y)(t..r) 

(3.4) 

^  *  1 

1  =  m  ~7y  1^1  1  .'/(*•  c.  y)rl{.r)il.r 

1  -  1  v  1  ii  ii  a 

1 

—  «(•*>)  j  -n  ,(.r)(/.r]  sin  ~  * 

u 


for  (f,  ,r)  e  [0.  T]  x  [0, 1  ]  and 

(11.5)  '/(*••<•.//)  -  f «../•))  ■+  //(•**•. -i •) 

for  (.s.  J:)  €  [0.7]  x  [0.  1). 

We  have  shown  that  for  each  «(■//-  L2(U.T)  with 


(3.0) 


for  some  7  E  (0.  L)  there  is  exactly  one  solution  //  -  i/„  €  V  of  (.’1.2). 

If  11  E  II  with  (11.1)  and  (li.fi)  is  given,  then  the  end  conditions  (lt.lt )  for  the 
corresponding  solution  y  =  y„  t  i  of  (d.2)  are  ei|iiivalent  to  t hi*  following  system 
of  equations 


r  1. 


j[{  J  a(.s)r/.s)2  j  y(l..r.  yl,)r/(.i  )il.r  -  u(l)  j"  .h  j(.r)il.v\  sin  \ZX,(T  -  Dili  ■-  <>. 

0  0  a  a 

r  1  1  i. 

I  [(  j  u[t<)<lnf  I  !i{l,.r.y„)ij{.r)ilj-  -  u(t)  j  .r<l{j-)<I.r}  cos  T  -  Dill  -  0 


for  j  €  N. 


OnHtntllttlniitij  of  ffti  j'of.ntioti  of  a  jlr.riblr  nnn 


2M 


On  using  integration  by  parts  in  connection  with 


i 

I  n(t)dt  =  0 


these  turn  out.  to  he  equivalent-  to 

/  7*  t  S  I 


(3.7)  < 


jlj  I  ii(n)(b  I  ,v„)c,  (./•)'/■'■  sin  \A,(7'  -  •O'/* 

0 
I 

+  .h  j(.r)il.r  sin  \f\j{T  -  t)]u(t)ilt  0  . 
ii 

I 

I  ( j  j  ii (a) ib  I  </(*.  r.  !/„)<■  j(.r)il.v  cos  ,/\(T  -  s)<!s 
0 

1 

+  j ,rcj(.r)il.r  eos  \f\j[T  —  t))ii{t)ilt  =  0 


for  j  6  N. 

This  lends  to  (lie  following  iterative  method  for  solving  tin1  problem  of  con¬ 
trollability:  At  first,  we  determine  a i  6  H  such  that 


II  II  II  o 

i 


T  I 


II  0  (I  I) 

I 


(3.8) 

and 

(3.!)) 


I  I 

j  II,  (t)llt  =  I).  j  tll,{t)(lt  =  -y)-l 


I  I 

ft sin  y/X~j(T  -  f)in(l)tll  -  f  eos  sf\,{T 


t)ii,[t)dt  =  0, 


This  a  i  is  the  first  function  in  a  sequence  (</*.)*-(  ti  in  H  which  is  constructed  ns 
follows:  If  a*,  e  l!  has  been  determined,  then  //*  (-7  V  is  determined  as  the  unique 
solution  of  the  equation 

(3.10)  th  -  .V(iu  .  //*  )  -  0. 

Then  Hi-,  i  €  H  is  determineil  such  that 

7  /' 

(3.11) 


j  m-,  ,(t)dt  -  0.  j  tin-,  i  (t)dt  -  -y>/  . 
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(3.12) 


0  0  I)  0 

1 


I  I  f*  I 

f[J  /  nk(a)(ln  j  n(n.j\  yk)t<j  (,r)dx  sin  -  n)dn 

1)  0  o  0 

i 

4*  J  it j{£)dx  sin  y/\j{T  —  t)W+i(*)  d*  -  0  , 
o 

7 '  t  H  I 

j  [/  I  <n(o)da  j  ,i\  !ik)<  j(r)  d.r  cos  \/a7(7’  -  *)(/* 

0  0  0  0 

1 

+  J  ,rcj{.r)tLr  cos  \f>^,[T  -  t)]uk+\{t)  dt.  =  0 


for  j  €  N, 

Obviously  wo  obtain  (3.8)  and  (3.9)  for  A-  =  l),  of  wo  choose  uu  =  0  and 
,7(i  =  0. 

Lot  us  define,  for  every  j  €  N  and  k  6  Nn, 


I  M  I 

cjfc(/)  =  I  I  Uk{a)da  ^  r/(.s.  ,r,  ijk.)cj{.i)dj-  sin  •/M7”  -  *)  ^ 

<)  1)  () 

I 

4  j  $:<'j(x)tlx  sin  \A7(7’ ~~  0  * 

0 

f  *  1 

/^■(f)  =  I  I  Hk{a)da  j'  r/(.s,  ,r.  //»,•  )<•  / ( ;7r)r/.r  cos  \f\]{T  —  *)  d.s 

b  b  i> 

1 

+  J  ,h  j{.r)d.v  cos  \f\j(T  -  f) 


(with  »n  =  0  and  i/n  =  ()). 

Then  (3.12)  can  be  written  in  the  form 


/  / 

J  iJt  (0"A-.  i  (0  fit.  =  j  Zjk(t)uk+i(t)  dt  = 


for  j  €  N  and  A'  e  N. 

Let  Wie  be  tl«'  L2-elosurc  of  the  span  of  ;()a  =  L  and  zjk,  zjk  for  j  E  N. 

Assumption  1:  For  every  A'  €  N  the  function  /(f)  =  f,  f  €  [(),  T’]  does  not  belong 
to  Wk. 

For  k  -  0  this  follows  from  results  in  [2]. 


i7{\  CiillhiiUillilhlii  nf  l hi-  "11111111111  n 1  ii  Jlrnhli  unn 

Under  t  his  Assumption  there  exists  exactly  oik-  117.  g  U\.  stteli  t hut 
||»M-  -  /iU-Miu)  <  II"’  -  /II /.J(u.7 1  for  nil  «’  e  \\\ 
which  is  characterized  hy 
r 

I ifU)  -  "M  (0)  "'(0  'It  =  d  for  all  //'  g  IV 

ii 

or  e«|uivnlcntly  hy 

r  7 

I  inn  -  u'k(t))in  =  (i.  I  win  -  MnUjkinM  --  <» 

0  (I 

for  i  =  1.2  and  j  6  N. 

Moreover,  it  follows  that. 

7; 

j  im  -  itwmn  <n  =  11/  -  "7ii'i,(„,r,  >  <>• 


If  we  put 
(H.  15) 


"t  +  i 


vv 


I"M  -  /  II,,. {o.7 > 


then  1,7  life//  and  satisfies  (.‘1.11)  and  (11.12). 

Assertion:  Amoiy  all  solutions  of  (.‘l.ll)  and  (11.12)  tin'  one  j*i\*en  hv  (ll.  1 5)  has 
the  smallest,  possible  norm. 

Proof:  As  a  result  of  a  well  known  duality  theorem  in  linear  approximation  theory 
it  follows  t  hat 

7  7 

11/  -  "Mil/, -no./)  =  max{|  j  |«  £  L\ 0.  /'),  j  u{l)ii'(l)ilt  I) 

o  11 

for  all  ir  G  11/  and  ||"||/.*(o.r)  =  !)• 

Let.  11  g  L'2(().T)  he  any  solution  of  (3.11),  (3.12).  Then 

r 

||»||/,i(o.7  )  >  0  and  j  u(t)w(t)dt  for  all  iv  €  H/. 


i 


\V.  KriiHs 


Therefore 


I  /  f{t]T\,.\\-  _  ij  1*' "  ^  11/  ~  “’i II //■* in./  ) 

./  II  '/  II  IMI/xn.-n 


I"  II  u  (o/n 


ki-l _ 

llM*-  |  I II  /. -*(11. 7  ) 


which  implies  ||ha  +  i  Htqo.r )  <  l!"ll/,J(i>.T)  mid  completes  the  proof. 
Assumption  2:  For  every  k  £  N,,  we  have 


I! “A-  I  ill//  < 


for  some  7  G  (0,  1)  when'  uk  1 1  is  given  l>y  (U. lfl). 

As  till  ilunieilitite  eoiisequt'iiei'  of  this  assumption  we  infer  the  existence  of  a 
subsequence  { ua-,  ), t  m  ( " a  ) a-c  n  which  converges  weakly  to  some  u  £  H  Since  the 
function  11  —  ||m||/.-j((i .7)  >s  weakly  sequentially  lower  semi-continuous,  it  follows 
that 

II'/ II//  <  lint  inf  ll'u-J//  < 

V  lo  i 

Furthor  it  follows  from  (3.11)  that 


/ 

I  u(t)<lt 


0  and  /  tfi(t)dt  =  -  >;/'• 


L(t  !l„  £  i  be  the  corresponding  solution  of  fif.2).  Then.  for  every  k  £  N  we  get 
Hi,  ~  !hn-  =  S (•«.; !/,,)  -  S(lik.y„)  -f  S(uk.i/u)  -  S(lik.  i/,u. ) 
which  implies 

max  ||(//„  -  -)l|\-  <  max  ||(.S*(«. //,. )  -  .S'(uA.. ;/„)(/.  -)||\- 

tf|lU]  tfc[n,7| 

+  max  || (.*»(»*•. ;//,-,)  -  .‘•(u*-.  //„  J(f.  -)||r 

U  [U.(| 

<  max  ||(.V(/i, //,,)- //„)(/, -))||v-  +  max  IK//,,  -//„,)(/. •) ||\- . 

/C-  [<>.  /  1  (f:|ll.7-| 

Hence  we  obtain  the  estimate 


(;t.l7)  max  ||(t/„  - y„k)(t .  -)llr <  t - 7  max,  ll(S(«. yu)-S(u^, !/,,))(<.  Ollv 

/e|ti./ 1  1—7*  ee|o,/'l 
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Similiar  to  the  estimate  (2.10)  one  <■1111  show  that 


(3.  IK) 


max  ||(S( «.//,,)  -  .S'(iia. //;,))(<, -)l|v' 

<  (^'7’i|l»  +  Mi  ll//  II '/..(/■  • ) il  V  +  y^)ll"  ~  Mi  ||// 

[t 

<  (v/2fiT  max  || //,-,(/. -) Ilf  +  \/  77)11"  -  "i  ll//- 

/fe  (0.71  v 


For  every  k  £  N  we  now  define 


.Vi  ('••»■) 


^  ,  S  M  I 

=  y  — j==  jlj  Iikn(tr)(lfr  j  in((T)ili7  j  r,m-)Cj  (./■)</./• 

r  - 1  ^  J  n  11  b  b 

l 

-  y  jVj (./')</•»•  "i.+  1  (s)| sin  ~  «)d.sf./(.r) 


for  (/,,r)  e  [0,7']  x  [0.1], 

Tlit'ii  it  follows  from  (il.  1 2)  that. 


(3.19)  .Vi- (7’,  •)  =  (.va  )/(7'.  ■)  =■■  0  a.e. 

for  all  ^  €  N. 

Further  we  obtain 

(3.20)  |!(//i-  -//,u)(7’,  -)||v'  <  -7^  T’J  || //-i- 1|//  max  ||//„*(/.  Ollr  ll«i-n  -  "i  II// 

4*  /  (  |ll.  /  ] 


and 


ll(.Vi  -.V,)J(7'.-)||//  < 


~  7'2  ||f/i |j //  max  ||v.,t(f.-)llf  IKn  -  "i  ll//- 

2  K-|"./'l 


Assumption  3:  u  =  liuii-  14..  Then  (3.17)  and  (il.  18)  imply 
lim  max  ||(,v„  -  u„k  )('■  -)lli  -  0 

1---X  /e[o,7] 

and  on  using  (3.19)  and  (3.20)  we  infer 

Vu(T,  •)  -  (yu)r(T,  •)  -  0  a.e. 

Hence  u  and  >j  solve  the  problem  of  controllability. 
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MODELING  AND  CONTROLLABILITY  OF  INTERCONNECTED 

ELASTIC  MEMBRANES 

.1.  K.  I.ACNKSK 

Depart  incut,  of  Mat  hemat  ics 
Georgetown  Ihiivesitv 


I 

I 


i 
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Ahstuact.  A  rolled  ion  of  syst mis  ui' part  ini  different  ini  rcjimt  ions,  each  of  which  mod- 
(  Is  the  mmlinenr  deformation  of  an  clast  ic  membrane,  is  considered.  The  state  variables 
of  the  various  membranes  suv  required  to  satisfy  certain  "geometric*’  ami  ‘‘dynamic" 
coupling;  i-niulit ions  which  arise  from  continuity  ami  halnnec  law  cnnsidcrut ions.  The 
resulting  coupled  systems  then  describe  the  nonlinear  deformations  of  a  system  of  in- 
leiroimected  memhranes.  The  quest  ion  of  exact  controllability  of  the  linearization  of 
such  a  network  is  discussed,  where  the  controls  are  in  the  forms  of  forces  applied  on 
the  outer  edges  and  in  the  junel  ion  regions  (where  membranes  are  connected  to  one 
another). 

MM) I  Mufhrwiiln.H  Subject  (-ItiMHiJirulinti.  1151/21),  IMMOo.  IKK  "20 

l\(  ■  tj  i  ntmfs  urn/  pfmifn\s.  Mlaslie  membranes,  coni  rollabilit  y.  junction  comfit  ions. 


I 

f 


1.  Modeling  of  Dynamic  Nonlinear  Elastic  Membranes 

Let  il  he  a  hounded,  open,  connected  set  in  R2  with  Lipschitz  continuous 
boundary  I\  and  let  Hi .  a_>  n;t  he  a  lixed.  right -handed  orthonortnal  lmsis  for  flt/1. 
We  denote  by  (.»•  | .  ;r-j.  .r.i)  (resp..  (,C| .  r->  ]  t  he  coordinates  of  a  vector  x  E  IR'  (l'esp.. 
x  £  IRJ)  with  res])ect  t.o  the  natural  basis  of  R1  (resp..  K*).  Consider  an  inlinite 
elastic  cylinder  in  R*  whose  reference  eonfignrntion  is 

&  ~  {pn  +  ■r,a,|  (J‘i.  E  ii.  --  x,  ...  .i .(  <  x}. 

where  p<(  is  ti  lixed  vector  in  R',  Homan  indices  take  the  values  1.2.1$.  Greek  indices 
take  the  values  1.2.  and  summation  conven'ion  is  assumed.  We  set 

r(.f , .  .r-j .  .1;, )  =  p„  +  .r,a,. 

It.  is  assumed  that  the  motion  of  the  cylinder  obeys  the  following  hypothesis. 
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Basic  kinematic  hypothesis.  The  posit  ion  vector  nt  time  t  to  t.lic  displaced 
location  of  the  particle  situated  at  r(.i'i ,  .r-j,  .rs)  in  the  reference  configuration  is 

(1.1)  R(.ri  .i'a,  /)  =  r(./  |  ,:o,  ./\i)  +  W(./|..r2./). 

Hypothesis  (1.1)  means  that  the  deformation  of  a  cross-section  orthogonal  to  the 
axis  of  the  cylinder  is  independent  of  the  variable  ./■;)  along  the  axis  of  the  cylinder. 
Thus  the  deformation  of  the  cylinder  is  completely  determined  by  the  deformation 
of  any  of  its  cross-sect  ions.  The  latter  is  specified  by  the  vector  function  W  which 
measures  the  displacement  of  a  cross-section.  Let  {11',-}  denote  the  components  of 
W  in  the  {a, }  basis:  W  -  1 1  ',a, .  We  refer  to  a  cross-section  as  an  clastic  membrane 
and  to  the  planar  region 


V  —  {pa  +  .r,,a(>  :  (./•  i , .rj)  €  $1} 
as  the  tr.ferencr  cross-section. 

Set  G,  =  R, where  a  subscript,  after  a  comma  means  differential  ion  with 
respect  to  the  indicated  spatial  variable.  The  components  e, ,  of  the  strain  tensor 
are  given  by 

(1-2)  =  -G 

It  follows  from  (1.1)  and  (1.2)  that 


(1.3) 


'tr,m  =  +  U'.,l(l  +  W.„  •  W,(). 

fas  “  2  " 

.Ti.t  =  0. 


1.1.  Equations  of  Motion.  Let  r'1  denote  the  components  of  the  seenml  I’inln- 
Kivchhoff  stress  tensor.  This  symmetric  tensor  relates  the  stress  re,  tors  t.'  to  the 
quantities  G,  through 

(1-4)  t'  =  .s'-'G, 

(■see  [8,  Chapter  .'!)).  If'  F  denotes  the  body  force  per  unit  of  uudefurmed  volume, 
the  three-dimensional  conditions  for  the  balance  of  forces  is 


d-ri)  t;,  +f--/iR„, 

where  ft  is  the  mass  of  the  body  per  unit  of  reference  volume.  Use  of  (l.l)  and 
( 1 .4 )  in  ( 1.5)  allows  that  equation  to  be  written 


(lb) 


"i/a ,  +  Vfw,,  +  W,M  +  F  - 


lionintnrif  slnhihzuftnn  nf  tin  /\  m  tt  irt  7-1/1  I’l  if.s  l\tfuat  mu 


Proposition  3.1.  For  tint/  |nj  <  I.  tin  i  iirriniioiiilinii  i  11/111  rnlin s  of  A,,  Inin  tin 
asi/miitohr  form 


(3.1) 


-""■'.■iff:1  t  (>(/,-)  .0 

.{ v 

( I27rihl*  In  |o|  t  ( >(*•))  » 


/.■'!)/ 


a*  A1  — *  ~ir. x  .  Minton 7.  //ten  i.n,>t>  mi  •/  ■  II  sm7i  lint/ 


if  o  /  (I, 


(.1.2) 


/(<  Ai  •  V'A 


Proof:  Assume  1  lint  //i  A  ■  II.  By  symmetry  we  only  n.  <  «l  •  •  >  consider  tin  i  as< 
that  1  III  A  <  0.  We  denote  the  three  cube  foots  <if  A  liv  p|.  yi  .  |  hcse  I  111  l^t 
have  distinct  real  parts:  We  let  /a ,  lie  the  ill i runt  Midi  that  It  nn/i  /i,,  i  -  li 
and 


(3.3)  ll\  -  <  '■'  III!  I’/ln.  /I.1  /<■’/. a. 

Tlie  general  solution  of  the  eharaett'ristie  equation 
(3.1)  o"\.r)  \o(.r)  t) 

is  then 


(3.5)  <;>(./•)  »  e, +  e,e'"'  y 

where  e().  f|  and  <’>  are  arbitrary  eoellieieiits.  Subsl  it  tit  iug  (3.5)  into  the  boundary 
conditions 


(3.(5)  <;>(l)  --  </)(())  — - 1).  o'(  1)  —  o  <;/{(>) 

we  arrive  at  the  system  of  equat  ions 


1  1  1 

>  II 

(3.7) 

e'"1  ('■'  ,  a.: 

<’\ 

~  if1''  ~  m)  -  /i|  (e',J  -  n )/<j 

r  \ 

Setting  t nc*  determiuai.t  of  the  matrix  e<|iial  to  zero  we  hale 


U'2  -  tii)!"1'"'  t  (/<„  /!■.,)<' . •■((//,  m, in  .'-I. 

(3.8)  n/i\{< ,IJ  i1'")  t  nil, .'■*  )  tl. 

liy  our  assumption.  Him,  ■  tl.  /ftp,  •  o.  If,  ye.  ■  o.  and  lit  in,  ■  <  \  .  //.  /i, 
x  as  A  •  x  . 


limn  ‘i 


/••ill  #*«/>.' »  1/  il/um  i»f  f/jr 


(  •;  1/1  \  I 


is  | 

(Hi):  l<  -•  t  inu  x  in  1.1  lift.  \vt-  Imvt  tlml 

Inn  ( ■  ■  \  l  -iin  i  *  t  i  )  it 

Inn  (  \  1 1  < >'  •  —in •  <  '  v  t* •  )  :  1 

•  »i  1 1 ]*n \  »1«  in  i\ 

\  l  I 

lllli  *  ’III  ii  lllll  *  ■  *>»■  n 

•  .  J 

|  •  i.  ,  i.  i , 

inn  t  in  \  I  Inn  i  Inn 

1  Ini’ 

.  in  •  ■  •  >i  -  ■ 

i  %  uni  l  h  i’  •  I:'*  iiiiihti  ’ 

111  v,  ,,  *-  'l  '  ■  i  )L  '  ..  .  |  /.  •’  |n  < • 

i-  •  x  t  l*i  uni  !  1. 1  uiu  tin  tniinni.i  t  I  ■  win  u  I  In  In  v>  lit  till  1 1  -i  n»- 

M  ti  i  it  .1  •  l.illi ti«  mi’  i  •*  mi  i .  i| it  t  ti  1 1  ii’im,'  t  In  1 1 1 1| >1 1<  it  I'lin  i  n m  t  Inuli  in.  1  In 

:  n  'ii '  it  n  i<  hit  n  in ’it  i|  •  l «  tmt  ii  *  hi  •  i  '_n  i  n  ,i|i  n  ’  .nn  I  tin  im  In  •  »  I.  i  in  I M  i—l  iiMi'-Ini  I 

•  I'.-iir  Iti.inln  tin  mi  in  \n  t  litiii  i\  ’iinii.it  .MfMlinnl  ulM  ■»  t  lif  il)i<ll\ .lllli—  \  i 
i’  tin  1 1  m  ]Mi:,.tti  '  ■  (  1 1  it  V  'Iihwii 

||.  'him  i  It  'Ilthii-  til  1 1 1 1 1\  ■  lh.it  l  ,  Im-  II"  riurilVilhin  <m  tilt'  iniiiji 

in. n  v  .i  xi-  Xi||i|ntM  t  hni  l.,  Im.n  nn  tii't  iivahir  t£  with  £  a  fi'iil  iiiiiiiImt  nmi  a 

■  '  ||  t‘  ’I  '<  'III  I II  If  lint  lllll  III  I  Ii  III  1/  //’  ll 

III  .  1,, «/  'ill 

I  t-  If  I  ’  In  nil  lit  |I  \ 

I  ',1  ;,(•  <l*’)i</(«l)|‘'. 

mu  Ini’  i/'llh  tl  nml  t iff  i/l  I )  II  siinf  ( .In//- '/) /.-id. 1 1  "  'SlI'/ll/.-'iu.l )  and 

i/  i  I  i  i  h/'i  1 1 1 .  \\  i  it  i  1 1  .  t  s 

H  Vi  -I  ill-2 

with  I  mt  It  t/(  ntitl  !)j  ln'ing  mil  hunt  it  ms.  Then  it  iH  from  (tt.14)  that. 

,11’  m  r  I"  c 

t.l  l  .l  «|  f,!h-  Hi  ~ 

w  it  h  Imtniibirv  <-(  nn  lit  lulls 


J  It.i 

«  Ini  h  hut  f  >f 


.-/nil)  </*(!>)  Illm  n[{\)  -  (I.  k  =1.2. 

II  lit'iirr  ii  is  nut  an  fint'iivalitr  tit'  .4,,.  Tlw  proof  is  complete.  □ 


Hum  N  w  /h.iitK 


! 

Proposition  Ii.2.  .Ivmou*  that  r»  /  ll.  (Inn  tin  r»/w  nitnf  .1,,  />  f/  tltsrn  tr  sjh  r- 
f  ntl  t»f»t  tntm  .  nit  Imt  a  limit  minihi  t  n{  whilst  *  njt  nrahn  s  A  rni  n  sfmtnls  tn  nni  - 
ti;nn  trsutnui  fa  n  f*  §  t  *t*t*s  /  (\,  /  )  / In  nfttnthns  |M  .  .1,',  nnth  tin  nnlnntiif  tin- 
ntinns,  httn  .  nttifih  h  st  t  s  nf  i  n/i  n  i  t  t  ttn  s.  !  i  \[M  rt  i  n  hj, 

I  •  *1  x  '■  •  X  |  !  >  /  X  /•  *  x  | 

mn  miih  •  *1  %»#  //n#f  f/i#  (\>*m**(*t  ihltn  i 

\  17  ..  , 


turn*  (hint  U  ns  tHl^is  f,rf  /  *j|  | 

Proof:  !  In  )  »t  <  M  >1  .« 1 1 1  |t  »-«!  s.tllii  .1'  l||ii"«  lit  1*1 »  t|  m  i-|!  ki  |||  J  I  «« |  M  i  J  2  III  H>  || 

l  *  i  I  In  ||M-<|r<|  ,ts\  1 1 1 1  »V « »t  |i  ||  >i  III  i>l  1  Ih  t  .ihu  '  i*l  I.,  1 1 .  i  '■  I  m  « •  1 1  *  ^  1 .  1 1  >|  j v  I  ii  *  I  m 

P|ll|l(is|t  |«MI  'i  I 

Itotnark  :i.l.  I  In  it  il  's  an  *  1 1 1  jit  tnnni  t  *i  si  its  that  uf  i  *  I  J  ■  n  I  I  >  ft  » * 
nnt  •  li  ii  i  irll  i  tin  t  tin  •  m  1 1  sihnnl  1  Inj  i  itf*  n  r*  «  i  nt  s  (min  n  l{  n  >  fni  *  >  \  >  n  tin  <fii;  >  • 
|  I  /.'/  this  i  1 1 1  til mitiii  i  nst  iiltlnnnjh  i*s  i  nft  n i  nl ui  s  inis  fasti  t  ijimi  •at* 

I )t%H nit  ion  .1.1.  II  *  ih  tint i  h if  ll  ih,  n>n*''  sfiin*  t  nti  s.  *1 1  inj  tif  tmntiruis  n  ;t> 
tin  Snholt  l  sfuu  i  ff  (I.  |  n  huh  ulna  hnntninitj  •imihtnn  -  nf  flu  fm  tn 

I  it.  I  > )  ir  { '  ’  l  I  *  ir  I U I  I).  ir  1  ‘  1  1  I  1  n'f  '  i  H 

as  IntHf  a>  tin  nnlnahii  thi  train  is  an  <*/  unlit  t>  I  I  In  tint  m  atni  mm  r 
jnoihirt  in  //''  an  „ .  I  infant*  t!  (nan  //■  n.  i 
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Proposition  3.3.  I'ni  n  / 
ti  jin  hi  ill,  ,1  in  Ih i  Jm  in 


in  ban 


ii  fiiin  Imii  n  ■  I  ul'u  In  -  in  II  il  ninl  , mlii 


ir 


i  » ■ 


(:u!» 


y.  i~  •  x. 


Moivot'cr,  ||  o'll //"  ,s  "  <<liih'>ib  nl  h,  tin  mun 

X 

y  (lof  +  |A>,,a|-) . 

k‘  v 


i 

i 
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be.,  there  are  positive  constants  cn,  E„  (these  trill,  in  t/eneml,  depend  on  n)  such 
that,  uniformly  for  ir  €  II" . 

(:<.20)  el  J2  [hf  +  |A-"rA.|'J]  <||m||?y,.  <  E'l  £  (|a|2  +  \k"rt f)  . 

k  -  •  -  x.  k  ~  ~  x 

Proof:  The  proof  is  similar  to  that  of  Proposition  2.1  in  [l(i]  and  therefore  is 
omitted  here. 


4.  Asymptotic  Stability 


In  this  section  we  consider  asymptotic  stability  ol  solutions  ot  the  system 
11  1)  and  show  that  small  amplitude  solutions  decay  exponentially  in  the  space 
/.•{().  I ).  'I’ll  is  is  ol  course  due  to  t  lie  dissipat  ive  mechanism  ilit  rod  need  t  hroiiyji  t  he 
boundaries  {of.  I.:$.  Our  approach  is  entirely  same  as  the  one  used  in  |lli]  within 
the  framework  already  established  in  the  previous  section. 

We  assume  |nj  ■  1  and  n  /  I).  According  the  previous  section.  the  resolution 

ol  t he  identity  associated  with  tin- operator  .  1 , ,  is  t he  sum.  st rongly  convergent  in 

C  I  I . 

1  i  * 

l  X 

where  / V  .  v  •  h  ■  \  .  is  i  lie  (generally  lion-orthogonal)  projection  deliucd  by 

I\f  i ./.  i  )< -,n  i  ,t  h  for  any  /•  /.-(II.  1). 

The  cor  respond  my,  •.trough  convergent  represent  at  ion  of  the  semigroup  generated 

b\  1,,  is 

i  i.D  i  / 1  y,  1  v,,/’i 

1  » 

where  ti  /’*/•  I'I'oiii  t  he  leprcselitat  ion  (  I ,  I  )  and  t  he  speel  la  I  proper!  ies  ol  the 
operator  .1,,  it  is  easy  to  net  the  following  proposition. 

Pruponitiun  4.1.  Eor  ant/  n  •  tl,  tlnn  e.rist *  u  //„  •  (I  mnl  at-  II  such  that 

(12)  ||.\i (/ )u'ii||i>  /»'i i<  #j| **'ii II »i 

at  t  tl 

(«•••»)  [  \\S,At),r4lniIf  - 

Jn 


Bing- Yu  Zliatip, 


:W7 


for  any  u\ i  <E  ///'  and  I  >  0.  lirsiilrs. 

(4.4)  sup  ||  f  Sn{t  -  r)/(-.r)«/r||f,n  <  /i„  f  /  ||/(-.  rJIlifp/r) 

for  any  f  £  /,a(().  x:  //,").  «m/ 

(4,r>)  sup  ||/  .S’„(f  -  T)/(-.  r)f/r||„  ,  ,  <  /i„  sup  ||/( •. / )l!„ 

0«.  f-;  x  ./o  u*  f  *  ♦  x 

for  any  f  t-  Tx(tl.  x.  //," ) 

Now  wo  t ill'll  to consider  t lio  well- posed  ness  of  t lie  nonlinear system  ( I .  I ),  The 
glolml  well-posedliess  of  (  1.4)  ill  tin*  space  //,"  for  n  ;  .4  lias  Keen  ost alilished  in 
section  2.  However  the  approach  t  here  cannot  lie  used  toolilnin  the  woll-poscduoss 
of  (1,4)  in  tin*  space  //,"  for  n  •-  it.  Here.  Based  on  the  estimates  eslalilished  in 
Proposition  1.1.  we  are  aide  to  show  that  that  (1.1)  is  locally  well-posed  ill  the 
space  //("  for  n  1  or  2. 

Theorem  4.1.  Li  t  I!  -  I  or  2.  Ihtn  fill  any  u  r  II"  tin  n  1. lists  a  T 

/'( Ik'lL  )  ■  such  Ihal  tin  sys hin  ||. II  has  a  inin/in  solution 

a  c  .V,  fftl.T:  in  1. '  (<)./';  Ilf) 

whin  I  •  \  ns  ||i,'ijj|  •  tl.  L'iii  ally  I1  ■  I  .  thin  1  lists  a  in  lylihorhiioil  I  of  n 

in  Ilf  smh  that  tin  iiinii  l\  :  o  •  ill  .1)  from  f  to  X /■  is  Li/istliil'  lontiiiiiinis. 

Proof:  It  uses  the  same  argument  as  that  in  |l(ij 

Since  the  a  priori  glolml  II'  or  //•  estimates  of  *.olutioiis  are  not  availahle. 
it  is  not  clear  whether  (1.1)  is  global  well-posed  in  the  space  Ilf  01  / If  However 
tin'  small  amplitude  solutions  of  I  I  II  do  exists  globally  as  shown  liy  the  following 
theorem 

Theorem  4.2.  I.it  n  I  01  2.  lion  on/*  a  i  (I  smc/»  thill  lot  noil  •  II' 

with  |!o||„  *  I.  (1.11/  has  a  aiin/in  solution 

II  I  ntt.  \  ;//:;im/.'|II.  x.llf  I 

Proof:  see  jlti). 

Then,  using  all  infinite  dimensional  version  of  the  second  methods  ol  l.yn- 
pounouv  its  in  | If!]  we-  may  show  that  a  small  amplitude  solution  decays  ex|mnen- 
t hilly  to  0. 

Theorem  4.3.  linn  trims  ah  ->  (I  smh  that  for  any  <;>  1  Ilf  with  ||c»||i  •  L.  tin 
ronrsimnitniy  11110/111  saint  ion  of  (1.4)  satisfirs 

(4.<»)  l|«(-.0!i/ u-i.t,  '  11  "'llollruu.H. 

whi  n  c  *  (I  anil  /)  ■  t)  an  tuilvprnih  tit  of  0, 


t  ■  (I. 
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:ws 

Proof:  see  [1G]. 

Finally  wo  end  this  pnpor  by  presenting  the  following  problem. 

Problem:  As  we  have  known  from  Theorem  2.1  that  the  solution  of  (1.1)  exists 
globally  if  its  initial  data  is  in  the  spare  //;}.  What  is  limy  time  behavior  of  those 
solutions  with  larye  size  of  initial  states' Y 

The  long  time  behavior  of  the  solutions  would  reflect  competition  among 
the  nonlinearity  duo  to  the  term  an,.,  dispersive  effect  due  to  the  term  a,,,.,,  and 
the  dissipative  mechanism  introduced  through  the  boundary  conditions.  For  the 
associated  linear  system,  all  solutions  decay  exponentially  (see  Proposition  1.1) 
which  shows  that  the  system  possesses  a  rather  strong  dissipative  mechanism. 
For  the  nonlinear  system  (1.1).  Theorem  I  d  shows  that  a  weak  nonlinearity  is 
not  enough  to  overcome  the  introduced  dissipative  mechanism  for  the  nonlinear 
term  ««,.  is  even  smaller  comparing  to  the  solution  n  if  its  initial  data  is  small. 
However,  for  large  amplitude  solutions,  the  nonlinear  term  tin ,  is  expected  to  play 
a  much  more  important  role.  It  would  he  very  interesting  to  see  how  a  stronger 
nonlinearity  to  influence  the  long  time  behavior  of  the  solutions  of  system  ( l.l). 
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CONTROLLABILITY  OF  THE  LINEAR  SYSTEM  OF 
THERMOELASTICITY:  DIRICHLET-NEUMANN  BOUNDARY 

CONDITIONS 


KNHIQPK  ZUA'/l'A 

Dcpnrt  nnicnto  do  Maternal  ica  Aplicada 
Universidnd  Complutonsc 


Aiisthact.  We  prove  that  1  ho  linear  system  of  t her  nine Inst icity  with  various  boundary 
eonilit  ions  is  eont  reliable  in  t  lie  following  sense:  If  I  lie  rout  rol  t  inn'  is  la  rue  enough  ami 
we  net  in  the  equations  of  displacement  1  >y  menus  of  n  control  supported  in  a  neigh¬ 
borhood  of  the  iioituilnry  of  the  lliertnoelnstie  hotly,  then  we  may  control  exactly  the 
displacement  ami  simultaneously  the  temperature  in  an  approximate  way.  We  muskier 
the  following  two  cases:  a)  The  displacement  satisfies  Diriehlet  boundary  eonilitions 
and  the  temperature  takes  Neumann  zero  lioiindary  value:  If)  The  displacement  satis- 
lies  Neumann  boundary  conditions  mid  the  temperature  vanishes  at  the  boundary.  The 
met  bod  of  proof  is  inspired  in  our  earlier  work  where  the  same  result  was  proved  for  the 
ease  where  both  displacement,  and  temperature  satisfy  Diriehlet  boundary  conditions. 

1 1HI 1  Mathniiuticx  Subjrrl  Clax.xijinllioii.  111)1105,  7.'1( '05.  .'1511117 

Ki  t/  i uonls  mill  plmtsrs.  I, incur  system  of  I hertnoelast icily,  exact  controllability,  nj>- 
proximate  controllability,  decoupling,  observability  ineipialit ies. 


1.  Introduction:  First  type  of  boundary  conditions 

Ltd  os  consitltT  nil  isotropic  mid  homogeneous  t  hermodast  ic  lunlv  occupy  inn 
tilt  uptMi  ttiid  lioumlcd  set  il  of  Hl"(o  >  1)  with  houudnry  1"  Oil  of  class  C2. 

We  denote  I >y  .r  —  (.t'i . r„)  tt  point  of  U  while  /  sltouls  for  the  time 

variable.  The  displaeeiuelit-Veetor  is  denoted  by  it  (i/j . t/„)(ti,  =  n,(.r.  I).  i  ■ 

l....o)  mid  the  temperature  by  0  — 

We  fix  tt  control  time  T  >  0  mid  a  control  region  a>:  an  open  and  non¬ 
empty  subset  of  S2,  We  are  allowed  to  act.  on  the  system  through  the  equations  of 
displacement  by  means  of  a  cont  rol  funct  ion 

/  =  /(..'./)£  (/>’(»  X  (0.7’)))" 

that  represents  an  exterior  force.  The  support  of  the  control  is  restricted  to  the 
control  region  In  the  sequel,  by  \w  we  denote  the  charnel  eristic  function  of  the 
set  u,'. 


» 


Lhimr  .I.p/.sfrm  nf  On  rnimlnxlii  ill/ 


Tile  litit'iir  system  of  thennoelaxt  icily  with  Dirichlet  boundary  conditions  for 
tin'  displacement.  and  Neumann  boundary  conditions  for  the  temperature  and  in 
the  presence  of  this  type  of  control  /  is  as  follows: 


u,i  -  //At/  -  (A  t  //)V  div  ii  +  i\V0  =  /\v 
0 /  AO  +  d  div  iii  =  0 

ii  =  0.  ()0/i)u  =  0 

//(./•. 0)  =  //"(./■).  ///(./•.<))  =  a1  (./•).  0(.rA))  —  0"(./) 


in  12  x  (0.  x.) 
in  12  x  (0.  x) 
on  1’  x  (0.  x) 
in  12 


where  //.A  >  0  arc  Lames  constants,  o.d  G  II?  (o/d  >  0)  the  coupling  |>aranielers 
and  //  the  outward  unit  normal  to  12  in  I'. 


When  /  =  0  system  (1.1)  is  well-posed  in 

H  =  ( f/,1, (12))"  x  (/;J(12))»  x  L*(S2). 

More  precisely,  for  every  initial  data  ( //“ .  u'.O")  G  II  there  exists  a  unique  solution 

(//.  I//.  t2)  G  f '([0.  "X-):  //). 


This  solution  is  given  by 

(»(#).  «,(0.#(/))  =  .S’(0( 

whore  S(t)  :  Ii  — >  //,  t  >  (),  is  the  strongly  continuous  semigroup  generated  by 
system  (1.1).  We  will  denote  by  ,V; ( 2 ) .  i  —  1 . 2,  .‘1  the  three  components  of  S(l ). 

On  the  other  hand,  the  energy 


(1.2) 


satisfies 


m 


—  ^  /  I'd  I"  +  /t|V'/|"  +  (A  +•  //)|  div  f/|"  +  —  O' 
1  hi  L  1 


il.r 


<i  m 

’  <ii 


o 

d 


il.r. 


If  /  €  7d  (0.  T:  (/.^(S2))" )  system  (1.1)  possesses  an  unique  solut ion  (u.iii.O) 
in  C'([l),T]:  H)  given  in  terms  of  the  semigroup  .S’  by  the  variation  of  constants 
formula. 

We  consider  the  following  controllability  problem:  Given  ( i/°.  // 1  d?°)  and 
(e11,  e1 ,  »/*)  in  ii  and  =  >  0,  to  find  a  control  f  such  that  the  solution  of  (1.1) 
satisfies 

n  ,  /  u(T)  =  e",//./(T)  =  id 

1  j  l  nwm-'/’ii/.^t)  <f. 

In  other  words,  we  request,  the  exact,  controllability  of  tin1  displacement  and  the 
approximate  controllability  of  the  temperature. 

In  [Z3]  we  gave  a  positive  answer  to  this  question  in  the  ease  where  both 
displacement,  and  temperature  satisfy  Dirichlet.  boundary  conditions.  However,  in 


i 

j 


l 


Khii<|U<-  /iiii/Uii 


•  tlM 


thi'  present  case.  the  approximate  controllability  does  not  hold  in  any  time  7  am! 
whatever  t  lie  support  of  the  emit  nils  u,1  is.  This  is  due  to  the  fact  that  the  quantity 


(Id) 


/■’(/) 


/  0(.v.t),l.r 
Ju 


remains  constant  in  time  along  solution  trajectories  of  (1.1).  This  can  he  checked 
easily  integrating  the  second  equation  of  (1.1)  in  Si. 

The  fact  that  /■"(■)  is  preserved  along  trajectories  suggests  the  following  con¬ 
trollability  problem:  (liven  (u".  i/1.  ft").  (i,n.  e1 . //’)  £  //  such  that 


(Id) 


/  ftu(.r)</.c  —  /  ;/’(.r)</.r 
■hi  hi 


and  ;  >0.  to  lind  a  control  /  such  that  the  solution  of  (1.1)  satisfies  (1.15). 

In  other  words,  we  request  the  exact  controllability  of  the  displacement  and 
the  approximate  controllability  of  the  temperature  at  a  prescribed  level  of  total 
amount  of  heat. 

In  the  sequel,  if  this  properly  holds  we  will  say  that  system  (1.1)  is  exaet- 
approximntely  emit  tollable. 

We  have  the  following  result. 

Theorem  1.1.  Let  he  a  neighborhood  of  the  boundary  1'  in  Si.  i.  e.  w  =  Sin  B 
where  (-)  is  a  neighborhood  o/T  in  //(".  Suppose  that  7’  >  duun(S!  W)/ y/ji-  Then. 
system  (1,1)  is  exmt -approximately  eontrollnhie  in  time  T. 

Remark  1.1.  Theorem  1.1  isa  variant  of  the  result  proved  in  [Zd|  in  the  case  where 
both  dis]ilaceinent  and  temperature  satisfy  Dirichlet  boundary  conditions.  I'm  the 
proof  of  Theorem  1.1  we  will  use  basically  t  he  method  developed  in  [Z.'l]  ( si -e  also 
[Zl]  and  |Z2j).  However,  considering  that  we  have  different  boundary  conditions 
ami  t  hat.  t  he  constraint  ( 1 .5}  is  now  present .  some  addit  ional  development  s  will  be 
necessary.  | 

Remark  1.2.  In  one  space  dimension  the  same  result  can  be  proved  for  any 
open  subset  jj  of  il.  We  refer  to  [Zd]  for  a  detailed  proof  in  the  case  where  both 
displacement  and  temperature  satisfy  Dirichlet  boundary  conditions.  | 

A  natural  way  of  aildessing  t  he  presence  of  the  constraint  (I.-r>)  is  to  decom¬ 
pose  the  temperature  ft  so  that. 


(1.(1)  0(.r.t)  =  p  I  ft%r)d.r  4  ft(.r.  /)</■*• 

where  ft  is  such  that,  (u,  ft)  satisfy  (1,1)  with  the  following  modified  initial  data  for 


ft: 


ff(j-.O) 


=  0%r)  =  V"(.r)-±-Jj\, T)dx. 


(1.7) 


Liiwnr  system  nf  therm or  tast icily 
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We  tin'll  introduce  the  Hilbert  spun*  H  —  {/  €  L'2(il)  :  |u  J(:r)il.r  =  ()}  and 
the  new  plm.se  space  for  the  system  of  thcnnoelasticity:  V  =  ( W,1,  (Si))"  x  ( L2(il))"  x 

H. 

Sine.’  the  space  V  is  invariant  under  tin-  action  of  the  semigroup  S(t)  even 
if  an  external  force  is  added  in  the  first,  equation  of  (1.1)  (i.  e,  when  /  0). 

then  our  controllability  problem  can  be  formulated  in  the  following  wav:  (liven 
(»".  iil, 0°),  (c°.  i’1.//")  6  V  and  £  >  0.  to  find  a  control  /  such  that,  the  solution  of 
(1,1)  satisfies  (1.3). 

One  of  the  main  ingredients  of  the  proof  of  Theorem  1  is  the-  following  ob¬ 
servability  inequality  for  the  adjoint  system  of  thernioelasticity: 


(1.8) 


// A-p  -  t  A  +  //)V  div  ^  +  iiVi/',  =  0  in  12  x  (t).  T) 

—  CV  -  Ail ’  —  o  div  p  =  0  in  12  x  (0,  T) 

■p  ~  0,  ihi'/On  =  l)  on  Bit  x  (0.  7  ) 

vj(.r.T)  =  7’)  -  yJ(.r)  in  12 

v'(,r,T)  =  t,,0(.r)  in  12 


where  .p  =  (v?i . ^„)  is  the  adjoint  displacement  variable  and  i,'  the  tempera* 

t  lire. 


Proposition  1.1.  (hi der  flic  assumptions  ofl'hi'orrin  LI.  /or  every  huiinilrd  s<‘l 
B  nf  'H  there  exists  A  =  <’'(/!)  >  0  Mich  that 


(l.!» 


<  /’  /  Irf 'An" 


holds  for  every  solution  of  { 1.8)  with  initial  data  .such  that 
IK's’.y1  +  dV'.',,)||(/.v(0)>M  .  ( //  quo" 


B. 


By  /'  :  ( (12))"  — *  (/.2(  12))"  we  denote  the  continuous  and  linear  operator 
defined  as  l\f  =  Vr/  where  <)  £  1  (12)  n  77  is  the  unique  solid  ion  of  t  lie  following 

variat  ional  problem: 

(1-10)  /  Vr/  •  Vpr/.r  =  /  /  •  Vpr/.r.  lor  all  p  £  II 1  (12)  ft  ft . 

•/|!  -Al 

Obviously,  the  solid  ion  </  of  ( 1. 10)  in  // 1  (1!)  ( 1  77  exits  and  it  is  unique.  Note  t  hat 
when  /  £  (//t| (U))" .  (110)  is  t he  weak  formulat ion  of  the  equat ion 

(1.1 1)  An  —  div  /  in  12:  f  <i<l.r  --  0:  ihifDu  --  0  on  dl>. 

Ju 

To  prove  Proposition  1.1  we  combine  multiplier  techniques,  compactness  ar¬ 
guments.  Holmgren's  Uniqueness  Theorem  and  the  following  deep  result  that  can 
lie  easily  derived  from  the  decoupling  technique  developed  by  D.  Henry.  (),  hopes 
and  A.  Perissinittu  [HeLPj. 


KnriqiM'  Zimzim 


:i»r, 

Theorem  1.2.  [HeLP],  Let  P  he  ns  above  mill  let.  us  denote  hy  the 

st rung'ly  continuous  semigroup  in  V  associated  to  the  following ;  decoupled  system: 

!  ttu  —  p An  -  (A  +  /t)V  div  u  +  (yd Piii  —  0  in  S l  x  (0,  oo) 

Ot  -  At)  +  d  div  u,  =  0  in  12  x  (0, to) 

ii  —  0.  1)0/ On  —  0  on  F  x  <n 

»(())  =  «H,w,(0)  =  o 1 , 6/(0)  =  0"  in  12. 

Then.  S(t)  —  Sl)(t.)  :  V  — *  C( [0, 7'];  V)  is  continuous  and  cotnpnct  ( recall  that  S(t) 
is  the  semigroup  associated  to  the  system  of  thonuoclnsticity  (1.1)). 

We  will  denote  by  S{/(t)J  —  1,2,3  ‘lie  three  components  of  Su(t). 

To  our  knowledge,  the  first,  results  cm  controllability  of  t  liornioelust  ir  sys¬ 
tems  nre  due  to  K.  Narukawa  [/Vj.  But.  in  [N]  and  in  the  more  recent  works  hy 
Lagtiose  [La],  .1.  Lagnese  and  .1.  L.  Lions  [Labi]  and  .1.  L.  Lions  [Li2j.  only  ’‘par¬ 
tial  controllability”  results  are  proved.  Indeed,  in  these  papers  various  models  of 
thermoelast.ieity  are  considered  but.  the  results  that  are  obtained  are,  roughly,  that 
one  may  control  exactly  the  displacement  by  means  of  one  control  acting  in  the 
equations  of  displacement,  when  the  coupling  parameters  are  small  enough.  Note 
that  nothing  is  said  about,  the  controllability  of  the  tempernum*.  More  recently. 
S.  Hansen  [H]  has  proved  the  controllability  of  both  the  displacement  and  the 
temperat  ure  in  one  spac  e  dimension  by  means  of  one  sole  boundary-control,  for 
various  boundary  conditions  and  without  restrictions  in  the1  size  of  the  coupling 
parameters.  The  methods  of  [// ]  are  based  on  moment,  problems  and  nonharmonic 
Fourier  series  and  they  do  not  seem  to  extend  to  several  space  dimensions. 

The  results  of  [Zd]  and  of  the'  present  paper  prove'  that  in  several  space 
dimensions,  without,  any  restriction  cm  the  size  of  the  coupling  parameters,  one 
may  achieve  simultaneously  the  exact,  controllability  of  the  displacement  and  t  he 
approximate  controllability  of  the  temperature  by  means  of  one  sole  control. 

The  extension  of  these  results  to  the  case  where1  both  displacement,  and  tem¬ 
perature  satisfy  Neumann  boundary  conditions  is  to  he  done. 

The  rest  of  the  paper  is  organized  as  follows.  In  Section  2  we  prove  Theorem 
1.1  following  the  method  of  [Z3].  In  Section  4,  we  consider  the  ease  where1  the 
displacement  satisfies  Neumann  boundary  conditions  and  the1  temperature  takes 
zero  Dirichlet  value. 


2.  Proof  of  Theorem  1.1 

To  prove*  Theorem  1.1  we  need  to  use1  Proposition  1.1  .  Theorem  1.2  and  a 
uniqueness  or  unique-continuation  re  •suit,  for  the  adjoint  system  (1.8)  as  well.  In 
the-  first,  three  subsections  we  will  state  those1  results  and  give  an  outline  of  its 
prove.  The  proof  of  the  Theorem  1.1  is  concluded  in  the  fourth  subsection  where 
the  tools  developed  in  [Li]  and  [FPZl.  2,  11,  4]  arc1  applied. 


Linrnr  sijstnn  of  l.hmnorlaslu  if  t/ 


2.1.  A  uniqueness  result 

Proposition  2.1.  Suppose  that  T  >  diam(12  \u>)/^/Jt..  hot.  (<p.  //' )  he  n  solution  of 
system  (1.8)  such  thnt  ^  =  0  in  x  (0.  T)  ntul  Ju  i/>(.r.  t)d.r  =  0  for  nil  /  (■  |l).7’|. 
Tlu  ii  v?  =  rT  =  0  in  SI  x  (0.  T). 

This  result,  is  basically  a  consequence  of  Holmgren's  Uniqueness  Theorem  (see 
for  instance  [.I]).  Note  however  that  we  do  not  do  any  assumption  about  the  set  of 
zeros  of  the  temperature  if.  But  this  is  not  necessary  because  of  the  very  strong 
coupling  between  displacement  and  temperature.  Indeed,  since  ^  =  0  in  x  (0.  T), 
then  from  the  first,  equation  in  (1.8)  we  deduce  that  V (/’,■  =  0  in  uj  x  (0.7  ).  The 
arguments  of  [ZU]  allow  to  conclude  that  0  =  0  and  </*  =  e  for  some  real  constant 
e  6  HI.  Tilt'  fact  that  c  =  0  is  deduced  from  t  he  hypothesis  /,,  i, '•(.»’. /)f/,r  =  0.  I'or 
the  technical  details  we  refer  to  [Z.‘l]  where  tin1  cast'  where  both  0  and  i;'  satisfy 
Dirichlet  boundary  conditions  is  treated  in  detail. 

2.2.  The  observability  inequality 

This  section  is  devoted  to  the  proof  of  Proposition  1.1.  We  will  use  the  notation 
V  =  (La(ii))"  x  (H ••'(SI))"  x  n. 

First  we  observe  that  if  (y.  </■ )  solves  (1.8).  then  (o.  r).  where 

O(.r.t)  =  -  /  y?(.r,  .s)  tls  +  \  {.r) 


-//A\  -  (A  -I-  //)V  div  \  =  y’1 
\  =0 


•  W  in  11 

on  Oil 


<l>u  -  1 1 Ao  -  (A  +  //)Y  div  0  +  dVr 
—  ift  -  Ail'  —  o  div  0t  —  (! 

</)  —  0,  <)ij’/i)e  0 


in  12  x  (0.7’) 
in  12  x  (0.7’) 
on  (712  x  (0.  7  ) 


^  (/>(.»•, T)  -  \(.i-).<;>,(.r.T)  =  0 '(•'  ).  r(.r.  7’)  =  (,'"(./  )  ill  12. 

Taking  into  account  that.  ||\||(//i(ji))»  nud  Hy?1  +  dVi,',n||(//  nmr  are  equiv¬ 
alent  norms,  we  see  dial  Proposition  I  is  equivalent  to  the  following  one: 

Proposition  2.2.  Under  the  assumptions  of  Theorem  1.1.  for  e eery  hounded  set 
B  o(H  there  exists  A  =  f>{B)  >  0  such  thnt 


['  f  I'A/ \2d.n\ 
Ji)  ./w 


holds  for  every  solution  of  (2.1)  with  initial  data  such  that 


IIU./Nld/i 


>  l,  V’"  e  B. 


Thus,  if  is  sufficient  to  prove  Proposition  2.2. 


I'  111  tilth  / II. 1/11,1 


<‘*7 


In  ptove  I  *i  i  i|msil  inn  J  2 .  In'l  vvi-  nit  1 1  ■•tin  c  llid  ilii  diipliil  ^  \  -t  i  1 1 1  n>-i  ii  'Mt  ih| 
tn  r_Mt 


r2.l>< 


I'd  /i  A<  ■  i  A  •  //  iV  die  .1  <i  '/’<>,  it 

i  i  ■  ii  i liv  ii(  ti 

i  *  ti.iti  ■  Hi'  (t 

<>|  r. /  )  \(.r).  i  I  )  I.  i  I  ,i .  /  ) 


i-1  t.i  ! 


mi?  ■  til.  /  i 
in  1?  -  lit.  /  i 
mi  <>i?  ■  (U  /'| 
in  i? 


timl  consider  tin1  subsystem  (lint  r>  satisfies: 

!Od  //An  (A  i  /»)V  i liv  ii  n  il'll,  It  in  i?  -  (0.7  ) 

,i  (i  mi  mi  ■  in.  /  ) 

/■',  \(.r).  o,(.r.  /']  /"(.»)  ini?. 

We  have  the  following  observability  inequality  I'nr  system  (2.o). 

Proposition  2.3.  Suppose  tin  il  /’  >  diamfSi  \  Thru.  llnre  exists  1 1  eo/i- 

■sfim?  C  >  0  mul  n  seiui-tuivm  X  ;  (ll{\(il))"  x  (/.-(li))"  —  if? 1  .sin/j  thin 

(2'<>)  I!  \  Hf//|,,(12))’|  +  •'(!!))"  -  ^1^  j  \Ot\~tl.nll  ■)  A -(  \  ,  T.'n )] 

holds  U>r  every  suit,  ion  oi  {'.).!’>).  X  :  (//,|(i?))"  x  (/.‘(ii))"  -•  tff‘  being  continuous 
mid  compile (. 

Proof.  The  proof  is  t lit*  kiiiiu>  ns  in  Proposition  2.3  of  Indeed.  the  only  prop- 
orties  of  the  operator  /’  that  arc  used  in  [Z3]  are  'lie  following  ones: 

curl  /’./'  -  I):  div  /’/  -  div  /  for  all  /  (/.“(Si))'' 

and  these  eonditons  are  fullilled  for  /'  tis  defined  in  (1.1(1).  | 
l.el  ns  now  conclude  the  proof  of  Proposition  2.2. 

We  decompose  the  solution  of  (2.1)  as  (o.  /,■)  -  (o.c)  )  (£.  //)  where  (<;».(.’) 
solves  (2.1)  and  (£,  t/)  satislies 


{£n  -  gA£  -  (A  +  /;)V  div  ^  =  -ft iU’tji/  -  ;/Vt/’  in  Si  x  (It.  T) 

-f/f  -  Ap  -  n  div  £i  -  !)  in  52  x  (0.  T) 

£  =  0.  ihi/ On  —  0  on  <7S2  x  (0.7') 

£(•''•  /')  =  £/(-r. 7  )  =  0,  »/(.r,  7’)  ~(t  in  S2. 

As  a  consequence  of  Proposit  ion  2.3  we  have 

(2-8)  II A II?/, +  Ill’ll?/ <  C[  f  f  (|0|?  +  \^)d.rdt  +  A'*(X./)1. 

J  0 

We  argue  by  contradiction.  Suppose  that  Proposition  2.2  does  not  hold,  Then, 


{ IlfH  r\is1  •>  t  m  ^  S  -4*  ft  **f  .il*<  i  I  Ni  ^  m  «  •  'I  *•»*■*  \ 

*>;»t  l"l\  Itiu  1  J  •»  *  -»i«  l«  *  l».»* 

,  j  I  .  -  ,1  >  .11  It  .1*  /  X 

In  v n  vv  i if  ijxi  .mi I  i  ak  1 1  til  uiii ■  . nil  J  1  • :  mm  I  i li.n 


\  •  ii  ii  / 


l.ildv  Ml-  i|iili|i  I-  I  Mat 


Mill  III!  /  I'-  . . ' 


\\  ,  introduce  I  In  :;i  il  111. 1 1 l/i ’•  |  il  il.i 


(  \V-  t'V  *  ‘V  1  1  ‘  V  "S,I  ,  .1'  ;  •  1  \  I  f"1;'  ■ 

and  the  rnrii>|M)ii(linii  m.|iii  imm  i  •  >,.<•, )  mu  I  ii, . »/ , )  o|  i  'J.  1 i  him  I  ('2.71.  \\  i'  have 
I  lien 


/(  •  V’lv,  I: 


All//  •  II  I  IN  /  •  \ 


view  (if  (2.KI  We  i lit | tier  I  lint 


■it  \  ,•  f  ,  1,1  ///. 1 1 1 1 1 '■  ■  i  /  1 1 > i r  * 

On  . . tlier  hand.  I  iv  C’liM  vvi 1  know  dial  ( i  ''  I  remains  in  a  Mounded  sol  It  of 

H  Hv  oxl  I  act  ill';  suMscqiicuccs  wo  iloililoo  ilia! 

I  l\,..j;i  •  (  \  .  I  weakly  in  (//,',  (51))"  •  (/.-’( ii))" 

1  I.-','  weak  I  v  in  /.'(ill 


.......  j  r,.i  ■  ri  weakly  in  (/.*(SI  v  (d.  7  )))" 

U’U]  \  -G  weakly  in  (//(Si  ■  (0.  7  )))" 

as  j  --  -x-,  whole  (^.  ;■)  uml  (£.  q)  are  the  solutions  of  ( I.K)  and  (2.7)  corresponding 

to  the  limit  initial  data. 

On  1  lie  oilier  hand,  in  virt no  of 'Theorem  1.2  wo  know  dial  (ihi)  is  relatively 
(•oin|>aet  in  C'(|().  /']:  (/.J(S1))" )  and  therefore 

(2.13)  ijj  -  •  it  Strongly  in  x  (0.7')))". 

As  a  eonsequenoe  of  (2.11)  and  (2.12)  we  deduce  that 


(2.14) 


=  d)t  =  ()  in  u/  x  (0,  T). 


I  lit  *•  jt |i  / 


4 


In  \  h  u  •  ■  2  II  .mil  .i|>|i|\  mu  I i| >< i«it  mil  2  I  we  iililniii  I  Iml  I  i )  <1  in  11  •  (II.  I  I 

uni  l  Ik  ii  lm« 


I  lii'  millin  '-  l  Iml 


rj.ii.i 


i  <» 


However,  cumhiitiiiu  i2. 1 1 1.  ( 2. 13)  and  t  he  Inct  I  lint  A  :  (//,’,  (1 2) )"  «  ( /,■*(!  2) )” 

•  Hi '  is  eompael  \vi-  deduce  I  Iml 

(2.17)  11511?,..,,  *  -V’<w")  I 

ninl  this  contradicts  (2. 151-12. Hi). 

2.3.  l'roof  of  the  decoupling  result 

In  this  sill isitI ion  we  >»i\'«*  n  sketch  of  t lit*  proof  of  ‘1’lu** ir«'»n  1.2  which  follows  the 
arguments  of  I).  Henry.  ().  l.opcs  nml  A,  IVrissinitto  |Hel,l*|. 

I, cl  Ii  lie  ii  hounded  set  of  V,  We  set 


(»(,).  n, (/).«(,))  --  |.S'(/)](n".  "'.<>")■ 


(/).»(/))  I.S"(#)K«".  «'.//*) 

and 

(r(l).r,(l).n(l))  \S(t)~S"(t ii'.f/') 

for  any  (»".  n1 . 0")  f  II. 

We  have: 


> 'n  (A  f  /i)V  div  r  t  „V», 

ih  -  till  +  div  i'i  -  (I 
e  =  (I.  i)\)f<)v  -  (I 
*■((>)  =  =  «.»;(«)  =  » 


o(d/Yi, 


Vf)|  in  SJ  >  (0.7  ) 
in  11  x  (0.7’) 
on  r  x  (o.  /  ) 
in  12. 


It  is  sufficient  to  check  that,  lil’itt  -  V0  is  hounded  in  /.’(().  7’;  (//"(S 2))")  for  some 
«  >  0  whim  (it0,  u'.fl0)  varies  in  B. 

Let  us  decompose  flPut  —  V#  as  follows: 

fiPut  -  Vf?  =  V«.'i  +  Vii'2 


where  ni|  satisfies 
(2.19) 


(  -  Atei  =  0  in  12  x  (0,T) 

^  dw\/dv  =  0  on  T  x  (0,  T) 
(_  11)1(0)  =  fly  -  9 0  in  11 


f 


» 


t 


ion 


I. un  at  tifsh  tn  "/  flu  t'tiHH  lust n  ihf 


with  (/  t;  1'  tlir  solution  of  ( 1.10)  lor  f  n1  and  ir-j  verdii-s 

((/■_.  ,  An-..  tl'n  in  S?  -  (0.  /') 

ihr-j/ih'  -r  0  on  I '  *  (0.  7  ) 

ir.(l>)  I)  in  If 

where.  for  nu  ll  /  (  [0.  h{.r.t )  solves  (1.10)  with  /(.r)  ii(.r. /). 

Since  in  -  M"  is  l>oiimle<l  in  /.-’(If).  because  of  the  regularizing  elici  t  of  the 
heat  c(|iiiitiou  (‘J. ID),  we  deduce  that  i/'i  is  hounded  in  /.'(I),  /':  Z/1 1  "(If))  lor  any 
0  <  *  <  I 

Out  he  other  hand.  by  ellipt  ic  regularity  it  is  easy  to  check  I  hat  ht ,  is  hounded 
in  L  '  (0.  /':  /.*■’( S 2 )) .  Therefore,  ir-j  is  hounded  in  Z.1  (0.  T:  Z/-’(i?)).  This  concludes 
i  lie  proof  of  Tins  net 1 1  1.2. 

2.4.  Conclusion 

III  this  subsection  we  conclude  the  proof  of  Theorem  l  .l 

First  we  observe  that  it  is  siiliicicnt  to  consider  the  case  where  a"  a1  :  0 
and  0"  ~  0.  Therefore,  in  the  sei|iiel  we  will  assume  that  a"  a1  =  0  and  0"  0, 

(liven  any  (r",  r1.  r/1)  i  V  and  •  0  we  introduce  the  functional  ./  ;  V  •  Ilf 
defined  as  follows 


(2.21) 

•  / 


<") 


r,  I  I  I >'!J '/•»'<//  /  c'./'dx  i  {/•".  rJ  •  i  || r •" || /  /  (»/"  i  f  div  /■")!. *,,i/.i- 

“■  ./i  i  L-  Ju  .1  u 


where  denotes  (lie  duality  product  between  (//,!(!!))"  and  {II  '(if))’’  and 

( r .  i.  ■)  t  he  solid  ion  of  1 1  .X). 

The  functional  I  is  coercive  in  V.  More  precisely,  we  have  the  following  result: 


Lciunui  2.1.  f  7n /it  the  .i.s>iim/>Mi>ns  77ieon-m  l.l. 


(2.22) 


■  s  ii(T-".T-'  i  <r..-"i 
In  view  of  Proposition  1.1.  the  proof  of  this  lemma  i 


Inn  inf 

!iW".t  1  <  IW"  Hi. 


I . . .  I  ...  II  . 


arguments  of  Lemma  1.1  in  (Zl|  in  a  straight  forward  way. 

By  lining  the  eocrcivity  property  (2.22)  it  is  easy  to  check  that  the  iiihmmn 
of  .1  over  V  is  achieved  at  some  (vjn.  .  c,n)  €  V  (see  [FPZ1.  2.  .'1.  1]  and  [l,i|  for 
the  details  and  some  other  related  questions).  At  this  uiitiiinixcr  (^".  ^ .  r")  we 
have  the  following  optimality  conditions: 


(2.23)  |  ['  j  ^  ■  pdrdt  -  /  «'  •  fUr  +  (v".px)  -  /  ()/'  +  //  div  e,’)^’f/.r| 

•A)  •/«.'  J  u  Ju 

^  f||^°!l/.qsi) 


I  Mil  Z IlSI/liii 


III! 


lot  nil  Ip".  /i1 .  J"  I  i  V'  win  if  (  r\  i.  ')  ill  IK  itcs  I  lit'  si  iltlt  inn  of  I  I  .H)  eolTCspnmliim  In 
l  In-  iiiiiiiiiii/ii  ( rJl.  /  ' .  i  "|  jiikI  (/!.{)  I  In  -  .mint  inn  i  >t  |  I  .M )  with  tint  a  {/>'.  /»' .  £" ). 
Observe  I  lint  il  (j  i.O)  solves  (II)  with  n"  -u1  It  mill  0"  I)  ami  /  T- 

tlnn 


a,- 


iij(7‘)  •  p\/.r  (t i(7'l./»l)  t  /  (f/(7)  t  1  iliv  u{  /’) )£ni/.r. 

•mi 


( 'ntiiliiiiinjt,  (2.23)  jiikI  (2.21)  wr  easily  deduee  tlint  |«.W|  satisfy  <  I  Mi ) . 


3.  Boundary  condition*!  of  the  second  type 

Whim  t hr  displacement  sat  islios  Ni'iiinmiii  boundary  rninlit i< ms  ami  t  ho  toni- 
|)('ntt  ur<>  t  akos  I  hriehlo!  I  n  n  1 1  n  1. 1  r>  mm  lit  inns  t  ho  ontit  ml  In  I  system  of  t  hcriunelas- 
t ioity  mills  as  follows; 


{tin  /iA«  (A  \  ji)V  iliv  ii  t  oVO  /\„.  in  M  -  (II,  x  ) 

II,  Sll  t  i  iliv  iii  II  in  il  ■  (I),  x  ) 

)iilu  ‘ih >  i  (A  *  //)  iliv  ii  n  I),  II  I)  nn  I'  «  (0.  x) 

nl.r.  II)  u"(.M.  a, (.rMI)  it*  (.»•),  U(.i  A))  !>"{., ■)  in  U. 

In  this  sit  lint  i<  hi  wo  liavo  tlio  following  cunt  rnllal  ii  I  it  y  result: 

Theorem  3.1,  Let  u.  he  a  nei^hhorln a n /  nf  l hr  hoiunhiry  I’  in  il.  Suppose  ilml 
I  ■  ilinwdl  \  w)/v7i.  Then.  .system  (3.1)  is  exact -/ippmvunnte/v  eonttiilhihle  in 
time  /'  in  the  ft ilhmitif’  sense:  lur  any  (a11,  a1 ,//").  (r",  c1 .  //')  i  V|  ( II 1 (il) )"  • 

(/.-’li?))"  »  /.  *  ( 1  i )  mill  ■  I)  there  exists  it  emit  ml  limit  ion  J  *  ll.'dl  •  1 1).  /')))" 
siioli  that  tin •  solution  of  (il  '  ’  satisfies  ( l.il). 

Note  that,  in  this  ease,  t  note  is  tin  test  riot  inn  like  (  1.5)  nil  the  filial  illltll  wo 
tuny  t'oai'li  starling  Irnin  a  niven  initial  data.  This  is  duo  to  the  fuel  that  there  is 
im  <  1 1 )  i  u  it  it  v  that  remains  constant  in  time,  this  must  nut  beiuu  independent  "I/. 

The  prunr  lit  this  thouroni  is  similar  to  t hat  of  Theorem  1.1.  Ihiwover.  in  this 
ease,  the  decoupling  operator  /’  has  to  lie  defined  in  a  different  way,  In  this  ease. 
/’  :  I /,*’(!!))"  •  (/.*(it))"  is  nivcn  I iv  I’J  Vi/  whole  i/  <  ll{\(il)  is  the  solution  of 

(3.2)  /  r.i/  •  V/J./.I-  -  /  /  •  V fnl.r.  for  all  p  (.  //,{(!{). 

.'u  7  si 

Obviously,  the  solution  //  of  (3.2)  in  //'(ll)  nTf  exits  and  it  is  unique.  Note  that 
(3.2)  is  tlie  weak  formulation  of  the  equation 

(3.3)  A;/  =  div  /  in  SI;  <i  —  0  on  Oil. 


t 


I. itn  nr  -•»#/•«/#  tn  nf  tin  t  imn  lusln  >ht 
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2*M 

In  order  to  Ik*  consistent  with  our  basic  kiuoumtic  hypothesis,  it  is  assumed  that  F 
and  p  are  independent  of  j\t.  Lt't  us  further  assume  that  the  material  in  question 
is  lincnrlt/  clastir  (hookenn).  i,('., 

(1.7)  «"  = 

where  the  coefficients  of  elasticity  (',,kl  drprnil  only  on  .r\  nnd  .r-j>.  The  symmetry 
of  »'J  and  5y/  requires  that 

(l.K)  fill'1  —  (vM  _  ("'u\ 

and  we  further  assunir  that 

(1.9)  C"u  =(,kl‘i 

Then,  in  particular,  the  stresses  sIJ  do  not  depend  on  .r: |  and  ( l.ti)  reduces  to 

(1.10)  V>J+(,s"JW„(),l  +  F,:/)W,l. 

This  system  comprises  three  scalar  equations  for  tin1  scalar  components  lb,  of  W 

1.2.  Edge  Conditions.  Let  A  denote  the  two-dimensional  boundary  of  the  ref¬ 
erence  cross-section  V  and  assume  that 

(1.11)  A  =  AruA/J. 

where  A(\  A/;  are  mutually  disjoint,  relatively  open  subsets  of  A  and  A1’  /  0.  (The 
superscripts  C  and  D  an*  used  to  indicate  “damped"  and  "dynamic,"  respectively.) 
The  partition  (1.11)  induces  a  similar  partition  of  1'  :=  Oil  into 

(1.12)  r  =  rruf° 

through  the  mapping 

1  i— »  A  :  (.ri .  -r*a)  t~ *  Po  +  .r,,a,,. 

Let  (i/\ .  i/j)  denote  a  unit,  exterior  normal  vector  and  (  —  tq./'i)  a  unit  tangent 

vector  at  a  point  (.ri,./^)  of  I'.  Since  tiie  mapping  (./•  i .  .r-j.  r:t)  >■—  ,i,a ,  is  orthogonal 

with  determinant  unity,  v  :=  »q8|  and  r  :=  -t-jqag  are  vectors  which 

are  normal  and  tangent,  respectively,  to  A  at  tin1  point  po  +./%,«,,  with  v  pointing 
out  of  V  and  r  positively  orient*'*!  with  respect  to  a.-,,  i.e..  t  >  a:*  v. 

The  edge  conditions  along  the  part  of  OB  corresponding  to  A*  are  described 

t>y 

( l. i:i)  W  -  t)  on  r  .  t  >  u. 

Let  f  <lenole  a  given  distribution  of  forces  along  A*’  +  rtH;i.  x  •  ,rt  ■  t  x 
which  is  ivilrpi  inlmf  of.ru.  Tin*  condition  for  the  balance  of  forces  along  this  part 
of  OB  is 


d.t"  =  f 


2*1 


Atwlrhifif  nml  nmlrnllahiftfif  nj  /nirrrnnnt r/rr/  ihlstlr  m>  :iihrtinrs 


whirl),  in  view  of  our  previous  liypol  hoses,  may  lie  written 

(1,11)  t  'W  i  f  mi  r,li  /  ■  It. 

1.3.  Hamilton's  Priiit'iplp.  I.ei  W  -atislv  ( I  lit)  nml  ( 1.1  li.  ;m<l  let  W  II 
lie  II  Mill  li  il  1 1  liuieliuli  ilelllleii  oil  li  -  'll.  7  >U<  ll  1  llilt  W,  ,,  W,  -  /  <1. 

W|  .  ,n/.  It  We  ll  II  ll  I  ill!  scalar  ploiluee  m  J  1  i  il  I  I  lit)  with  W  mill  ill 

lenratr  over  1?  •  ill.  I  1  Allei  -nine  ititr"l;il ion-  liv  parts  we  obtain 

ill'll  j  j  ,iW ,  W  ,  -'ll  ,  w  ,-W. ,.«/!? 

•  j  I  K  W-/l»  ■  f  f  f  w  ■/|  11 


(  'uiivn^rU.  ii  W  «*;ii  iv|ii*n.  i  |  l%j  |ni  ill  sih  Ik  t i-'.t  1 1 1 1 a <  1 1< »i iv  VV  i  In  ii  W  -ni  i  -(ii  -  in 

;ii i  1 1 1 1 1 in  ipriiite  -i  n.-e  i  i  1  I  it  i  .net  1  I  I  I  >  I  lie  vai  nit  ■■  m.il  ei|ii.il  n  >n  •  I  I  "i  i  i-  kumMi 
li-  till  l>lim  i/ih  III  iiihml  niiil  |n|  the  inemiiliilie  |i|nli|ein  mulei  i  i  i||-|i  ll  1  .ll  |i  Hi 

We  ni  iw  in  ml  ;  I  IV  lilt  1 1  .i  Ian  III  kill  mil  ,i-  1 1  hi  ii  ill  ni’  «  \n  i  m  /,i/<  I.  it  <v  <  1 1  n  < » I  < 
tile  first  I'reeliet  ■  |i  i  iv  ni  i  v  i '  with  lesjieit  III  VV  Weill. IV  Willi 

l  l.llii  s"  'H  . ..  •  -  '  w  ,  w  .  -  w  . 

where  rv  ,,.W  i|e||ole-l||i  \ii|l|en|i'  ,  .  ,i!  W  InliiliV  lllillei  Ini  ■  i|ii  v  IIIU  1  I  7  1 

(  I  .11)  IIIU  Ilil- 

t  1.171  .s'V  ,,  (  ,  'iMf  "'ll  ;;  I  ^,'1  ,  I 

I  ’lull -I  ilssll  1 1 1 1  ll  Hill  ill  I. 


It  then  to  lli  iw  -  In  mi  I  II  in  (  I  ,  I  m  i  li.it  i  I  I  'i  i  m.iv  In  vv  i  it  ten 


K  it  i  Hi  I  •  IV:  Ii  ,ll  II 


A,  i/I  \  j  i'  W  •  'il'.' 


is  the  kint  In'  *  oh  the  < Information. 


/  I V  ’  ,,  ,  .  J-‘ 1  ,)</!> 

•  M  | 

;  / (-'"u *vV..  w  , i i/i i 

-  .Mi 


is  I  hr  slnim  i  in  niii.  and 


r  Wr/r 

i*'  f  hi-  t  nit  k  t>l  i  ih  i  mil  1 1  a  1 1  „  !  In*  vim, il  n  mill  h  ill  ill  I  In  I  ii  ill  l  I  i  It !  Willi  K  .  H  •'  ( I  *  I  I  \ 
m  ilrlilii'il.  is  1 1;  1 1 1  ill:  i  >ll-~  principle  till  (III’  III'  llllnalie  |i|i')i|rlll  Mllili'l  i  i  HI-h!i  I ii  ill 


JJ  I 


Hu; 


F  W  ilU 


2.  Systems  of  Intcrromi«H't.(Ml  Elastic  Mrinbranos 


I  ni  i  |  .a  l'<  a1, .  a  a  riK.li!  •  limiili'il  oiihnnorn.nl  swem  m  - 

Ill  |)M  in-  .1  ||\ld  Vl-lllll  III  "  *  mill  ?*,  Ill  ,1  I  >i  III  III  ll  ll  ,||H  II.  I  i  mill-1  III  I  Il’HiiUI  III 

•  w  it  1 1  t .  1 1  »<  la*  /  I  ii  min  Inn  i  ■  •ii-i-'t  nix  i  >1  ,i  fiiuii-  in  in  il  ii  i  i  it  ''Him  Ah  siuiph  •  i  m  ves. 


\V,  "<  i 

i 1 1  |».u  i .  i .. i  >>;,  •  ^2 


r,i.<  i .  ,  i  p,;./ 1 .  i  • )  *•  /  ia'(. 

/\  j  p,  i  / 1 .  .i  ,•  i  i.i  i . i  ■  !},  | 

I  in-  iii‘i|>))iiiK  i  i  ] .  i  1 1  •  )>,  |  .i  | .  i  j  i  I-  a  In  >1 1  mi  i|tn  n|iliisii'  nl  (I,  i  min  r,  ami  i  *1  Ii!, 

i  mli  i  /  IP, .  wit  Ii 

p, 1 1 1>»  up  » •  a'l . i p  i>;, >  • 

Itcinurk  2,t.  A-*  in  i lit-  Inst  section.  <  ireek  indices  tnkr  v; ilm 1.2.  hiil,  unlike 
hi  hue.  we  tin  mil  umuiiii'  ? Mininat i> >n  i 'i invent h m  ami  Human  indices  are  mil  lav¬ 
es,  ill  1 1  \  rest  riel  it  I  In  "el  {!.2.d|.  'Hie  lallUe  of  sill'll  all  index  will  lie  explicitly 
irnlii  aleil  whenever  ii  is  mil  clear  loin  i  nut  ext .  V\V  do.  however.  make  t  lit'  conven- 
i  ion  I  hal 

£  £ 

I  I  I 


I  he  sei  P,  is  considered  as  a  reference  cross-sect  ..m  of  all  infinite  cylinder 
whose  relerence  colilin'll  at  ion  is 

U,  !  r,  (.l  |  .  .I'2.  .I’M  )  I  ( ./■  J .  .1-2  )  t  S’j.  <  -x..}. 

We  make  thr  following  hypot heses  regarding  the  memimuies  V, . 

P,  I  1  A.  e:  0.  Vi  4  A". 

'  |  V,  is  a  coimeeled  set  in  IR'1: 

i  Pi.  is  either  empty  or  is  a  finite  union  of  components.  Vi  4  k, 
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Kadi  i<l  (lie  bodies  B,  is  assumed  to  satisfy  the  Imsic  kineiiiatie  assump¬ 
tion  (l.l):  I  lie  posit  ion  vector  R ' ( .r | .  .i  j. | )  to  t  lie  ilisplneed  part  iele  originally  at 
r ,  ( ./•  | .  i'j .  i'  t )  is  Riven  by 

(2.2)  R'(  »  i.  i.i. /)  r'l .I-, . i-.i )  i  W'(.i-|.  .»••.>.  M- 

(./'  | .  J'j )  <■  if,.  |.f||  •  x  .  1  I . li 

2.1.  Cli'oiiM'trle  Junction  Conditions.  We  tentatively  ileline  a  limit.  or  ///««•- 
hull,  ol  the  niuiti-llieiiiliiaui'  system  as  a  eoliiponent  (a  maximal  line  .segment:  In 
ili'linit  ion.  line  segments  are  eonneeteil)  which  is  a  roll  III  loll  ei  lu,e  of  two  ol  linin' 
relerenee  eross-seel ions,  that  is.  a  maximal  line  segment  where  a  P,  and  Pi,  in- 
terseet  for  some  k  ■  i.  However,  this  definition  allows  thi'  possibility  that  the  set 
of  all  such  eompoiients  does  not  tnrni  a  milt uiilly  disjoint  eolleelioti.  II  ( j  and 
t  \  are  components  slleli  that  (  j  '■  i  (  /  \fr.  we  replaee  (  j  and  < '•  li>  <  j  '  1  (  > , 
(  j  ( (  j  i  '  (  j  )  and  (  \ H(  '| ;  i (  \  ).  whose  union  is  (  j  1  >  (  Kaeh  si  t  (  |  (  j  ■  (  \  )  is 
either  a  single  line  segment  or  the  union  of  disjoint  segments.  In  tin  latter  case  we 
consider  (*n/((  'i  i  i  (  '_> )  to  consist  of  several  separate  eompoiients.  In  this  iiiaunei 
one  may  eliminate  the  overlapping  of  eompoiients.  f  ilially,  we  deline  the  joints 
ol  the  system  to  he  the  collection  ol  disjoint,  open  line  segments  which  are  the 
miermrs  of  the  collect  ion  of  non-overlapping  eompoiients. 

For  any  joint  7  of  l  he  mult i-meinlaane  system  ileline 

/(./)  {»«  [I . n||  •/  .  i)P,} 

Thus  1(7)  is  the  index  set  of  diose  P,  which  share  ./.  The  deformation  of  the 
overall  system  is  const  rained  by  t  lie  following  t/nniii  trie  jiuirtion  i  iiinlihoii  at  each 
joint  ./: 

(T.'l)  W'(p,  ‘(p)./)  =  W'(p;  '(p)./).  p  <:  7.  2(7). 

Condition  (2. (I)  simply  requires  that  each  membrane  sharing  7  have  the  same 
displacement,  there. 

2.2.  Dynamic  Conditions.  The  geometric  joint  roiulit  ions  reileet  the  continuity 
of  the  overall  structure.  In  addition,  there  are  ilynoniir  jiinelioii  comlitioiis  which 
represent,  the  balance  of  linear  moment  tun  at.  the  joints.  The  simplest  way  to  obtain 
these  is  to  minimize  the  Hamiltonian  associated  with  the  structure.  In  carrying  out 
the  calculation,  the  variation  must  lie  taken  with  respect  to  displacements  which 
satisfy  the  geometric  boundary  conditions  and  the  geometric  joint  conditions.  Of 
course,  in  addition  to  the  dynamic  junction  conditions  Hamilton’s  principle  also 
yields  tile  equations  of  motion  and  dynamic  boundary  conditions  of  the  structure, 
as  usual. 

Sot  A,  =  <)V, .  We  assume  that 

A;  —  A;  U  U  A'! , 


(2.4) 


.1.  K.  Lagiu'sc 
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where  A}  ,  A p.  A'/  art'  disjoint,  and  relatively  open  in  A,.  This  partition  of  A, 
induces  a  similar  partition  of  I  ,  Oil,  into 

(2.r,)  uffur;'. 

where 

A'  -  =  P;(lT)-  A,;>  —  Pi(l’P)>  A/  =  P,(r/). 

The  sot  A)  ri'pri'sc'nts  tin'  part  of  A,  that  is  clamped,  i.e.. 

( 2 . ( i )  W*  -  0  on  V<\ 

A(°  is  the  part  of  A,  along  which  "dynamic''  honndary  conditions  will  hold,  and 
A'/  is  that  part  of  A,  r.nch  that 

.\/  r i  A*  9-  M  for  at  least  one  k  i. 

Tints  A /  consists  of  those  joints  of  the  mn't.i-nicnihraiic  system  which  belong  to 

A,  We  Inlicl  the  entire  collection  of  joints  l>v  4.4 . /,,,. 

The  total  kinetic  energy  of  the  system  is  defined  to  he 


1  "  /' 

KU  .•--=- £/  4W',|4/h. 
",  t  4i. 


where  [>,(.!' is  the  mass  density  per  unit  of  reference  area  of  'P,.  l.ct  *■'*  denote 
tin  stress  tensor  associated  with  the  /  tit  mcnihratic.  The  total  strain  energy  is 
defined  to  he 

i  - 1  ’  it.,;  ,i.O 

Let  F'  denote  all  exlerttnl  body  force  acting  on  the  /  tit  membrane  V, .  F'  he 
a  force  acting  along  A/’  and  f*  he  an  applied  force  along  the  junction  region  ./*•. 
The  work  of  t  hese  external  forces  is  defined  to  he 


W(t)  =  |  /  F'  ■  W'  <l.\,  H  j  f'  •  W'  //A  |  +  jr  j  fk  .  w*‘  </4 

=  y|/  F'-Wz/Uj-f  /  f1  ■W'r/rl+V  /  (‘•WMf. 

W.’  J  1 Tl-'la'A) 


F‘  Wi/U,  + 


where 


r,(,4)  -  r-j)  6  r/|Pi(.ri,j:a)  G  4}  -  {p,  1  (p)l P  G  4}. 


/  =  1, . . .  , »/:  A-  =  1 . w. 


and  where  we  may  take 


4  -  mini 4'  €  1(4)} 
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in  accordance*  with  the  geometric  junction  conditions  (2.H).  In  t.lif  integrals  over 
Vi  and  A the  integrands  are  evaluated  at  p~l(p)  with  p  6  V,  and  p  £  A{}. 
respectively,  while  the  integrand  in  the  integral  over  ./*  is  evaluated  at  p(t'  (p).  p  € 
The  dynamic  equations  of  the  multi-inenihrane  system  are  postulated  to  he 
those  associated  with  the  Hamilton's  principle 

(2.7)  f>  [  [AJ(0 -U(t)  +  W{t)},lt  =  0. 

Jo 

in  which  the  variation  is  taken  with  respect  to  displacements  (W1 . W") 

which  respect  the  geometric  boundary  conditions  (2.(>)  and  geometric  junction 

condit  ions  (2. .’I)  along  each  joint  ./| . /,„ .  It  is  fairly  obvious  t  hat  we  will  obtain. 

in  particular,  the  equations  of  motion  ( 1 . 1 ( ) j  for  each  membrane  of  the  system 
and  the  dynamic  boundary  conditions  (1.11)  along  I'/’.  Thus  we  have  for  each 
i  -  I . n  the  equal  ions  of  motion 

(2.S)  £<>;  4  5>*/  'W:,),.  +  F  p, W'„.  (r,..c,|  »;  S2 ,.  /  ■  I). 

•\,f  tt..i 

and  the  boundary  conditions 

(-■!))  'w''  •  r  1  -()- 
*»./  n.J 

There  are.  in  addit  ion.  jmu  t  ion  eomlil  ions  given  by  t he  following  vn  iat  ional  cqun- 
t  ion: 


(2.10) 


;/,>;■  'W',)W'(/I' 

«»../ 


fA  W*  d.h 


Idr  all  sullieieiil Iv  smooth  displacements  W\  /  I . ii.  which  satisfy  the  geo¬ 

metric  boundary  and  junction  conditions. 

We  have 


”  /■  r 

ZL  EE 


i  ,<  ii  i,  \  • 


t  a./,  i 


Tin’  segment  -h  may  be  parameterized  as 


•h  ~  {q"  +  sru  j »i*  s  •  In  ). 


where  q*(  h  ./*  is  fixed  but  arbitrary.  Since  7*  p> ( I '»<■/*.- ) )-  this  parameterization 
of  ./a  induces  a  parameterization  of  t lie  segment  !',(./*  )  given  by  given  by 


I’d -4)  =  {x'V  +  s(r|.  tv )i ha  «  •;  j. 
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where  r‘k  —  ria'/  +  r> a!2k  and  x^.  is  some  point,  of  I ’,•(./*)  depending  on  both  i 
and  A\  Therefore 

/  (  E  +  E  I  '  W'(x)  (/I' 

=  f'k  -w'(x)* 

■'"*  \ri.j  n,H  ) 


(X  =  x';V  +  -s(T|  .  r^)) 


•/"‘  \  II..)  Il.u  / 


(pi)  (As 


<P  =  q'/  +  *rn' ) 


E"»i  +  E'o<  'W'«  1  W'(p,  '(p))r/.4 


Thu;  (2.  Ill)  may  hi' expressed  as 


*•  I  e  tUk  '  1  \-i ,/ 


E  E  /  E«X-<  E">-  'w:»  -w'ip,  '!p))(/./*- 


m  /■ 


f*'  •  Wu  )/./*.. 


Since  the  ,4's  are  mutually  disjoint  and  the  geometric  junction  constraints  arc 
local  to  each  h  individually,  the  last  variational  equation  can  hold  if  and  only  if 


cm n  E  /  ( E ".X‘v,  1  E "■>'/  <w!.i )  w'<p-  ’> -■')(/•/*■ 

n  1 1 u  r  \  " ./  ■>  .a  / 

-  /  fA  •  W“  «/.4.  A-  -  i . 


t’roin  (2.d)  we  have 


W'(Pi  '(p))  =  W'Mp./Ip)).  V)  e  I(.4). 
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Since  Wu  (p^'(p))  is  arbitrary,  it  follows  that 

(2.1.2)  £  f £  uWa)  +  £ ]  (P, 1  (P),  o 

l€l(./k)  \n,j  n.ft  f 

=  fA'(p^'(p).0,  p  e  .4. 

Equation  (2.12)  is  a  balance  law  for  forces  along;  the  joint  Jy  and  we  refer  to  it  as 
the  dynamic  junction  condition  there. 

2.3.  Linearization.  The  nonlinear  equations  of  motion  (2.8),  dynamic  boundary 
conditions  (2.9)  and  dynamic  junction  conditions  (2.12)  are  geometrically  exact 
under  the  kinematic  hypotheses  imposed  above  (i.e.,  (i.l)  and  Hooke's  Law).  It  is 

apparent  that  their  linearizations  about  the  equilibrium  W1  —(),  /=  1 . 11,  are 

the  same  as  the  linearizations  of  the  equations 

(2.13)  £ ■<»  +  F'  =  ,,, W;,,.  (./  ,. .r,)  €  SI,.  /  >  (I: 


£«/X,Ja'  =f'  on  r,,>.  t  >  0: 


(2.15)  £  (P.  ‘(PM)  - 


rib  1 


p  t.  ./*•.  /  .*  0.  k  —  1 . in. 


The  linearizations  of  (2.13)  (2. lb)  arc  obtained  by  replacing  the  nonlinear  strain 
components  ?„.i  in  the  stress-strain  law  (1.7)  by  their  linear  approximations 


.»  =  *  (»'„..«  +  H 


Let  ns  consider  the  case  ol  an  elastically  isotropic  body  B,.  Its  stress-strain 
law  is  then 

**  =  *■  + 

1 

where  are  the  linearized  strains  in  B,  and  A;  and  /i,  are  its  Lame  parameters. 
It  follows  From  (2. l(i)  that  the  linearized  stress-displacement  relation  is 


I*"*  =  P.W 


.,i  +  *f;Im)  +  a,  £->  •/...<■ 


(2.17) 


.).  E.  I.IIRIK'SO 
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With  the  stresses  given  by  (2.17),  the  system  (2.13)  may  he  written 

<  '* 

^Atr'  +  Fj  =i>,Witt  in  il,  t  >  0, 


(2.18) 


where  F-  ~  F'a ’•  and  AH’J  =  The  boundary  conditions  (2.14)  linearize 

to 

[A1  ■  VII-.;  =  fi  Hi.  r".  i  >  ii. 

where  fj  =  f'  •  a'  and  VH':|  =  M  s,, and  the  dynamic  junction  condition 
(2.15)  becomes 


(2.20)  £  £  „*  (Pr ‘ (P).  0  . 

iez(./».)  <>  \  d  / 

=  **(p,V(p).0.  p  e  '4.  t  >  o. 

The  description  of  the  linear  system  is  completed  by  adjoining  to  (2.18)  (2.20)  the 
geometric  conditions 


(2.21) 


Wi  =  0  on  rf .  t  >  0, 


(2.22)  W‘(p;  (p).t)  =  WJ(pj  (p).f).  P€.4;  /.jel(.4):  A-=l . m, 

and  the  initial  conditions 

W’|,=i,  -  W;,.  =  W',  in  S2.  ./  =  1 . n. 


Etinations  (2.18)  (2.22).  with  sj  given  by  (2.17),  describe  the  linearized  motion 
of  a  system  of  interconnected  isotropic  elastic  membranes.  Let  us  note  that  the 
above’  system  is  also  directly  derivable  from  the  variational  principle 


f>  I  \)C(t)-U(t)  +  W(t)}dt  =  (), 

./a 


where  K  and  VV  are  as  above  and 


m  =  /  E +  /oivw;ii2  mi 


i= i 


■Hi, 


,n.H 


I 

4 

I 


? 
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3.  Controllability  of  Linked  Isotropic  Membranes 

In  this  section  we  shall  consider  the  question  of  exact  controllability  of  solu¬ 
tions  of  the  linearized  equations  of  motion  of  the  system  of  interconnected,  elas¬ 
tically  isotropic  membranes  given  by  (2.18)  (2. 2d).  Because  of  space  limitations, 
only  an  overview  of  this  problem  can  be  presented. 

It  is  assumed  that  all  distributed  forces  vanish.  Given  a  suitable  T  >  0  and 
“arbitrary”  initial  data  (W,',.W'|)  and  final  data.  ( W,'>,  Wj ).  the  above  system  is 
exactly  controllable  in  time  T  if  there  are  c  'idrol  functions  f'  =  £  •  /jat.  P  such 
that  the  solution  of  (2.18)  (2.23)  achieves  the  state  (W,',.  WJ )  at.  time  T\ 

w'| f=T  =  w w,\t=T  =  w;.  /  =  1 . ». 

Of  course,  the  data  and  controls  must  be  chosen  from  appropriate  function  spaces 
for  which  the  initial  value  problem  is  (at  least.)  well-  posed  in  some  sense.  Since  the 
problem  (2.18)  (2.22)  is  time  reversible,  one  may  assume  that  either  the  filial  state 
or  the  initial  state  vanishes.  In  the  latter  situation  tin*  exact  controllability  problem 
is  called  the  reachability  problem.  Thus  the  reachability  problem  is  that  of  showing 

that  starting  from  the  zero  state,  an  "arbitrary  state"  (W,',.  WJ ),  /  —  1 . n. 

may  In'  achieved  in  time  T  through  an  appropriate  choice  of  control  functions. 

It  is  not  to  be  expected  that  every  system  of  interconnected  membranes,  no 
matter  how  configured,  is  exactly  controllable.  Indeed,  our  purpose  is  to  deter¬ 
mine  those  geometric  properties  of  such  a  system  which  will  guarantee  its  exact 
controllability.  It  will  be  fairly  apparent  that,  the  sufficient  conditions  for  exact 
controllability  discussed  below  are  rather  far  from  necessary. 

Another  point  is  that  in  order  t.o  obtain  any  exact  controllability  results  at.  all 
we  usually  (but  not  always)  find  it  necessary  to  employ  controls  not  only  along  the 
exterior  boundaries  L‘J  but  also  in  the  junction  regions  L'j .  It  is  not  clear  to  what 
extent,  the  latter  requirement,  is  due  to  the  methods  employed  or  whether  there 
is  something  intrinsic  to  wave  propagation  in  general  systems  of  interconnected 
membranes  which  necessitates  the  use  of  junction  based  controls. 

3.1.  Observability  Estimates  for  the  Homogeneous  Problem.  Whether 
one  proceeds  via  the  control-to-state  map  or  employs  the  (equivalent)  met  hodology 
of  the  Hilbert  Uniqueness  Method,  it  is  well-known  that,  the  reachability  problem 
is  the  “dual”  of  the  continuous  observability  problem  for  the  homogeneous  ad¬ 
joint.  system  (which  in  the  present  case  coincides  with  the  original  system).  When 
dealing  with  situations  in  which  the  controls  act  on  the  boundary,  the  latter  prob¬ 
lem  involves  showing  that  certain  traces  of  the  solution  on  the  boundary  may  be 
estimated  from  below  by  some  norm  of  the  initial  data,  Each  such  observability 
estimate  leads  to  a  reachability  result,  and  conversely.  Hen1  we  shall  describe  three 
such  observability  estimates. 

Let  us  therefore  consider  the  homogeneous  problem  describing  the  motion  of 
a  system  of  interconnected  membranes.  Let  the  displacement  vector  of  the  i  -t.h 


.1.  Iv  I,iiK»rstL 


embrnne  hi' 


=  E  ^'a'  =i/)'  +  i /»'  =  E 


We  write 


sn.iW)  =  -«,,  +  *:*,.)• 
*?'W)  =  2/i,-5„rt(^i)  +  A,  E*r>W'>'-'- 


Till'  system  under  consideration  is  then 


p/AP?,  =  x  e  12,.  /  >  0: 


E<*rV)  =  <>. 

n 

i/  •  V'ld,  =  0  X  e  r,".  /  >  0; 
*'■  =  0.  x  e  rj‘.  I  >  0: 


(3.r»)  *<(pf,(p).f)  =  *'(p/‘(pM)-  P6  ’h-  i-.i  €l(.4).  *•=  1 . 

(:*■«)  Z  E<E»r'  (i/)' )a)( + /t,- a?,)(p,  ‘(p).OX).  p€.4.  2 XI: 
;c-:X(./fr)  n  >» 

(:*.7)  ®'|i»o=®o.  «!fltrro==*|.  x  €  12,. 

We  set  . *,'!)  and  ®,  =  (®j . *'/)• 

Let  <P  =  (i1 . <!>'')  with  vp'  :  12,  >—  M:*  given  hv  (3.1).  Let  //  (resp 

V')  be  the  Hilbert,  space  consisting  of  those  \P  for  which  P',  €  L2(S2,)  (resp 
vp'.  e  // 1  (S2j ) ).  with  the  norms  of  9  in  II  and  in  V'  given  by 


Vi=  i  j 


\i-l  J 
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respectively.  Let  V  denote  t  he  closed  subspnee  of  V  consisting  of  those  €  V 
satisfying 


=  0  on  if. 

*'(p;'(p))  =  *J(p;‘(p))-  P  e  i.j  e  !(./,). 

The  space  V  is  dense  in  H  with  compact,  embedding. 

Let  qo  be  a  point  of  R*  and  consider  the  following  restrictions  on  the  geomet  rv 
of  the  configuration  of  nicmbranes  and  on  the  material  parameters: 

(3.8)  (p  -  q0)  •  v‘  <  0  on  f  '  : 

(lid))  MP  ~  qo )  •  *>'  <  (l  <>“  •/*•■  h  =  1 . m: 

ic  I 


(3.1») 


dj  —  o.  'Y  =  i  -=> 
ie. I(-h  >  i(M  K  1 

>  — (p  -  q,i)  ■  if'  <  !)  011  .4.  k  =  1 . ///: 

A.'" 


and 


(3.11)  Y  +'■»“»)  =  "•  5Z  +'•?)  =  1 

it. /(./«,) 


E 


2//,-  +-  A,-  //, 


fC-X(.A  ' 

Further,  let  us  introduce  the  sets 


+  —  )  (p  -  qn)  -t/'  <  <»  <>11 .4. 1*  1. 


Af>'  ={p  6  An  (p-qo)  ■«/'>(>).  A,"  =A,»7A," 

rf  -P;  W).  r,°  -  P;  ‘(A^  )  =  ■ 

We  have  the  following  observability  estimate. 


Theorem  3.1.  Assume  that  </()  may  be  chosen  so  that  (3.8)  (3.11)  hold  and.  fur¬ 
ther  suppose  that  either 

(i)  Fj  ^  0  /or  at  least,  one  index  i,  or 

(ii)  r(J '  0  /or  at  least  one  index  i. 


J.  E.  Eagnt'so 
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If  4*  =  ("P 1 . . . .  .  tp")  is  a  sufficiently  regular  solution  of  (3.2)  (3.7).  then  there  is 
a  1})  >  0  such  that  for  T  >  To  there  is  a  constant  Cy  such  that 


(3.12)  ||(*i„  *,)||2Vx// 

l  i~  1 

I  a*' 

Or1 


[‘  I  (|^',|2  +  |*'|2)r/r^ 

Jo  Jv»' 


+ 


a 


dr  dt 


ta 


{■he) 


/Jv[rU 


fir'* 


dTdt 


Remark  3.1.  The  problem  (3.2)  1.3.7)  has  a  natural  variational  formulation  (the 
principle  of  virtual  work)  from  which  existe  nce  and  uniqueness  of  a  solution  may  he 
proved.  The  variational  solution  has  components  tyt  which  belong  to  and 

the  VF'  satisfy  the  geometric  junct  ion  and  boundary  conditions,  provided  the  initial 
data  do  likewise.  In  order  to  prove  Theorem  3.1,  however,  we  need  to  require  that 
the  solution  have  additional  regularity,  namely  that  T';  e  for  some  ■S  >  3/2 

provided  that  the  initial  data  are  sufficiently  regular.  Jl  is  known  that  even  for  a 
single  isotropic  membrane  this  degree  of  regularity  depends  on  t  in-  geometry  of  SI 
and  the  particular  boundary  conditions.  For  example,  it  is  true  for  any  Lipschitz 
domain  if  F  and  F  are  disjoint.  If  F  flF  ^  0,  the  desired  regularity  holds 
if  these  sets  meet  in  an  angle  smaller  than  tt  (measured  in  the  interior  of  tl).  In 
this  matter  the  reader  is  referred  to  Grisvard  [1],  |2],  and  Nicaise  [4].  For  systems 
of  interconnected  isotropic  membranes,  from  the  regularity  results  for  a  single 
membrane  it  is  clear  that  there  is  W"  regularity  (s  >  3/2)  in  a  neighborhood 
of  each  point,  of  Ff,  of  F T  and  of  [T  n  T j}  provided  the  angle  condition  just 
mentioned  is  satisfied.  (Interior  regularity  is  not  at,  issue.)  However,  the  precise 
regularity  possessed  by  tF'  near  I’/  or.  more  specifically,  its  regularity  near  points 
of  T /  fl rf  and  r /  G  rf*  is,  to  the  knowledge  of  this  author,  unsettled  and  retpiires 
furt  her  analysis.  Let,  ns  mention,  however,  an  important,  contribution  of  Nicaise  |7] 
towards  resolving  this  issue,  whorin  the  precise  singular  behavior  of  solutions  of 
the  Laplace  anti  Inharmonic  equations  on  networks  at.  mixed  corners  is  described. 
See  also  Nicaise  [5],  [(>],  where  regularity  of  solutions  (among  other  things)  of 
transmission  problems"  for  general  elliptic  problems  with  general  boundary  and 
interface  conditions  is  investigated. 


Remark  3.2.  A  sufficient,  condition  for  the  validity  of  (3.8)  (3.11)  is  that,  at  each 
joint  Jy.  at.  most  one  of  the  (p-q())-i/',  say  (p-q())  ,  is  positive,  (p-qii)’t'1  <  (1 

if  i  ±  qy,  and 

fhu  (p  -  q»)  •  (p-qo)  -""‘//V,  (p-qu)-^W 

are  sufficiently  small  relative  to 


/>«|(p-qo)-*',|.  I(P  ~  qu)  •  "V/ii,  |(p-qc) -i/'l/^o 
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respectively,  for  all  i  /  (p  and  i  €  !(./*■).  This  moans  that.  p,n  has  to  ho  sufficiently 
small  rolativo  to  the  othor  p,  ’s  and  that  p<H. ,  X,lk  must  ho  sufficiently  largo  relat  ive 
to  the  other  //,'s  and  A,"s,  respectively. 

The  observability  estimate  (3.12)  hauls  to  a  corresponding  reachability  re¬ 
sult  (Theorem  3.3  below).  Because  of  the  presence  of  integrals  over  ./;,  in  (3.12). 
this  reachability  result  requires  controls  in  tin?  junction  regions  as  well  as  on  the 
exterior  boundaries  P fJ.  We  shall  now  discuss  one  particular  configuration  of  con¬ 
nected  membranes  (then*  are  others  as  well)  for  which  the  integrals  over  .4  may 
be  eliminated  from  (3.12),  namely  the  one  in  which  the  membranes  are  serially 
connected.  This  means  that 

fa?,  =  ±a£,  Vi, j  =  1 . v, 

1  m  =  n  —  1 . 

By  reindexing  the  membranes  and  joints,  if  necessary,  we  may  assume  that 


J  'Pi  n'Pj+i  =  -4,  i  =  l . a-  1. 

\vtr\Vj  =  0,  \i-j\  >  l. 

Thus  T(,4)  =  [k,k  4-  1],  Further,  without  loss  of  generality,  we  may  suppose  that 
a-,  =  a/,  —  (().(),  1)  (hence 

i/ —  — i/‘+l,  t1  =  -rl+l  on  J,) 

and  that, 

=  Af  =  rf'  a,"  =  rp. 

( rfc(.4)  =  rfe+ 1(./*)  =  -4.  k  =  i . a-  i. 

\rt(  4 )  =  0,  |i  -  Aj  >  1. 

If  V,  is  serially  connected  to  P1+  j,  the  geometric  and  dynamic  conditions 
along  .4  reduce  to,  i-espe.ct.ivdy. 

(3.13)  +  along  .4. 

and 


dv{  ~  >H+l  dvi+l 


along  .4, 


so  that  the  transverse  motion  is  not  coupled  t.o  the  in-plane  motion,  as  is  to  bo 
expected. 

When  membranes  are  serially  connected,  it  is  possible  to  eliminate  the  in¬ 
tegrals  over  Jfc  in  the  estimate  (3.12),  provided  the  parameters  p,.  /q,  A*  satisfy 
certain  monotonicity  conditions. 


•  I  I-.  I.HBIH'W 


Theorem  3.2.  Assiinu  that  Xn  •  !R-'  limit  Im  i  host  n  mi  that 

(3.|.ri)  (x  x<i)  i/  •  <i  mi  I  .  /  I . it 

Sup/mxi  flirt  hr  r  that  fat  tin  i/m  n  eliaiii  of  Xu  unit  null  i  I . n  I. 


(3.10)  i>>  ‘  <  i  ■  l‘i  '  l‘ iti-  A,  A, ,  , 

if  (X  -  Xo)  •  V>‘  >  (I  all  ./,: 


(3.17) 


/',  >/<..!.  /«.  </<..!•  A,  S  a,  ,  I 


//  (X  —  Xo)  ■  u'  <0  on  J, .  7/  4*  =  ( ♦ 1 . 4»"  )  /.n  «  sufficient! n  ni/iilnr  solution  of 

(3.2)  (3.4).  (3.13).  (3.14)  with  initial  data  (4'n.  *P  i ).  tln-ir  is  a  Tn  >  0  sneh  that 
for  each  T  >  To  there  is  a  constant  ('/■  such  that 


(3.18) 


||(®«.,*i)ll 


i 

Vxll 


(i*:,i'  +  i*ij).iTv/  + 


Remark  3.3.  Either  condition  (i)  or  condition  (ii)  of  the  previous  theorem  will 
automatically  he  satisfied  in  the  serial  case.  The  quantity  (x  -  x(>)  ■  i/'  must  he 
of  constant  sign  on  ./,.  If,  for  a  particular  index  i.  (x  -  xo)  v‘  =0  on  ./,.  no 
relation  between  the  material  parameters  of  'p,  and  Vj+\  need  he  assumed.  Also, 
since  the  choice  of  an  x()  satisfying  (3.15)  is  not  unique,  for  certain  conligurations 
it  may  lx;  possible  to  choose  distinct,  values  of  x»  such  that  for  certain  indices  /. 
(x-Xo)-!/1  >  0  on  ,Ji  for  the  first  choice  of  x»  while,  for  the  sccoml,  (x-  Xo)-l/  <  l) 
on  ./,.  In  such  situations  either  (3.  Hi)  or  (3.17)  is  sufficient  for  the  conclusion  of  t  lie 
theorem.  These  observations  suggest  that  the  above  restrictions  on  tin'  material 
parameters  are  due  to  the  method  of  proof  employed  and  are  not  int  rinsic  to  the 
validity  of  the  theorem. 


Remark  3.4.  Theorem  3.2  is  valid  also  in  the  more  general  situation  where  the 
Jf  s  arc  any  Lipschit/.  continuous  curves.  Of  course,  in  this  situation  (x  -  Xo)  •  v' 
need  not  be  of  constant  sign  on  .7,  so  that  it  is  necessary  to  assume  both  (x  —  Xo)  • 
v'  >  0  on  .7,  and  (3. l(i),  or  (x-xa)-v'  <  l)  on  ./,  and  (3.17).  In  partcular.  Theorem 
3.2  is  valid  for  the  following  problem  of  transmission.  Let  SI.  12|  be  bounded,  open, 
connected  sets  in  R2  with  Lipschit/,  continuous  boundaries  and  with  I2i  C  11,  and 
set  122  =  12/(2 1 .  We  consider  the  above  problem  with  J  ~  dlli  being  the  junction 
region.  We  then  have  012  —  F2  U  T.^.  Suppose  that  there  is  a  point  x()  €  R2  such 
that  (x  -  x())  -i/1  >0  on  .7,  (x  -  x»)  ■  vl  <  0  on  T2  and  assume  that.  (3.16) 
holds.  Then  tin;  estimate  (3.18)  is  valid.  Since,  for  serial  membranes,  there  is  no 
coupling  between  in-plane  and  transverse  motions,  (3.18)  comprises  two  separate 
observability  estimates,  one  for  transverse  motion  alone  (by  setting  xp1  —  0)  and 


A/tx/Wim;  utnl  i  •ml iitlln Initlif  uf  mlt  innmri  /n/  <  in*hr  tnimhmtu  * 


Am 


one  for  in-pinin'  motion  alone  (bv  setting  4*',  -  II).  The  Inaction  4* is  a  solution 
of  llu*  problem 

CU'I)  4»‘t  f(  ll  in  11,.  #  1.2. 


(:i.2()) 


*.«  '  * V  /»■: 


W, 


>u> 


iW\ 


oil 


(11.21)  4^  =-- (I  on  rfj  .  Mtjiiv*  ll  oil  r.J’. 

Aii  observability  estimate  analogous  to  (3.18)  for  the  problem  consisting  of  (3  III). 
(If. 21))  and  tin*  Diriclilot  boundary  condition  -  (I  on  <711  in  place  of  (11.21),  lias 
been  proved  by  Lions  [ll.  Theorem  VI.  1.2]. 

Tlie  following  corollary  is  an  iiniucdialc  consequence  of  Theorem  l|.2  and  the 
process  of  "weakeiiieg  (.In*  norm  (sis'.  e.g..  (3.  p.  200}).  Let  V'  denote  the  dual 
, space  of  V  with  respect  to  il . 

Corollary  3.1.  In  addition  to  the  ossiiiiiiituins  of  Theorem  3.2.  suppose  that 

(x  -  Xu)  •  u1  .>  II  o n  P," 

(Le...  rf*  —  0J.  Thru  tlinr  is  ii  7J*  >  0  such  that  for  each  T  >  7<i  their  is  n 
constant  Cp  such  that 

ll(*„.*t), \i,sv<rTT  f  I  \*[,\2<n',it. 

777 ./«  Jvy 

3.2.  Reachable  States.  Each  of  the  above  observability  estimates  leads  to 
a  reachability  result.  Here  we  indicate  two  such  results,  one  being  tilt*  “dual"  of 
Theorem  3.1  and  tin*  other  the  dual  of  Corollary  3.1.  Since  the  observability  esti¬ 
mates  are  known  only  for  “sufficiently  regular"  solutions,  implicit  in  the  theorems 
below  is  the  assumption  that  there  is  a  set.  of  initial  data  which  is  dense  in  V  x  H 
and  for  which  the  corresponding  solution  of  (3.2)  (3.7)  hits  the  desired  regularity. 
This  assumption  imposes  a  further  constraint  on  the  configuration  of  the  system 
of  membranes,  but  we  do  not  know  how  to  quantify  this  constraint  in  terms  of 
simple  geometric  properties  of  the  configuration.  (See  Remark  3.1  above). 

Theorem  3.3.  Let  the  hypotheses  of  Theorem  3.1  hold  and  let  T  >  To  and  assume 
that  W0  €  H,  Wj  €  V'.  Them  there  are  controls  f\  fk  such  that  the  solution  of 
(2.18)-(2.22)  with  Wj(=0  =  W,(|t=o  =  0  satisfies 


W|4=T=W„,  W,t|t-7*  =  Wi. 


I  l.iighi 


2!  HI 


Tin'  control*  o|  Thro.rm  3.3  belong  to  the  following  (very  weak)  space*: 

f*  .  (//'(0. 7:^(1,"'  )))'0/.:l(l».,/':(W,(rf'  ))')• 
f‘  «■  TA  H'  (I  .,  (./fc  )))')■ 

the  primes  denoting  dual  spaces,  where 

^(if  )  fcfja'M,  <  /.2U-,).  sm|>p/,  <  if  } 

J 

and 

ft1  (If  )  =  l*e£aUf  )|^e£J(r,"  )}. 

The  corresponding  solution  of  (2.18)  (2.22)  with  W|(  o  —  W  /|,  a  =  0  exists  in  a 
very  weak  sense  which  may  Ire  made  precise  through  the  method  of  transposition, 
for  example. 

In  the  ease  of  serially  connected  membranes,  a  more  satisfactory  result  follows 
from  Corollary  8.1. 

Theorem  3.4.  Let.  the  hypotheses  of  Cowl  lory  3.1  hold.  Then 

Vxf/c  {(W(T),W,,(T))|r  e  /^(O/r.Tflf))  and  [k  =  0). 

Thus,  for  serially  connected  membranes,  all  Unite  energy  states  are  reachable 
using  Zfrf  x  (0.7’))  controls  only. 
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Ausi  h.V T.  In  these  notes  wc  want  to  present  siiinr  control  Hi  rati  fies  lor  dviiinnic 
lift  works  of  Ht  ilnus  nml  I  ion  ms  in  1  (lose  sit  mil  ions  where  t  hr  classic,!  I  concept  s  of  exact  or 
tippn ixinmtc  emit  reliability  tail.  This  is,  in  pari it-iilur.  the  ease  for  networks  contiiiniim 
circuits,  (ti’iirricnlly.  n  residual  motion  settles  in  sin  It  cirniits,  even  if  nil  nodes  me 
suhjeet  t.o  eontrols.  In  those  sitimtions  we  resort  to  controls  which  direct  the  llnx  of 
energy-  I'sing  such  controls  in  n  network,  we  are  nlile  to  steer  the  entire  eneiRV  to 
prcnssiKlicd  |iarts  of  tin'  structure.  In  practice  these  I  Will  H  arc  more  massive  and  call 
ntisorl)  energy  more  easily  than  the  fragile  elements.  We  also  provide  numerical  c\ hlenee 
for  the  control  strategics  discussed  in  t liese  notes.  The  material  is  related  to  joint  work 
with  .I.K.  I.agnesc  and  K.t  I.IMi.  Schnndt.  and  is  essentially  included  |l  l|. 

l!»!ll  Miillirniiilirs  Suhjrcl  <  'Immijinilion.  :t!K  '2(1,  .Itlll.V^.  tioMtHi.  lir.MfiO 

Ki  t/  miril.i  nml  phtu.n  Alisorliiim.  directing  and  nonlinear  controls,  disappearing  so- 
hit  ions,  numerinil  simulat  ion 


1.  Introduction 

In  this  note  we  want  In  give  noun*  examples  of  feedback  coni  ml  strategies 
applied  to  dynamic  1-d-nel  works  of  strings  and  Timoslieiiko  lieitms.  We  will  con¬ 
sider  examples  of  scalar  'out  -of- 1  lie-plane'  displacement  models  as  well  as  planar 
systems.  Systems  of  the  type  considered  here  have  been  introduced  in  Schmidt 
[19],  Lettgering  and  Schmidt  [I!>]  and  Lugiiesc.  Lettgering  and  Schmidt  [Id],  [14].  It 
turns  out  that.,  speaking  in  general  terms,  tree-like  structures  of  strings  and  Timo¬ 
shenko  beams  are  exactly  controllable  in  finite  time  (the  time  being  related  to  the 
longest  path  in  the  tree),  if  the  root  (any  one  of  the  simple  nodes  to  ire  introduced 
below)  is  clamped  and  all  of  the  other  simple  vertices  are  under  control.  As  for 
Euler-Bernoulli  beams  it,  was  shown  in  that  a  star-like  bundle  of  beams  is  exactly 
controllable  in  finite  time,  if  all  simple  vertices  are  being  controlled.  On  the  nega¬ 
tive  side,  it  is  known  for  cjuite  a  while,  see  [4],  that  already  for  two  strings  (scalar 
displacement)  eoutrollability/stahilizability  from  multiple  nodes  is  sensitive  to  the 


NctWoj'k.H  of  sii'intjs  and  bvanrs 


choice  of  boundary  cniKlitinns  for  the  simple  (uncontrolled)  nodes.  A  similar  phe¬ 
nomenon  is  also  observed  for  tree-like  networks.  Take  for  instance  the  case  of  three 
strings  coupled  at  one  node:  if  two  simple  nodes  nre  clamped  ami  the  remaining 
simple  node  is  controlled,  not.  even  approximate  controllability  can  be  achieved. 
The  situation,  however,  is  much  improved  if  one  of  the  previously  damped  simple 
nodes  is  released  (satisfies  Neumann  boundary  conditions).  Then  it  can  be  shown 
that  spectral  controllability  holds.  The  picture  becomes  even  more  pcssiinist.it  if 
the  network  contains  circuits  In  this  case,  approximate  controllability  can  not  be 
expected,  even  if  all  nodes  are  controlled.  As  real  multi-link  flexible  structures  are. 
indeed,  almost  exclusively  repetitive,  the  classical  control  concepts  will  usually  fail. 
Kvcn  if.  from  a  mathematical  point  of  view,  properties  like  'rational  independence 
of  optical  lengths'  can  yield  sharper  controllability  results,  those  results  are  only 
of  academic  interest,  as  it  is  impossible  t.o  produce  those  networks  in  reality.  ! 1 1 
addition,  boundary  conditions  nre  usually  subject  to  various  disturbances,  so  that 
a  control  strategy  based  on  the  classical  concepts  might  work  in  one  situation  and 
fail  in  another.  The  content  of  these  notes  is  essentially  contained  in  the  above 
mentioned  joint  work  with  .I.K.  Lagnese  and  K..J.P.(I.  Schmidt.  (14].  Tin*  purpose 
is  to  introduce  control  strategies  which  do  not  aim  id  complete  absorption  in  finite 
time  (controllability)  or  global  decay  of  the  total  energy  (stability)  but,  rather, 
make  it  possible  to  channel  the  energy  through  the  net  wot  k  to  end  up  at  a  set 
of  specified  'safe'  nodes  where  energy  is  more  easily  absorbed  (for  instance  lit  the 
base  of  the  struct  nre).  The  major  emphasis  ts  on  numerical  evidence  for  these 
concepts,  rather  than  on  the  formulation  of  tla-orems.  We  will,  however,  provide 
the  urgtmicu<s  for  cxcmpkirie  eases. 


2-  Notation 

We  consider  a  nonempty,  finite,  simple  and  connected  graph  G  in  R2  with 

n  vertices,  \’(G)  :  jc..  i  —  I . «}.  and  N  edges  /'.(G)  :=  {k,.  —  I . V}. 

Tin  *  edges  k,  are  paramet ri/.ed  by  ?r(  :  (()./,]  R.“.  where  the  running  variable 

r,  c-  jd.tj  represents  the  arclenglh.  The  maps  are  assumed  to  be  (’^-smooth. 
For  i.j  e  1(G)  we  set  r,c,  ly,,  where  v,r,  signifies  the  edge  joining 

the  vertices  r,.  r(,  if  r,r,  e  /i,'(G).  In  fact,  as  we  will  be  eoneerned  here  only  with 
networks  consisting  of  straight  edges,  we  assign  io  each  edge  k tin'  unit  edge 
vector  c directed  along  the  edges,  and  its  orthogonal  complement  hy  Wc 
also  introduce  the  unit,  vector  n  normal  to  the  plane  of  the  graph.  To  each  triad 
e„L(i,hp  n  we  associate  the  corresponding  set  of  orthogonal  projections 
P»{i,h).  P,pp(),  Pn.  Furthermore,  we  introduce  the  incidence  matrix 


djj  — 


(2.1) 


1 

-1 

0 


if  vr  j(tj)  =  Vi 
if  7Tj  (0)  =  m 
else 


(Uniter  l,(  .tigering 


anil  the  adjacency  matrix 


“{i 


1  if  !',(’/ ,  t;  E(G) 

t)  else 


For  each  v(Tt('X  we  define  the*  set  I’( i*, )  { i’i,  €  V'(G)|r,/,  —  1 }  of  all  vertices 

adjacent  to  the  vertex  t\.  and  r l(i',)  :=  |r(e,)|  the  edge  degree  of  the  vertex  vh  We 
can  now  characterize  the  network  as  follows 

G  -  U*,k, 

OV[G)  =  {t*,  €  V'(G)|«*(«*i)  =  1}- 
V(G)  -  {i’i  €  V’(G)|</(«’j)  >  !}• 

Obviously.  i)V(G)  signifies  the  set  of  simple'  nodes,  where  only  one  edge  starts  or 

O 

ends,  while  l’(G)  signifies  the  set  of  multiple  nodes,  where  more'  than  1  edge  meet.. 
A  function  r  :  G  —  R'  can  then  be  viewed  as  a  collection  of  functions  with  values 
along  the  individual  edges  by 

r,  :=  r(tr ,(.»■)).  ./•  t  |0.f,|. 

3.  Networks  of  strings 

in  this  section  we  consider  a  network  of  strings  which,  in  its  reference  config¬ 
uration.  coincides  wit  h  a  graph  G  ns  described  in  the  first  snbseetion.  bet  r  denote 
the  deviation  from  the  referenee  eonligurntion.  By  the  definition  above,  r,  denotes 
the  displacement  of  the  string  (edge)  with  label  j.  We  define 

-  P|pj* 

:=  (r, .«;)«;  -p>,. 

so  that  ii , ,  ir,  represent  the  longitudinal  and  vertical  displacement  of  the  j-tli 
string,  respectively.  Let  «lenote  the  longitudinal  and  flexural  rigidity.  Fur¬ 

thermore.  let  K,  I'^P,  I-  r/’fPy  be  the  sliffness  operator  associated  with  j-lli 
string.  Then  the  equations  governing  the  motion  of  the  network  of  strings  can  be 
written  clown  ns  follows: 

r,  -  K,r"  ■=  t).  ./  -  1 . A\ 

| (t'i)  —  d.  V f»,  £  (J o V  (G), 

K*U.l‘)e«i,i !»(*'»)  =  f.,-  Ve,  €  t/iV(G), 

O 

P«(i./.)('’i)  =  r "h.i’j  e  F(i>,),  c-i  6V(G). 

o 

53  rf<-(i.fc|Kll(l-1h,r',(1-ifc)(x;({ih)(t'i))  =  g..,.  Vi  :  e,  eV(G), 


/ui'hC- !•(•', ) 


r;(-,0)  =  rJ(),  rj(  .O)  =  r,i. 


N  ft  works  of  stiinys  arui  htaws 


Here  C  r'M'(G)  denotes  i hr  set  of  simpl'  nodes  with  (  lumped  boundary 

condi.  ions.  acd  i){V(G)  is  the  set  of  stress  free  (or  externally  loaded  as  in  the 
ease  where  c.r  t)l  simple  nodes.  The  third  •■qimt-ion  ixpresses  the  continuity  of 
the  ti-fwnrk.  or  its  eoiuuvte«lness  also  in  the  detornii  d  configuration.  while  the 
fourth  equation  represents  the  balance  of  forces  (  with  a  possible  -sternal  loading 
iit'.ah  ili-d  through  the  functions  gr). 

4.  Networks  of  Timoshenko  beams 

The  situation  is  notationally  verv  similar  but  nmtlieinalically  more  involved 
in  the  ctuie  where  each  edge  is  considered  as  a  Timoshenko  beam  in  its  reference 
coiifiguration.  In  addition  to  the  longitudinal  and  vertical  displacement  {u r  ic;)  of 
the  (ciitrrliue  of  the  beam  we  also  have  a  rotation  (i,.-,  :  =  'vP„r/.  n) )  of  the  cross 
section  out  of  its  position  perpendicular  to  tin-  c:-iitorliii'\  i.c.  we  have  to  account 
for  shearing.  We  denote  the  shear  moduli  by  (/*’  and  the  Hexural  rigidity  by  inj. 
as  before  jij  denotes  the  longitudinal  stiffness.  We  only  consider  here  an  initially 
straight  and  untwisted  linear  Timoshenko- Bresse  system  as  described  above. 


"j-fi"”  ^  ()- 

(4.1)  u’j-vjlu'+ti'j)'  =  0. 

i'j-nijii'j  + v'j)  =  0. 


(4.2) 

^.N(f  Jl  )0*#  ) 

v/(.j  e  h„n Hr, )).!■<  el'(G). 

(4.3) 

»( i'l‘ )  (  /■'.•*(  i  ,/i ) 11  ,i(  i  ./i )  C»( 
h 

./<)  +  'iiii.h  i.h)  + 

+ 

»'«(,.  fci^t, ■./,)“}(»,(!.*,(«’<))  =  8c 

**.H(  j.M  (  '* 

)  —  0.  Vc,  (z  d0l  (G). 

(4.4) 

{’.It)  T  (l, i(i.h) 

In  analogy  to  the  previous  sectioi 

we  define  the  operators 

K. j 

;»jpj  +  f/]Pj  +  in]  P„. 

M j  := 

N,  := 

t/'j(P-(-),ef),n 

S,  := 

Nj  -  Mj  =>  S*  =  -S j. 

(•iiuti-r  hcugcring 


nor. 


Tin'll  tlu'  stiitf  equations  (4.1)  ran  he  written  as 
(•1.5)  r,  -  K,r"  +  S,r'  +  7'fP„r(  -  0. 

Tlir  corresponding  continuity  condition  is  exactly  of  the  form  as  in  (.1.1).  with 
the  only  difference  that,  the  vectors  have  now  three  components.  Let  us  now  con¬ 
sider  t,he  homogeneous  situation.  The  lialnuce  of  forces  re(|iiirenient  can  now  lie 
expressed  as 

(i.ti)  y.  ^ i  s i  tJt)  +  M„(iji)r,l(ii;,))(jrjtj(.^i|)(o,')  (). 

i, 

Vr,  €  V'(G)\«AiV(Gh 


5.  Numerical  Simulation  of  controlled  networks 

5.1.  Absorbing  controls.  In  order  to  give  an  exeniplarie  introduction,  we  will 
he  dealing  with  the  numerical  realization  of  stabilizing  feedback  controls.  Those 
controls  are  of  more  practical  interest  than  open  loop  controls.  In  particular,  the 
feedback  controls  we  discuss  are  of  the  absorbing  type.  They  can  be  viewed  as 
being  at  the  interface  between  controllability  concepts  and  stabilizability  concepts. 
Loosely  speaking,  an  absorbing  control  is  one  which  passes  on  the  cut  ire  energy  Hux 
into  one  direction.  The  history  of  these  controls  goes  back  right  to  the  beginning 
of  control  theory  of  distributed  parameter  systems  and  is  connected  with  I).L. 
Hassell,  six*  (IS]  for  an  excellent,  review.  From  the  mathematical  viewpoint  it  is 
most  easily  explained  for  the  1-d  wave  equation  in  its  characteristic  description 
([!«!)•• 

Example  5.1.  Tin  l-d-wuvr  rifiiation. 


Let  us  write  down  the  sealed  classical  1-d-wave  equation  as  follows 
’  ir  -  ie",  on  (0.  1)  s  (0.7’). 

<  «'(<)./)  -  '  0.  »''(l.  M  r,  f  f.  ((I//’). 

(/’(./•. (I)  ~  ti’u(.r).  u'(.r.O)  .  if | (.»•).  ,r  i.  |().  I|. 

Under  the  transformations 


«i  :=  ic.  -  ll',. 

(~«i  +  "i)-  i' 2  -  ^=(«i  +  n-i)- 
wi>  have  with  F  —  (  ,,1 )  the  first  order  system 


s/2 


v  =  Tv'. 

iq(0)  =  ra( 0),  iq(l)  +  ej(l)  =  n/2 </>. 


Wi’tworkfi  of  struiifs  amt  hram* 


In  (Ills  simple  case  the  total  energy  ami  its  time'  derivative  are  given  hv 

E  ~  f  '  IM|‘!</.r.  ^-r,(l)a  +  e,(l)^. 

It  is  ohvieius  that  the  optimal  choice'  of  a  control  is  the’  one*  leading  to  ea(l)  =  () 
for  all  t  >  0,  In  fact,  it  is  readily  seen  that  this  choice  amounts  to  cancelling 
the  outgoing  signals  at.  the  boundary  point  r  =  1,  This  means  that  the  control 
mimics  the  response  of  the  half-infinite  string.  This  is  Hassell's  philosophy  in  [IK]: 
"let  nature  take  its  course".  In  teams  of  fexxlbaek  controls  the'  goal  of  cancelling 
outgoing  signals  can  be*  achieved  by  letting  </>(/)  ~  J^/*|(l./)  which  is  ec|iiivaleut 
to  the  clewed  loop  boundary  cemdition  ee'(l./)  -  «•(!./).  which,  in  turn,  is  the1 

classical  (laid  heat  control.  Similar  arguments  nui  be  applied  to  the1  Timoshenko 
system.  We  note,  howe'ver,  that  because  of  the  dispersion  of  wave's.  we>  do  not  have 
exact  cancellation  of  outgeiing  signals  at  the’  boundary,  to  the'  externd  that  exact 
controllability  by  velocity  feedback  cont  rols  cannot  be  achiewexl.  Neverthe'le'ss.  ex¬ 
act  controllability  cati  clearly  be  proved  for  open-loop  exmtrols.  It  is  apparent  that 
besides  the  ni’ce'ssity  of  disc  resizing  the*  state  expiation  and  the  boundary  condi- 
t.ions  in  appropriate  way,  the  total  energy  as  function  of  time1  plays  a  key  role.  In 
particular,  it  appears  to  be  necessary/  to  use  a  numerical  scheme  which  conserves 
the  total,  energy  of  the  diseretisrd  system  ns  long  as  no  controls  are  applied.  This 
can,  for  instance,  he'  achieved  by  the'  ednssical  Lax-  Friedriehs-srlinne  discussed  bv 
Le  Roux  [17].  Sex1  also  Halpcrn  [9)  for  various  se-henne's  simulating  absorbing  boimel- 
arie's.  This  scheme'  is  appliexl  to  the'  system  above  in  terms  of  the  variable's  a,,  and 
it  is  alsei  appropriate  to  epms1  -linear  models.  To  avoid  unnecessary  indexing,  we 
write  deiwn  u  =  ir’  v  =  t'r  wliere  ic  solve’s 


<r  =  (cr(ei*,))/ 

for  a  suitable'  function  rr.  sucli  that 

it  e'.  e  “  a  . 

Upon  introducing  the  grid  .r,  —  i  ■  A.r,  i  -  0 . n.  I ,  -  j  A/,  j  0.  ../a.  where 

A r  —  \/n.  At  e/A.r,  c|  being  the  appropriate  mesh  ratio,  we  have  (jl7[): 

>  ">  1 1  “  1 1  f  ^  +  2^  n  '  ~  r<  i  ^ • 

•’ill  =  \u»i+i  +  li  ..i)  +  ^(^(«*i+i)-ff(«i-i))}. 

anel  the  boundary  e onditions  are  repre'seuitexl  by 

(5.2)  =0.  =0, 

K+ 1  =  «i  +  n  •  "i .  »n  1  -  K~\  ~  <i  ■  K - 1  • 


C!iint.rr  Leugvring 


:«)7 


:>>  M7 


Total  Ij  writ  v 


n  I  2  J  4  5  f> 


Fiourk  1.  Conservation  of  energy 

The  C’ourant-Fricdrichs-Lewy  condition  q  <  1;  we  always  use  q  =  1.  This  set  up  is 
pnrtieuliuily  useful  if  the  boundary  feedback  above  is  to  be  implement  ed,  because 
it  prescribes  the  strain  at  the  boundary  ,r  =  1.  We  simply  put:  uj,+  l  —  —  id  +  1, 
For  further  information,  in  particular  on  other  realizations  of  absorbing  boundary 
conditions  see  Halporn  |()j. 

We  first  look  at  tht>  uncontrolled  string.  We  take  45  spatial  mesh  points  and 
225  time  steps,  which  amounts  to  time  span  of  [0.5].  As  initial  conditions  we 
choose  ».’(.r,0)  =  Hln(3ff(.r)2),  ii>(.i\0)  =  0.  The  reason  for  this  choice  is  that  we 
do  not  want  to  look  at  eigeumodes  but  rather  to  a  response  to  rich-enough  data. 
Because  of  space  restrictions,  we  display  only  the  total  energy,  which  is  computed 
numerically  using  the  trapezoidal  rule,  see  figure  1.  We  are  now  going  to  apply  the 
absorbing  boundary  control  at  the  boundary  .»•  =  1,  The  result  is  shown  in  figure 
2,  where  we  display  the  strain,  rather  than  the  displacement,  simply  because  it  is 
the  canonical  variable  in  the  Lax-Friodrichs-schcmc.  The  total  energy  is  displayed 
in  figure  3. 

These  plots  serve  as  evidence  for  the  remarks  above'.  The  numerical  procedure 
can  be  (and  has  been)  applied  also  to  planar  strings  and  planar  Timoshenko  beams. 
For  similar  simulations,  using  however  the  classical  direct  discretization  of  the  wave 
equation,  see  J.  Schmidt  [20].  □ 

5.2.  Directing  controls.  We  pursue  the  concept  of  absorbing  controls  a  bit 
further  and  consider  now  three  identical  strings  and  out-of-the-plaue-displacement. 
The  fact  that  we  concentrate  on  this  model,  rather  than  on  the  planar  system,  is 
only  for  the  sake  of  a  convenient  display  of  the  plots.  We  will  consider  planar 
systems  later. 


Example  5.2.  Thin-  serial  strings. 
We  have  the  following  system: 


C ;  iitil-or  l.ciigcriiiK 


:«t‘i 


(5.3)  f/V  =  («,*)"  on  (0,1)  x  (<),T), 

ic1  (0)  =  0.  ie'(l)  =  «.a(l).  (ii'1  )'(l)  4  (ti»2)'(l)  =  /*. 

«-'(l)  =  o.  H,a( 0)  =  m's(0).  («•*)'((!)  +  (ic',)/(l))  =  f2. 

+  initial  conditions. 

This  system  describes  t.li<’  motion  of  three  strings  with  obvious  orientation  of 
the  running  variable  ,r.  The  orientation  is  chosen  n;  order  to  avoid  mixed  boundary 
conditions.  We  perform  a  suec<>ssion  of  transformations  us  above.  Namely. 

«'  :=  mV.  a’  («•')'. 

•’i  :=  ^(-“i  +  «a)-  t’a  :=  +  «a). 

=,-  :=  r-j.  /  =  1.2.3,  c,  :=  =  1.5.0. 

With  these  transformations  we  are  abl(>  to  write  the  system  as 

s'  =  -(;,)'.  i  =  1,2.3. 

i'  =  (Si)',  /  =  4,5.  (i. 

si(0)  =  c.|(0).  si(l)-s.,(l)  =  s2(l)-sft(l). 
s.t ( 1 )  -  Sh(l).  sa(0)  -  «*(<>)  =  -  s„(«). 

S4d)  +  -2(1)  -  ^=/‘.  Sft(»)  +  *,(<>)  =  ~f2, 

together  with  initial  conditions.  Our  goal  now  is  to  steer  the  energy  of  the 
entire  system  to  the  second  string  by  applying  absorbing  controls  at  the  two  mul¬ 
tiple  joints  connecting  the  second  string  with  the  first  and  the  third  string.  We 
adopt,  the  strategy  of  P.Hagedorn  and  .1. Schmidt,  see  [2D].  To  this  end,  we  deline 

(5.4)  /'  :=  v/2,(l),  f2  :=  V/5sft(t»). 

Bv  this  choice  the  outgoing  signals  c.-j(O)  at  ./•  =  0  and  c.|(l)  at  the  boundary  r  —  1 
are  cancelled.  For  the  sake  of  convenience,  we  writedown  the  boundary  conditions 
in  matrix  form  also  reflecting  on  incoming  and  outgoing  signals  as  in  Bussell  [18]: 


(5.5) 


Networks  of  .itnvgs  and.  httarns 


am 


Wc>  consider  a  particular  oxemplarie  pat  h  of  characteristics,  namely,  for  t  —  0 
we  start  with  the  three  outgoing  signals  21,22,23  moving  to  the  houndary  ./•  -  1 
witli  characteristic  speed  equal  to  1.  These  characteristics  are  exactly  the  incoming 
signals  at  that  houndary.  According  to  the  reflection  condition  (fi.r* )  at.  ./•  =  1,  z,  is 
cancelled  at  x  -  1.  Now,  the  triple  2.,,2r„  constitutes  the  set  of  outgoing  signals 
at  x  =  l,  and  accordingly,  the  set.  of  incoming  signals  at  x  =  0.  As  z.j  is  already 
equal  to  zero  at  x  =  0  (because  of  the  properties  of  characteristics  ).  tin'  set  of 
nouvanishing  outgoing  signals  at  x  —  0  reduces  to  the  variable  23,  according  to  the 
reflection  condition  (5.5).  Therefore,  after  reflection  and  take  off  to  the  boundary 
at  x  =  1.  the  only  nonvanishing  incoming  signal  there  is  z^.  which,  in  turn,  is 
reflec  ted  to  zr,  as  the  only  nonvanishing  outgoing  signal  at  x  —  1.  This,  however, 
closes  the  cycle,  because  zr,  is  converted  to  22  upon  reflection  at  x  —  0.  and  so  on. 
We  depict-  this  situation  in  the  foliowing  diagram: 


This  shows  that  after  two  reflections  at  the  boundaries  there,  is  only  a  residual 
motion  left,  in  the  second  string.  This  is  what  is  meant  by  directing  or  diode-type 
controls.  We  will  demonstrate'  that  concept,  for  planar  frames  shortly.  Let  us  first., 
however,  provide  some  numerical  evidence  for  the  situation  described  above.  In 
figure  4  we  take  an  initial  condition  distributed  along  the  three  strings,  which, 
incidentally,  are  chosen  to  have'  individual  length  ^ ,  so  that  the  length  of  the 
entire  system  is  equal  to  1.  That  the  energy  remains  constant  after  two  reflections 
(that,  is  at  t  —  ~)  is  seen  in  figure  5. 

In  the  context,  of  the  original  system  (5.3)  the  controls  arc'  c  hose  .  o  be-  a.s 
follows: 

/'  =  —  ii|2(l)  +  (ie.’2)'(l),  f2  =  <r2(0)  +  («•* )'(()) 
which  results  in  the  feedback  controls 

(te')'(l)  =  (te!)'(0)  =  uV'(U). 

It  has  been  shown  in  [7]  that  the  absorbing  boundary  feedback,  the  one'  with 
the  exact  impedance  of  the  half-infinite  string,  is  sensitive  to  time  delays  in  the 
velocity  feedback.  In  fact  it  has  subsequently  been  shown  by  II.  Datko  [5],  [ti]  that 
this  phenomenon  is  ’  r»t  peculiar  to  strings,  and  that  it  is  not  even  circumvented 
upon  the  introduction  of  severe  damping.  Let  us  show  this  instability  for  our  three 
string  model  (5.3)  in  figure  6,  and  figure  7. 
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Even  though  this  instability  is  rather  discouraging,  the  situation  in  a  real 
s  true  turn  is  not.  as  laid  as  this  scorns  to  suggest.  First,  of  all,  some  of  the  energy  ab¬ 
sorbing  feedback  controls  can  be  implemented  as  passive  devices,  for  which  a  time 
lag  will  not  be  present-.  But,  even  if  the  feedback  law  is  to  be  realized  by  numerical 
computation  (in  real  time),  the  time-lag  due  to  tin1  action  of  the  microprocessor 
will  not  be  a  constant,  but.,  rather,  distributed  by  a  certain  stochastic  process. 
There  is.  however,  another  remedy  to  this  problem:  the  growing  instability  of  the 
solutions  under  a  feedback  with  time-lag  is  caused  by  feeding  back  an  increasing 
amount  of  control  energy  to  the  system,  once  it  is  out-uf-plmso.  In  a  real  structure, 
however,  a  cont  roller  will  have  to  respect,  certain  a  priori  given  bounds.  There  is 
an  extensive  literature  devoted  to  the  problem  of  controllability/stabiliz, ability  by 
bounded  controls.  We  do  not  want,  dwell  on  this  question  here.  We  refer  the  render 
to  a  recent,  paper  by  Rao  [16]  and  to  the  classical  work  of  Haratix  [10],  [11]  and 
also  to  Cubannos  [2),  [3].  Without,  going  into  the  theoretical  detail,  we  present,  the 
response  of  the  system  (5.3)  without,  time  delay  but.  with  respect  to  the  nonlinear 
boundary  controls: 

/'  =  ~.s;>i(»/V!(l))  +  (ur)'(l).  f  -  .sby„(,;>2(0))  +  («.a)'(U) 

See  figure  8,  figures.  It  is  apparent  that  these  controls  lead  to  considerably  im¬ 
proved  decay  to  a  residual  motion  in  the  second  string.  It  is  interesting  to  observe 
the  pattern  of  the  strain  in  that  string.  If  we  now  take  these  nonlinear  boundary 
controls  and  if  we  account  for  a  small  time  delay  in  the  control  (say  one  time  step 
)  then  We  observe  no  such  instability.  Wo  dispense  with  the  mesh  plot  and  diplay 
the  energy  plot  only:  see  figure  8. 

The  proof  that  this  observed  robusleness  is  actually  true  for  the  infinite 
dimensional  system  appears  to  be  an  open  problem.  □ 

The  kind  of  non  linearity  of  boundary  controls  just,  considered  is  in  fact  derived 
from  a.  nlivsical  principle,  namely  dry  friction.  We  come  to  this  point  later,  when 
wo  are  going  to  give  an  example  of  implicit.  Rtmgo-  Kutta  methods  applied  to 
diffei  ntial  algebraic  equations. 

In  the  next,  example  we  want  to  demonstrate  how  directing  controls  can  be 
used  to  improve  the  system  response  by  'directing'  the  energy  to  a  'sale'  part  of 
the  structure.  This  is  of  great,  pract  ical  importance  because  a  large  flexible  struc¬ 
ture  usually  contains  many  uncontrollable  circuits.  Even  if  one  puts  the  classical 
dissipative  controls  at  each  node,  there  will  be  a  residual  vibration  in  the  system 
which  will  not,  decay  to  zero.  Usage  of  ’directing’  controls,  however,  can  serve  to 
'channel’  the  energy  through  the  network  to  end  up  at  a  set  of  nodes  where  ei¬ 
ther  the  energy  influx  is  not.  important  or  where  incoming  energy  is  more  easily 
absorbed. 

Example  5.3.  Five.  nt,ringn  conlaininfi  a  circuit,. 

This  model  consists  of  a  unit  square  (labels  1.2, 3, 4)  with  another  string  (#5) 
attached  to  the  node  connecting  string  #2  and  string  #3.  Wo  have  an  initial 
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Figure  11.  Energy  in  individual  strings 
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FIGURE  12.  Energy  ill  5t.h.  string  and  entire  system 

displacement  in  the  first  string  only  (as  usual).  In  the  first  experiment  we  apply 
an  absorbing  control  only  at;  the  free  end  of  the  attached  string. 

Figures  11,12  reveal  what  one  expects. 

Energy  is  taken  out  of  the  circuit  until  a  residual  motion  settles.  In  particular, 
the  plot  of  th<!  total  energy  of  the  5th  string  shows  that  with  each  cycle  less 
energy  can  be  absorbed  from  the  circuit  because  of  the  gradually  vanishing  of  the 
nodal  excitation.  The  situation  completely  changes,  once  ’directing’  controls  are 
introduced  around  the  vertex  connecting  strings  #2,  #3  and  #5.  Sec  figures  13 
and  14. 
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5.3.  Finite  elements.  As  mentioned  above.  the  previous  calculations  have  been 
based  on  string  models.  In  dealing  with  networks  of  Timoshenko  beams  the  nu- 
mnricnl  siinulntion  becomes  more  involved,  and  it  n]>pears  less  appealing  to  use 
finite  difference  shomes.  In  the  ease  of  networks  of  Timoshenko  beams  and  also 
for  more  complex  string  networks,  the  finite-element  method  seems  best  suited. 
Because  of  space  limitations,  we  have  to  be  very  brief  and  refer  the  reader  to 
Hughes  [12].  Our  concern  in  this  section  is  to  give  numerical  evidence  for  the  lack 
of  approximate  controllability  /  stabilizability  of  a  network  of  planar  Timoshenko 
beams  containing  a  circuit. 

Let  K,  C,  M  denote  the  global  stiffness,  global  damping  and  global  mass 
matrix,  respectively.  Then  the  system  of  equations  governing  t  he  evolut  ion  of  the 
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time  dependent  nodal  variables  van  be  wit  ten  down  as  follows. 

(5.0)  Ml!  4-  CU  +  KU  =  F, 

where  we  use  U  as  the  vector  containing  the  nodal  variables  of  all  element  nodes 
(F  represents  all  applied  forces).  We  recall  the  family  of  New  mark  schemes  which 
arc  actually  of  the  Predictor-  Corrector  type.  Again,  we  follow  Hughes  [12].  To 
t  his  end  we  put 


(5.7)  a, i  -U(/„).  v„  =U(/„).cl„  =  U(/„). 

for  the  acceleration,  velocity  and  displacement,  respectively.  We  then  deliue  the 
[in  dict ors  by 

/  ^ 

(5.8)  d„.H  •=  d„  +  A/v„  +  A  — ( 1  --  2;*)a„. 

=  v„  +  (1  -  y)A/a„. 

As  for  starting  values,  we  have 

Ma„  =  F  -  Cv„  -  Kd„ 

This  ('(illation  can  he  solved  for  a().  In  the  step  n  +  1  the  acceleration  ft,,  1 1  >s 
ealenlnted  from  previous  quantities  and  a  priori  known  data  by  the  recursion 

(5.9)  (M  4  y  A/C  4-  dA/"K)n„  ,  i  =  F„  ,  i  -  Cv„  ,  i  Kd„  i  t . 

Once  n„  H  is  known  from  (5.9),  we  update  the  predictors  via  soealled  convrt.or. s 

(5.10)  d„  i  i  =  d„  ,  i  +  ,TA/*a„.(  i. 

v„  ,  |  --  v„  +  i  4-  -»A/a„  ( |. 

The  result  of  (5.10)  is  then  inserted  into  (5.X)  which,  in  tmn.  will  then  he  used 
in  (5.9)  and  so  on.  The  two  Newmark  parameters  can  be  chosen  in  various  ways 
resulting  in  various  different  properties  of  the  scheme.  We  will  always  make  the 
choice:  ft  1  -  I  'ds  choice  is  known  to  lead  to  conservation  of  the  energy 
above*. 

In  our  calculations  we  confine  ourselves  to  planar  frames  of  Timoshenko 
beams. 

In  that,  case  the  local  stiffness  mat  rix  k1  is  a  (>  x  (i  matrix  as  wo  have  vertical 
and  longitudinal  displacement,  and  one  rotation  in  the  plane  for  each  of  the  two 
nodes  of  one  element.  For  the  sake  of  completeness  we  write  it.  out  explicitly 
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Networks  of  airings  and  beams 


(5.11) 


As  for  t  he  lumped  mass  matrix  we  take 


/I  0  0  0  I)  O' 

0  l  0  0  0  0 

_  nioAl'  0  0  \  0  0  0 

1  ~  2  0  0  0  1  0  0 

n  o  o  o  l  o 

Vo  0  0  0  0  -i 


See  [12]  p,  515  for  the  planar  beam  without-  longitudinal  displacement.  With 
the  bar  wave  velocity  r  —  sJE/hH),  and  the  beam  shear  wave  velocity  c,  =  . 

the  critical  time  step  At  can  be  estimated  as 

At  <  o>it»{ ”•  (“)(l  +  y(“)2)''3}. 

Example  5.4.  The  unit  squaw  of  planar  Timoshenko  bruins 


Here  we  want  to  show  two  things:  at  first  we  consider  the  uncontrolled  system. 
Again,  we  have1  an  initial  displacement  only  in  the  bottom  beam  (#1).  which  is 
horizontal.  The  difficulty  in  showing  all  the  displacements  and  rotations  is  obvious. 
At  the  nodes  local  vertical  motion  of  beam  #  1  converts  to  local  longitudinal 
motion  of  the  upright  beams  #2  and  #4,  which,  in  turn,  is  converted  to  local 
vertical  motion  in  the  top  (horizontal)  beam(#3).  because  in  the  finite-element 
approach  we  automatically  have  the  local  rotations  F,  available,  we  can  easily  go 
back  to  the  global  reference  frame.  In  this  way  the  locally  longitudinal  motion  of 
the  2nd  and  4th  beam  is,  indeed,  globally  vertical.  See  figure  15.  This  plot,  clearly 
shows  the  collision  of  waves  in  the  3rd  beam  after  travelling  safely  through  beams 
#2  and  #4,  The  initial  bump  next  to  the  corner  at.  the  bottom  indicates  the 
location  of  the  first,  beam.  Figure  Hi  shows  the  conservation  of  energy. 

Ill  the  second  experiment  we  apply  dissipative  controls  at  all  four  nodes.  See 
figure  17  and  figure  IS.  Figure  17  clearly  shows  how  the  motion  settles  at.  a  residual 
oscillation  with  nodes  at  the  vertices.  Accordingly,  the  energy  settles  at.  a  constant, 
value;  see  figurol8. 
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6.  Implicit  Runge-Kutta  method  applied  to  differential 
algebraic  systems  in  the  context  of  dry  friction  at  the 

joints 

Wo  consider  two  identical  strings  of  length  1  put  together  at  the  end  point 
where  ./■  =  1  for  both  strings.  YVe  assume  clamped  boundaries  at  ,r  =  0  for  both 
strings,  and  we  assume  dry  friction  at  the  common  point  .r  =  1.  The  resulting 
model  is  as  follows: 


(0.1) 


to'  =(«-')"•  i  =  1.2. 
ie'(0)  =  11^(0)  =  (I.  ie'(l)  =u-2(l). 

sigl^H'1  (  1)).  if  «**  (  1  )  7^0 


(,r*)'(l) +  («'-)'( 1)=:  ~  = 


f  |_  (it,  Lit 
i  1  (>.-  l'» 


I'lse 


«,1(.r.0)  =  M>|| (.»*).  w2(.r.  0)  =  ().  ii,l(.r.O)  =  M,a(.r.O)  —  0. 

Kxistonco  and  uniqueness  of  solutions  to  this  and  much  more  general  systems  can 
bo  treated  along  the  lines  of  Haraux  [10].  In  this  special  case  we  use  the  methods 
of  characteristics.  We  perform  the  familiar  transformations 


«i  :=  ii>  ,  :=  ti'j,  u  m  :=  (tr  )  ,  u.  i  :=  (w )  . 

1  ,  .  L  . 

<’i  ;=  Mf.i).  ”m  :=  -^-(hi  +  «:»). 

1  ,  ,  l  , 

<’■2  :=  +  «-i).  <’i  :=  -^=("2  +  "i). 

We  th('ii  have  the  system 

v  =  lV.  r  =  diag((-l, -1,1.1]). 
with  the  boundary  and  node  conditions 

O’M  -  ”l)(<>)  =  0,  O’M  -  ’-|)(1)  =  O'l  -  ’ ’’2 ) (  1 ) • 

O’. I  -  '’'2)((*)  =  0.  O’M  +  ’’|)(1)  +  ( i'-i  +  ”2 ) ( 1 )  =  — /’.,\/2;. 

with 


{sign(n;,  -  n, 


)(1)  if  (i’:i  —  a, )( 1)  7^  0 
else. 


These  can  bc>  rewritten  as 


Network*  of  string*  and  beams 


As  ii  consequence  of  our  special  choice  of  initial  conditions  (wo  could  do  more 
general  but  we  want  to  treat  this  problem  only  as  an  exemplaric  one),  wo  have 
i’a(.O)  =  im(-,0)  =  0. 

We  will  consider  two  eases: 

i. )  l(«',)'M>)|<pfi 

ii. )  |(ri*1  )'(-,0)j  >  />„ 

Wv  claim  that  in  cane  i.)  mi  motion  takes  place  on  the.  second  strin.fi  fort  >  0. 


Proof.  Wo  have 
Take 


(i>:i  —  i’i )( 1 )  =  0  at  t  —  0, 


=  =  -  — a,(1.0  €  ,  — ].  (/  e  [0.  1]). 

P*  pH  P.H 

Wo  follow  tlio  n*H(Ttions  at  ,r  =  1  and  subsequently  at.  ,r  ~  (),  i.<\ 


i':j(l.<)  =  -t>ao(l  -  0  +  J’io( *  -  t)~  <’ln(l  -  /). 
Oi(U)  =  o.  /  e  [o.  l]. 


0|((),  1  +  0  =  0|||(t  —  t). 

e2(().  I  +  0  =  0. 

Hence,  upon  reflection,  iq  does  not  chungc  magnitude,  and  with  c  as  above.  iq  is 
kept  equal  to  zero,  causing  also  e2  to  be  equal  to  zero. 

The  analogous  case  st  arting  with  r.m  anil  travelling  towards  t  he  boundary 
at  ,r  =  0  first  is  settled  in  a  similar  way.  The  main  point  is  that  the  variable  ; 
(representing  the  adhesive  force)  always  compensates  the  shear  force  ('kills’  the 
outgoing  signal  iq(l,<))  at  the  boundary  ./•  -  1  which  represent  the  multiple  node 
in  our  original  model.  □ 

We  also  claim  that  in  case  ii.)  motion  does  spill  over  into  the  second  strinp 
Proof.  We  have  initially  (e:t  -  iq)(l,0)  0.  Assume  now 

(e;,  -  iq )(!./)  -  0.  t  e  (O.f). 


Pa  Al, 
Ph  '  !>* 


n/2 


=>  =(0  # - 1’|(1./).  Oil  (O.f) 

l>* 


=>  ai(l,f)  /  0,  oil  ((!,e)  =>  n2(0,  1  +  t)  /  0. 


The  latter  inclusion  says  that  there  is  non  zero  motion  In  the  second  string.  The 
other  cases  are  handled  in  a  similar  way.  □ 


We  are  going  to  give  numerical  evidence  to  these  remarks.  We  eousider  the 
mesh  points  n  =  -ft,  N  =  40  and  use  the  classical  finite-difference  approximation 
to  the  second  order  operator  (which,  incidentally,  equals  the  corresponding  finite 


(liiiitcr  Lt'iigi;riiiK 


:)2:i 

clc*mc*nt  stiffiu'ss  matrix).  Inclin'd.  w<>  can  view  this  process  happenting  it  one  string 
with  dry  friction  at.  the1  midpoint-  We  have'  the  following  system: 

(6-2)  ir,  -  N2{ii'i_|(t)  -  2  w,(f)  +  ic,  +  i(f)}  = 

where*  now  ;  is  give>n  hy 

f if  «'£(«)  5^0  =>  2  =  sign(ii;^(f)) 

'J"  '  [if  ii’q.(f)  —  0  =►  P«2  6  p„[-l,l]. 

We  also  have’  hemndary  and  initial  conditions: 

((>.4)  »’[i(0  =  0,  «'n(0  =  0.  «',(())  =  n'j(0).  ii'i  -  (*. 

In  this  system,  the*  variable  2  can  be  viewed  as  a  control  variable  which  forces 
the1  the  solution  of  the  system  (0.2)  to  satisfy  w\  =  0.  In  order  to  do  that,  this 
variable  ;.  which  physically  represents  the  adhesive  force1,  will  vary  in  time,  In 
order  to  make  the1  role  of  z  more  transparemt,  we-  consider  a  general  differential 
alge’braic  equation  of  the  following  kind 

y  =  f(y.as). 
o  =  g(y). 

where  f  ;  R"  x  R1"  — >  R".  g  :  R"  — 1  R'1  are  f1 . r'-Munctioiis.  respectively. 
Denote  the  Jacobian  off  with  respect  to  y,  z  by  fy.  f*.  Then  we  may  differentiate 
(Ci,5)a  with  repsect.  to  the  variable  ,r  we  obtain 

o  =  gy(y)f(y.*)- 

Another  differentiation  with  respect  to  r  yields 

(0.0)  »  =  (gyy(y)f(y1z)  +  gy(y)fy(y,z))f(y,z)  +gy(yf,(y).z)z/. 

Obviously,  if  gy(y)f*(y.  z)  is  invertible  in  a  neighbourhood  of  a  solution,  say 
(y.z)  then  (0,5)  is  ec|uivnleut  to  an  ordinary  differential  ceiuatiou.  This  situation 
is  said  to  have  index  2.  Also,  in  this  case  for  the  problem 

G(y.z)  ;=  gy (y)f(y.  z)  ~  <>.  CitJt.z)  =  0. 

,/y  the  implicit,  function,  there*  exists  a  neighbourhood  U(y.  z)  and  a  solution  z(y,  ,r) 
of  that  equation  such  that  (0.5)  holds,  See  Hairer  and  Wanner  [8]  for  the*  theory 
of  differential  algebraic  e*e|uations.  With  this  remark  in  mind  wc  go  hack  to  out- 
system,  whe*re*  the  enso  just  eoiisiele'red  e-orre'sponds  to  (0.2). (0.3)2. 

If,  now,  z  is  in  the*  mode*  2  of  (0.3)  and  re'iiche's  the  value  ^ ,  one  has  to 
switch  to  the  first,  case  in  (6.3),  which  together  with  (0.2)  then  reducc's  to  an 
ordinary  differential  actuation.  As  a  re*sult,  we  have  to  switch  between  a  differential 
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algebraic  system  (G.2) ,((>.H)-2  and  ((i.4)  and  an  ordinary  differential  equation  (initial 
value  problem)  (6.2),  (6.3)  i  and  (6.4).  Switching  problems  of  this  kind  have  been 
treated  by  Brasey  and  Hairer  [lj.  They  used  the  half-  explicit  5  -stage  Ruiige- 
Kutta  method  of  order  4.  We  used  the  Radauf)-  implementation  of  the  Radau  Ila 
fully  implicit  Rungo-Kutt.a  method  of  order  5  also  given  by  Hairer  and  Wanner  in 
[8].  The  corresponding  driver  was  originally  written  by  .1,  Verscht  (Bayreuth)  for  a 
different  problem  .  We  made  the  appropriate  changes  to  use  it  also  for  the  problem 
under  consideration  and  also  for  beam  applications  (which  we  do  not  reproduce 
hero).  The  problem  of  switching  between  the  two  models  is  a  major  difficulty  which 
is  usually  solved  using  'dense  output,  formulae'  and  some  kind  of  extrapolation  to 
find  the  switching  manifold  g(y)  =  0.  Sec*  the  figures  20,19. 
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AlWTRACT.  i  lie  no-called  convcx-compoclificatiun  theory  is  applied  to  an  extension 
(relaxation)  of  optimal  control  problems  involving  evolution  distributed  parameter 
systems.  An  infinite  number  of  relaxed  problems  and  corresponding  I’otitryagin  maxi¬ 
mum  principles  arc  thus  obtained,  including  those  described  in  the  literature,  A  com¬ 
parison  and  an  abstract  unifying  viewpoint  is  thus  made  possible. 

1991  Mathematics  Subject  Classification.  49,120,  49K20 

Key  words  and  phrases.  Convex  compactillcntions,  optimal  control,  relaxation,  Young 
measures,  Pontryagin  maximum  principle,  parabolic  problems.. 

0.  Introduction. 

Optimal  control  problems,  game-theoretical  problems,  or  variational  prob¬ 
lems  in  their  usual  formulation  typically  do  not.  admit  any  solution  because  of 
the  absence  of  any  compact  topology  making  the  data  of  the  problem  continuous. 
This  is  related  in  general  with  a  lack  of  smoothness,  or  oscillation  or  concentra¬ 
tion  phenomena.  Especially  the  oscillation  phenomenon  (i.o.  the  “e-optimal"  con¬ 
trols  necessarily  oscillate  more  and  more  rapidly  when  e  \  (I)  appears  typically 
in  nonconvex  and/or  nonlinear  optimal  control  problems.  Therefore,  an  exten¬ 
sion  (=c.ompac.tificat,ion)  of  the  original  space  of  admissible  controls  is  urgently 
needed.  This  procedure,  called  “relaxation”,  has  many  variants  ('specially  in  the 
eases  where  controls  are  functions  of  several  variables  (c.g.  space  and  time),  which 
appears  typically  in  control  of  evolution  distributed  parameter  systems.  The  aim 
of  this  paper  is  to  present  briefly  a  general  theory,  which  covers  by  a  unified  way 
various  relaxations  that  appeared  in  the  literature,  and  to  compare  them  together 
with  the  resulting  Pontryagin  maximum  principle  which  is  intimately  related  with 
the  chosen  relaxation. 
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1.  Convex  compactification  theory. 

Lot  us  first,  consider  an  abstract  topological  space  U  of  "rjii^rina  1  controls’'. 
The  compactification  of  U  (i.o.  a  continuous  douse  imbedding  of  U  into  a  compact 
space  Aj  is  an  inappropriately  general  approach  for  our  purposes,  so  flint,  we 
impose  a  restrictive  requirement  that  K  is  to  be  a  convex  subset  of  a  locally  convex 
space  Z.  Tin'll  we  will  speak  about,  a  convex  compactification.  More  precisely,  a 
triple  (I\,Z,i)  will  be  called  a  convex  compact, ifiention  of  U  if 


(la) 

K  is 

a  convex  compact,  subset.  of  Z, 

(lb) 

Z  is 

a  locally  convex  space, 

(10 

/  :  U 

— *  K  is  continuous, 

(Id) 

m 

is  dense  in  A". 

Mostly,  we  will  deal  with  Hausdortf  convex  compactifications  (i.o,  i  injective)  and 
then  we  will  often  identify  V  with  i((')  for  simplicity. 

To  compare  various  convex  eompaet.ifieations  of  U ,  wo  introduce  a  natural 
ordering:  for  (Aj.z?i,t|)  and  (Aj.Zg.tj)  two  convex  compactifications  of  U,  we 
will  say  that-  [I\\,Z,,i\)  is  finer  than  ( Aj,  Z-i,  j)  if  there  is  a  continuous  affine 
surjection  t  :  Aj  —  Aj  such  that  <f>o/j  =  /j.  Then  we  will  also  say  that  (Aj.  Zi,  tj) 
is  coarser  than  (Aj,/j,/|),  and  write  (Aj,  Zi,i\)  b  (Aj,  Z-i,  tj).  or  briefly  Aj  b 
Aj.  If  (A'l.Zpfi)  is  simultaneously  finer  and  coarser  than  (Aj.Za./j),  then  we 
will  say  that  they  are  equivalent,  to  each  other,  and  write  Aj  Aj.  If  Aj  b  Aj  but 
Aj  ^  Aj,  then  we  will  say  that  Aj  is  strictly  finer  than  Aj.  and  write  Aj  >■  Aj. 

Having  a  convex  compactification  ( I\,Z,i ).  we  will  sometimes  omit  Z  and 
i  when  dear  for  the  context.  Examples  of  convex  compactifications  will  be  given 
later. 

On'  “canonical” construction  is  always  possible.  Let  us  denote  by  C(U)  a 
Banach  space  of  continuous  bounded  functions  on  17,  and  let  us  consider  a  linear 
subspace  T  C  C{U)  containing  constants  and  satisfying:  V«i,«a  C  U  1  a  net  {»/„} 
V/  6  F:  lim/(u„)  =  such subspaees  will  be  called  “coevexifying”. 

Besides,  let  c  :  U  — > >  F"  \  u  •—»(/>-*  /(«))  denote  the  evaluation  mapping,  let  the 
dual  space  F*  be  endowed  with  the  weak*  topology,  and  let 

M(F)  =  {/*€/-;  ||/t|U.  =  1  &  =  1}  . 

The  elements  of  M(F)  are  usually  called  means  on  F.  The  following  assertion 
summarizes  some  results  from  [20,  24]. 

Theorem  1.  Lot  F  be  a  subspace  of  C(U)  containing  constants.  Then 
(M(F),F*  ,c)  is  a  convex  compactification  ofU  if  and  only  if  F  is  c onvvxifying. 
Moreover,  every  convex  compactification  is  equivalent  with  M[F)  for  some  closed 
convcxifying  suhspnee  F  C  C(U).  If  F\,Fi  are  two  couvvxifying  subs  paces  ofC(U) 
containing  constants,  then  M{F\)  b  A/(.7j)  provided  F\  D  F-i-  If  the  closures  of 
F\  and  7j  in  C(U)  coincide  with  each  other,  then  M (F\)  St  A/ (7j).  Conversely, 
if  F i  D  F’i  but  their  closures  in  C{U)  do  not  coincide,  then  M{F\)  >-  A/(7j). 
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Finally,  every  conwxifying  .stifxsjwjce  T  C  C(U)  is  contained  in  some  wnxiiwil 
couvexitying  .sub, spare, 

For  a  convex  compact  if  ication  A’  of  U ,  the*  equivalent  convex  (•.ompact.ifieat.ioii 
M (.F)  will  he  referred  to  as  a  canonical  form  of  A\ 


2.  An  abstract  relaxation  pattern. 

If  one  neglects  a  concrete  structure,  every  optimal  control  problem  eventually 
takes  the  form  of  an  abstract  minimization  problem: 

(P)  Minimize  4>(«.)  over  u  €  U  . 

wliere  <t>  :  V  — *  IR  is  a  cost,  function.  As  mentioned  in  Sect.  0.  (P)  need  not  have 
any  solution  and  the  need  of  its  relaxation  by  a  compactilication  of  U  and  an 
extension  of  $  immediately  arises.  The  reader  can  certainly  anticipate'  that  we 
will  admit  only  a  convex  compact ittcution  of  U,  ami  the*  canonical  form  will  be 
used.  Therefore,  the  relaxed  problem  takes  the  form 

(RP)  Minimize  $>(//)  over  //.  e  A/(f)  , 

where  (M{fr),Jr^,c)  is  some  convex  compact  .ideation  of  U  and  <I>  :  M  (F)  — *  R  a 
l.s.c.  (=lower  semicontimunis)  extension  of  <I>;  i.e.  <[>  o  e  =  <I>. 

It  is  obvious  that  (RP)  possesses  always  a  solution,  which  is  to  be  considered 
as  a  generalized  solution  of  (P),  Indeed,  the  relation  between  (RP)  and  (P)  is  very 
intimate:  every  cluster  point  in  T'  of  {c(itfc)UeN.  where  { Jtfc } a-sm  is  a  minimizing 
sequence  for  (P),  solves  (RP)  and  conversely  every  solution  of  (RP)  can  be  reached 
by  a  not.  {<:(•</,, )}  such  that  lim„  <1 >(»,,)  -  inf  <I>(f/).  In  particular,  every  solution  of 
(P)  solves  (after  being  imbedded  via  e)  the  relaxed  problem  (RP). 

The  convex  structure  enables  to  set  up  the  first-order  necessary  optimality 
condition.  For  this  reason,  we  will  say  that  <I>  has  at.  //(>  €  A/(F)  the  Gateaux 
differential  ^(/in)  €  F  if 

(2)  V// €  A/(F)  :  (//.  -  /in.  *'(//()))  =  lim  -  (4>(/tn  +  etji  -//<>))-  <i>(/<ti))  • 

€  \(l  {f 

Let  us  only  remind  that,  since’  F*  is  endowed  with  the  weak*  topology,  every 
liiu'ar  continuous  functional  on  F*  has  the  form  //  ►->  {fi.f)  for  some  /  r-  F.  which 
explains  why  $'(/*«))  lives  in  F  and  not  in  \  F.  Besides  it,  is  known  [22]  that 
*'(W>)  €  F  is  determined  by  (2)  uniquely  up  to  constants  on  U. 

If  /«()  solves  (RP)  and  $  has  the  Gateaux  differential  at  fin<  then  It  must 
belong  to  the  negative  normal  cone  to  A/(F);  this  means 

(3)  *V<>)  e  i 

where  denotes  the  normal  cone  {/eF;  VpeA/(F)  :  (//  —  //0,  /)  <  ()}. 

If  =  {constants},  then  (3)  turns  out.  to  the  condition  #'(^,)  to  lie 
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constant,,  which  is  essentially  the  standard  Euler-Lagrange  equation  <J>'(/Ui)  =  0 
because  the  constants  are  always  included  in  Nsu^Atkt)  HO  that  they  are  factually 
irrelevant. 

However,  in  nonlinear  optimal  control  problems  where  a  finer  relaxation  is 
generally  inevitable  the  normal  cone  ^Va/(,? )(/to)  i»  typically  much  larger,  cf.  also 
Section  4  below, 

In  view  of  the  density  of  r.(U)  in  M{T).  we  can  obviously  rewrite  (2)  (.’{)  as 
(4)  (//(),  $'(/*«))  =  MUp  [$'(/!())]  (u)  . 

u£lJ 


We  will  refer  to  (4)  as  an  abstract  maximum  principle. 

Let  us  only  outline  the  situation  when  (P)  comes  from  an  optimal  control 
problem  having  an  abstract  structure 


(OCP) 


(  Minimize  <p(u,y) 

\  subject,  to  u  G  (/,  y  G  Y,  A(u,y)  =  0, 


where  <p  :  U  x  Y  —  R  is  a  cost  function,  Y  a  Banach  space  of  states,  and  A  : 
U  xY  —  A  with  A  another  Banach  space  determines  a  state  operator  n  :  U  ~  Y 
such  that  y  —  it{u)  if  and  only  if  A{u,y)  —  0.  We  will  suppose  that  the  convex  cum- 
pactification  M(lF)  of  U  is  so  line  that  both  A  and  tp  admit,  continuous  extensions 
:  A/(JF)  x  Y  — *  K  and  A  :  M{f)  x  Y  — •  A  and,  moreover,  for  every  p  €  A/(JF) 
the  equation  A{p,y)  =  0  has  a  unique  solution  y  =  ft(fi)  and  the  state1  operator 
ft :  M{f)  — *  Y  thus  determined  is  continuous  (then  *  is  the  continuous  extension 
of  the  original  operator  n  :  U  -*  Y  in  the  sense  that  7ror  =  n).  We  can  then  define 
the  following  relaxed  optimal  control  problem: 


(ROCP) 


f  Minimize 

\  subject  to  //  G  A/(Jr),  y  G  Y,  A(/t.  y)  —  0, 


The  existence  of  a  solution  (ROCP)  (considered  as  a  generalized  solut  ion  of  (OCP)) 
and  stability  of  the  set  of  all  those  solutions  is  again  ensured  by  the  standard 
compactness  and  continuity  arguments. 

Tlx1  problem  (ROCP)  can  be  equivalently  written  in  the  form  of  (RP)  by 
putting  4>(/i)  =  i^(/q  *(/i)).  Let  us  suppose  that  :  A/(JF)  — *  ft  is  Gateaux 
differentiable.  By  using  the  adjoint-equation  technique  developed  essentially  in 
[l(i]  we  can  evaluate  the  Gateaux  differential  <h'(/i(i)  as  follows:  Let  us  assume  that 
,)  has  the  continuous  Predict  derivative  <p'y  :  M (IF)  x  Y  —*  V'*  and  $(.,!/)  has 
a  Gateaux  derivative  6  T.  and  the  same  holds  for  A  weakly;  this  means  there  is 
A'v  :  M(T)  x  Y  — •  £(y,  A)  such  that  (A,  A'y{fi{ j,  y))  €  Y‘  is  the  Frechet  derivative  of 
(A,  i4(/i(), .))  :  Y  — *  R  at  y  €  Y  and  (A,  Ay)  :  A/(.F)  x  Y  -*  Y*  is  continuous  for  all 
A  G  A‘,  and  there  is  A'u  :  M{T)  xY  — *  A)  such  that  (A,  A'u(fku  /;))  G  T  is  the 
Gateaux  derivative  of  (A,  A(.,y)}  at  G  M{fF)  for  all  A;  £(., .)  denotes  the  space 
of  all  continuous,  linear  operators.  Moreover,  let  the  state  operator  ft  :  A/(jr)  — *  Y 
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ho  directionally  Lipschitz  continuous,  i.o.  ||7r(po  4-  h(p  -  //.(>))  -  7r(/(o)||  <  L(l(),,,/i. 
If  the  adjoint  equation 

(5)  [^;(//.o,7r(//.„))]*A  +  *(/!„))  =  0 

has  a  Kolutiou  A  €  A*  (=the  so-called  adjoint  state),  then  we  can  evaluate  4>' (//,))  = 
^,(/‘n.t(/to))  +  (i4(M(/io,  7r(//.u))],,A+con.st.  Obviously,  (4)  is  then  equivalent  to  (5) 
completed  with  the  maximum  principle 

(«)  {/'0,/x, ««p , 

a  el! 

where  e  ^  is  an  “abstract  Hamiltonian"  defined  by 

(7)  /a, =  sp'u (/<(],!/)  +  [i',(/*n,  j;)]*A  +  const,  with  i/  =  tt (//,,)  , 

We  will  see  in  Section  4  that  in  concrete  relaxed  problems  the  “Hamiltonian"  from 
(7)  actually  gives  the  standard  Hamiltonians  which  typically  do  not  depend  explic¬ 
itly  on  /to  provided  T  is  large  enough  so  that  both  ^(',  y)  £  T  and  (A.  A(-,y))  €  J- 
for  any  A  £  A. 


3.  Concrete  convex  compactiflcations  of  U. 

In  applications,  relaxed  controls  are  typically  the  so-called  Young  measures 
(i.e.  parameterized  probability  measures)  or  some  generalizations  of  them.  It  is 
related  with  a  concrete  form  of  the  set  of  controls  V .  For  simplicity,  let.  us  consider 
here  only  bounded  controls  in  the  form 

(8)  U  =  {«  £  L~(Q;R*)5  V$  €  Q  :  «(0  €  .S’} 

with  Q  c  M"  and  S  C  R"’  compact.  Such  U  appears  quite  typically  in  optimal 
control  of  distribut  ed  parameter  systems.  Besides,  let  us  suppose  that  u  —  1 ly  +  ny 
and  Q  admits  a  decomposition  Q  —  P  x  /?,  with  P  C  R'1'’  ami  R  c  R"" .  n  p  >  1. 
tin  >  0,  In  the  case  vy  ~  0,  we  put  simply  Q  =  P.  Roughly  speaking.  l>  denotes 
the  directions"  in  Q  where  the  “rapid”  oscillations  of  the  controls  appear.  Let  us 
put 

(9)  By  —  {/?  --♦  S  measurable}  , 

which  is  a  bounded  subset,  of  Lx’(/f; Rfr);  for  ny  -■  0  we  put.  simply  By  =  S  C  Rfc. 
Let  us  choose  a  linear  subspn.ee  H  C  L][P:C{By))  and  define  the  mapping  4f/>  : 
H  — *  C(U)  by  p(h)  —  («  s—  J'p  ■))({():  note  that  iH  nothing  else 

than  the  integral  over  P  of  the  Nemytskii  operator  generated  by  h,  Furthermore,  let 
us  define  the  imbedding  in  :  U  — <  }P  :  n  *--*  [p />(•))(«)  and  denote  by  Yy(P\  By) 
t  he  weak*  closure  of  in(U)  in  //*. 

Lemma  1.  (Cf.  [20,  24])  Let  H  be  u  linear  subspacc  of  Ll(P;C(By))  and  T  - 
Ty  =  P y(H)+ const.  Then  fy  is  a  eonvexffying  aubspaec  of  C(U)  with  U  from 
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(8).  and  the  convex  eompnc.tHicnt  ion  {M{Jrii)<Jr]i>r)  of  U  is  equivalent  with 
(\'n(P:  Bi<),  H* ,i n).  More  precisely,  the  affine  hoiucomorphistn  M(Tp)  — > 
Yp{P\  Bp)  fixing 1  U  is  the  adjoint  operator  vI/}>  :  T*  —*  //*  restricted  to  M(T). 

Supposing  that.  C(P)  H  =  H  (this  moans  q  £  C(P)  and  h  e  H  implios 
q  •  It  €  H  for  [//  •  h}(C.-)  =  ,7(0  '  h(C-)h  we  ih'fino  tho  bilinear  mapping 
•  ;  H  x  YpiP.Bp)  —  L'(P)  by  h  •  ?/  =w-lim(v  h  o  i/„  for  ///(«„)  -*  //,  where 
(/)  o  ,/](0  =  //((,  «((.  ■))•  Note  that  the  net  {|/t  o  m,* | }  lias  an  intograble  majorant 
so  that  its  weak  limit  in  Ll(tt)  does  exist  at  least  if  a  subnet  is  taken,  but  it,  exists 
even  for  the  whole  net  because  this  limit  is  unique  and  equals  limp  £  L'(fl)  defined 
alternatively  by  (h  •  v.tj)  =  (?/.//  •  h)  for  every  y  6  C(P). 

Let  us  come  back  to  Sect.  2  and  suppose  that.  <I>  :  M {? n )  — *  R  is  Gateaux 
differentiable  at  By  Lemma  1,  we  can  transfer  our  considerations  to  Y,,[P\  Bp): 
Let  us  put  <}>  =•-  $o($J,)  •'  :  Yp{P\  Bp)  ->  R.  Then  also  4>  is  Gateaux  differentiable 
at.  ?/„  =  tyj./io  £  Yii{P.Bn )  and  4>'(y„)  £  Ii  is  determined  by  $7, ‘(4 >'(//«))  +  />„ 
with  arbitrary  ho  £  H  such  that,  /in (C,  •)  is  constant  on  Bp  for  a. a.  C  £  P-  We  will 
call  H  -  4>'(ifo)  £  H  the  “Hamiltonian";  obviously,  H  is  determined  uniquely  up 
to  H  n  [A 1  (7^)  :•>  l;i]  where  L;i  denotes  the  function  R  — >  (1). 

Theorem  2.  The  abstract  maximum  principle  (t)  is  equivalent 

(10)  /  [H  •  f/o)(OdC  =  sup  /  W(C.  • 

.//>  tint'. IP 

If  H  C  Ll{P\C{B]t))  where  BJ,  denotes  the  set  Bp  endowed  hy  n  topology  t 
which  makes  it  compact  or  a  complete  mctri/uhle  separable  space,  then  (10)  is 
also  equivalent  with 

(11)  [W«»/!)](0  -  Hup  I<)  for  a. a.  (  £  P  . 

rC  tli , 


Sketch,  of  the  proof.  As  for  the  equivalence  of  (4)  with  (10).  it  suffices  to  realize 
the  indentity  fr[H  •  vliO'K  =  (»/.W)  -  ('!'),/<,  H)  -  (p.typ'H)  -  (//.^'(/m))  for 
any  //  =  *},//  G  >'//(/’;  By). 

As  for  the  localization  of  (10)  to  (11),  we  only  need  to  make  a  measurable 
selection  from  a  multivalued  mapping  of  the  type  (,  t— >  {a  £  Bp,  >  f,(0 } 

with  a  suitable  c  £  Ll{P),  which  needs  the  assumptionu  on  r  as  imposed  above; 
for  details  we  refer  to  [23,  Theorem  2],  □ 

In  accord  with  usual  terminology,  we  will  call  (10)  and  (11)  the  integral  and 
the  Pontryagin  maximum  principles,  respectively;  cf,  [14,  19],  Let  us  point  out.  that 
the  Hamiltonian  H  (determined  uniquely  only  up  to  integrands  c  £  H  such  that 
c(£,  •)  is  constant)  resulting  from  our  theory  coincides  for  the  choice  c  =  0  with  the 
usual  “guessed”  Hamiltonian;  cf.  (23,  Sect.  4]  for  the  case  of  a  (mite-dimensional 
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system  or  (21)  below  for  the  parabolic,  system,  Of  course,  the*  constancy  (on  P) 
of  the  Hamiltonian  along  optimal  trajectories,  which  is  usually  included  into  the 
Pontryagiu  principle,  is  irrelevant  here  because  our  Hamiltonian  is  unique  only  up 
to  integrable  functions  on  P.  On  the  other  hand,  the  Hamiltonian  has  a  definite 
meaning  by  our  derivation,  namely  if  represents  the  Gateaux  differential  with 
respect  to  the  geometry  coming  from  H*. 

After  the  transformation  of  a  particular  H  C  L!  ( P;  ('{ Bn))  via  '!'/>,  we  get 
the  subspace  Tp  of  C(U)  without  any  explicit  reference  to  the  decomposition 
Q  =  P  x  R.  which  makes  possible  a  comparison  between  various  H  even  if  the 
decomposition  Q  —  P  x  R  vary.  The  following  assertion  is  a  consequence  of  Theo¬ 
rem  1  with  Lemma  1.  Note  that  it  identifies  the  topology  on  L'[P\  C(Bn))  induced 
projectively  via  from  C(U)  as  the  decisive  topology  in  the  sense  that  the  clo¬ 
sure  of  H  in  this  topology  does  not  change  the  resulting  convex  compaetificatiou 
but  any  further  enlargement  does  refine  it. 


Theorem  3.  Let  Q  =  I\  x  R\  and  Q  =  P-i  x  Ri  be  two  admissible  decompositions 
of  Q  and  let  the  linear  .sub, spaces  If,  c  L1  (P, :  C\B,h ))  mid  Hi  C  L1  {P2\  C{B,h )) 
be  given  such  that  Tn,  C  ?nt.  Then  M[Tnx )  ■<  M (ifi/.j),  which  means  just 
that,  Y/t,  (P[ ,  P/q )  is  a  coarser  convex  compnctilication  of  U  than  Yii  JP-i-  Ihi2)- 
Moreover.  elc pi)Ttp  --  <jc(ii)Fih  if  and  only  if  M(lFn,)  S  M(fitl). 


We  can  see  that  there  is,  in  fact,  a  large  freedom  in  the  choice  of  the  de¬ 
composition  Q  --  P  x  1?  and  then  in  the  choice  of  the  particular  subspace  II  c 
L’(P;  C{Bn)).  It  is  obvious  that  tin*  choice  of  the  decomposition  of  Q  has  an  imme¬ 
diate  impact  on  the  character  of  the  Pontryagiu  maximum  principle  (1 L).  Namely, 
the  larger  the  component  P  (which  contains  directions  in  which  “rapid"  oscilla¬ 
tions  in  controls  are  allowed),  the  more  local  the  Pontryagiu  maximum  principle 
that,  can  be  obtained.  Prom  this  point  of  view,  the  best,  choice  of  the  decompo¬ 
sition  is  Q  —  P,  u  =  up,  tin  =  0.  On  the  other  hand,  another  decomposition 
with  » u  >  0  can  yield  finer  convex  compactifications,  which  might,  be  sometimes 
inevitable  when  special  problems  are  to  be  treated:  cf.  Sect.  1.  As  far  as  the  choice 
of  H  is  concerned,  we  can  say  that  a  larger  H  makes  the  resulting  convex  eom- 
pactification  finer  (cf.  also  Theorem  3)  and  thus  the  class  of  mappings  which  admit 
a  continuous  extension  to  this  compaetificatiou  is  larger.  Also  v.  -  .  an  say  that  a 
"limit”  information  about  oscillations  of  ^-optimal  controls  contained  in  the  re¬ 
laxed  optimal  controls  is  then  greater  but,  of  course,  the  implementation  of  such 
more  informative  solutions  on  computers  is  harder,  Taking  H  smaller  has  naturally 
just  opposite  effects.  This  is  summarized  in  the  following  tables. 
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" _ 1 

larger 

smaller 

convox  compactificatiou 

finer 

coarser 

information  in  a  solution 

greater 

lessor 

implementation 

li  ardor 

easier 

a  class  of  continuously 
extendable  mappings 

more 

loss 

TAII1.K  1.  The  influence  of  the  choice  of  the  linear  snhspne e,  It. 


larger 

smaller 

optimality  conditions 

more  local 

less  local 

directions  for  “rapid" 
oscillations  in  controls 

Wider 

narrower 

Tabu-.  2.  The  influence  of  the  choice,  of  tile  decomposition  If  /’  x  II. 


Given  a  class  of  problems  to  lie  relaxed,  an  attempt  for  a  general  recommen¬ 
dation  might  look  like:  tip  and  P  should  be  chosen  as  large  as  possible  to  localize 
the  maximum  principle  as  much  as  possible,  and  simultaneously  H  should  be  taken 
as  small  as  possible  (with  respect  to  a  given  class  of  problems  that  are  to  admit 
a  continuous  extension  on  the  resulted  convex  compactificatiou)  to  get  a  convex 
eompactificatiou  as  coarse  as  possible  (which  makes  its  implementation  easier). 
Also,  unnecessarily  finer  convex  coinpaetifications  deteriorate  a  chance  that,  at 
least  for  some  special  problems  from  a  given  class,  the  solution  of  the  relaxed 
problem  is  unique.  Therefore,  minimal  convex  coinpaetifications  satisfying  some 
prescribed  conditions  are  of  a  particular  interest.,  cf.  also  [21,  Theorem  3]. 


4.  Examples. 

We  want  to  deal  with  the  particular  case  Q  ~  (0 ,T)  x  S2  with  SI  a  domain 
in  Rm.  It.  appears  typically  in  distributed  control  of  evolution  partial  differential 
equations,  say  parabolic  or  hyperbolic.  (Quite  equally  we  could  treat  the  case 
Q  =  (0 ,T)  x  OQ  with  Oil  an  (in  —  l)-dimonsional  boundary  of  SI,  which  appears 
in  a  boundary  control  of  such  equations.)  Then  time  t  ranges  the  interval  (0,T) 
while  x  ranges  the  spatial  domain  SI.  In  the  previous  notation,  £  =  (t,  ,r),  so  that 
the  set  of  controls,  cf.  (8),  is  now 

(12)  U  =  {«  G  £*(( 0,T)  x  S l;Rfc);  u(t.,x)  G  S  for  n.a.  t.  G  (0,T),  ;r  G  S2)  . 

There  are  now  two  reasonable  decompositions  of  Q  =  (0 , T)  x  S2  =  P  x  /?, 
namely 

1.  P  =  (0,  T)  x  Q,  n  ~  tip  =  m  +  1,  tip  =  0;  then  Bp  =  .S’, 
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2.  P  =  (O.T).  R  =  Si,  n/>  =  1,  /»/;  =  m;  then  7i/j  =  /?!i  =  {«  6 
Z^Si;®*);  u(.r)e  A  for  a.a.  ,t€S2}. 

Of  course,  wc  could  also  imagine  other  decompositions  of  Q  —  (0.7’)  x  Si  hut  the 
corresponding  relaxations  do  not  seem  to  he  reported  in  the  literature, 

Let  us  start  with  the  first  possibility.  The  resulting  Pontryagin  maximum 
principle  is  then  formulated  for  a.a.  t.  €  (0,  T)  and  a  a.  ,r  €  Si,  and  the  supremum 
in  (11)  is  taken  over  S.  Such  kind  of  maximum  principles  has  been  treated  by 
Aluned,  Too  [3],  Sadigh-Esfandiari,  Sloss,  Bruch  Jr.,  Sndok  [25,  26],  Zolezzi  [27], 
etc. 

Though  there  are  nncountably  many  convex  compaetifications  of  the  form 
M(fu)  with  //  C  Z*((0, 71)  x  Si; ('(.S’)),  we  will  mention  only  two  of  them  as 
examples.  The  first  one  is  the  finest  convex  compactification  in  this  class,  which 
takes 

(13)  II  -  £,'(((), T)  x  SI; (’(A))  , 
while  the  second  one  uses 

(14)  II  =  L'iUlT)  x  S l)^C(S)  . 

where  C(S)  denotes  the  set  of  all  linear  functions  R*'  ]R  restricted  to  S',  in 
other  words,  H  from  (14)  contains  just  the  functions  of  the  form  (/../•,«)  h- • 

|  ;j ’i(t,:r)si  with  m  €  £*((().  T)  x  Si)  and  .s  =  (*| . «*.)  e  S  C  Rl. 

In  the  case  (13),  it  is  known  that.  II*  -■  Ll(((), T)  x  Si; ('(.S’))*  is  isometri- 
cally  isomorphic  with  Z^((0. T)  x  Si; rrn(S))  via  the  mapping  V  :  L,]t((0, 7‘)  x 
Si; mi.(A))  -  /,*(((). 7*)  x  S2: (’(.S'))*  defined  by 

(15)  v  =  yi-*-*  f"  j  j h{1..v.H)vLj\dH)(l.vdt. 

where  L £  ( (0.  T)  x  Si;  rra(S))  is  the  space  of  weakly'*'  measurable  essentially  beam 
ded  mappings  from  (0,7')  x  Si  to  the  space  rrn(S)  of  regular  bounded  rr-ndditive 
set.  functions  (=Borel  measures)  on  A.  According  to  the  usual  notation,  we  wrote 
in..,-  instead  of  iz(f,.r),  which  is  to  emphasize  that  u  is  a  parameterized  measure. 
Moreover,  V1"1  maps  V / /((().  T)  x  Si;  A)  onto 

}>(((),  T)  x  Si;  A)  =  {//  €  C  (((),  T)  x  S2;  rm(A));  i/,.,  e  rva  '  (A) 

for  a.a.  t  €  (0,7’),  ,r  £  Si}  . 

where  /ra*}  (A)  —  {u  £  rca(A);  (>>()&  u{S)  —  1}  denotes  the  set  of  all  regular 
probability  measures  of  A.  The  elements  of  37(((),  T)  x  Si;  A)  are  just  the  so-called 
Young  measures,  parameterized  by  (l,x)  £  (0, T)  x  Si  and  supported  on  A. 

In  the  case  (14),  it  is  easy  to  show  that  V7/((0,T)  x  Si;  A)  is  affinely  homeo- 
morphic  with 

{«  €  L^((0,T)  x  S2;  Rfc);  u(t,x)  £  7io(A)  for  a.a.  t.  £  (0,T),  *  €  Si} 
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endowed  with  tlu’  weak*  topology  of  L^(((l.7')  x  12; Rh),  Tlir  homcomorphism  is 
via  tin1  mapping  which  assigns  each  u  €  L^(((hT)  x  S 2;  IR* )  the  linear  functional 
l*g(-)|(«)  e  7/*.  Note  that,  this  mapping  is  linear  since  all  the  integrands  from 
H  from  (14)  are  linear  in  terms  of  .s  £  !R* .  This  gives  hash  ally  the  standard 
relaxation  which  uses  more  or  less  the  original  controls  equipped  with  the  //v- 
weak*  topology.  However,  such  coarse  relaxation  is  suitable  only  for  problems 
having  a  convex/linear  structure,  possibly  with  slightly  nonlinear  perturbations. 

Let  us  go  on  to  the  second  mentioned  decomposition  of  (0.  7  )  x  12.  namely 
P  =  (0.7’)  and  /?  —  12.  The  resulting  Pont.rvagin  maximum  principle  is  then 
formulated  for  a. a.  I  £  (0,7'),  and  the  supremum  in  (11)  is  taken  over  Bu  =  (a  £ 
L'v(ll;R*');  n(.r)  €  .S'  for  a. a.  ,r  6  12}.  Such  kind  of  relaxations  and/or  maximum 
principles  has  been  treated  by  Ahmed  [1,  2),  Basile.  Minium  [4],  Pat  tor  ini  [10], 
Frankowska  [12,  111],  Kampowsky  [  1  r»] ,  Pnpagoorgiou  [17],  etc. 

Again  then1  are  uncountnbly  many  convex  eompaetilientionx  of  the  form 
M{Fn)  with  II  C  L'(0. 7';  C(BjT!))  with  r  some  Hnusdorff  topology  on  II jj,  but 
we  will  mention  only  two  of  them  as  examples.  The  first  one  is 

(l(i)  II  =  L’(0, T; r’(/jjr())  ,  r --  the  norm  topology  from  L ''(12;  1R**’ )  . 

while  the  second  one  uses 

(17)  H  ~  IP  (0,  T;  C'(BjrJ))  .  r=  the  weak*  topology  from  Lx (12;  Rk)  . 

Note  that  both  (1(1)  for  1  <  /»  <  -foe  and  (17)  for  S  c  1R*'  convex  satisfy  the 
assumptions  of  Theorem  2  needed  to  establish  the  Pont.rvagin  maximum  principle. 

As  to  the  case  (10),  B(T,  is  not  compact  and  IP  —  IP  (0.  7’:  ('{0^))'  is  isoniet- 
rically  isomorphic  (again  via  i />  defined  liki’  in  (15))  wit  h  (0,  T\  rl>n(llirl)),  where 
rhn(B)  2*  C{B)*  denotes  the  set  of  all  regular  bounded  additive  set  functions  on 
a  normal  topological  space  B.  Then  elements  of  V//(0. 7’;  11^)  can  lie  interpreted 
as  probability  regular  bounded  additive  set  functions,  that  means  elements  of 
Lj])  (0. 7’;  rhalll^))  valued  in  rba\(II{l).  In  the  context  of  optimal-control  theory, 
elements  ol  rlxi(B)  are  also  called  “finite  additive  measures"  to  dist  inguish  it  from 
the  usual  measures  which  arc  rr-udditivo.  Finitely  additive  measures  were  used  in 
this  context  in  the  works  by  Fnttorini  [8.  !),  It).  11],  and  in  general  optimization 
theory  also  by  t’hentsov  [(>,  7],  Paxhucv  [18],  etc.  Let  us  only  mention  that,  since 
rhu^lifo)  —  rm(Dfj)  with  B[(  denoting  the  Stone-CWh  compat ification  of  B{t.  the 
finitely  additive  measures  on  a  normal  space  B[t  can  be  equally  understood  as 
standard  ir-additive  measures  of  a  (non-mctrizable)  coni|iact.  space 

Lot  us  suppose,  for  simplicity,  that  S  c  R*'  is  convex.  Since  13^  is  compact 
provided  r  is  the  weak*  topology  of  L'’’L>(J2;Rfc),  it  is  now  evident  that  H"  with  H 
from  (17)  is  isometrically  isomorphic  with  L [}(  ((),  T\  mi(Bfl)),  and  V7/(l),T;  B^)  is 
mapped  by  this  isomorphism  onto 


B{t)  =  {iv  6  /,~(0,T;rai(£tT,));  ivt  £  ra,](BJu)  for  a.a,  t  6  (0,7’)}  . 
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Tin*  elements  of  x  Sh .S’)  are  just  tin*  Young  mcnsures,  parameterized  by 

I  €  (0.7’)  and  supported  oil  Blt.  Such  Young  ineusures  lms  been  basically  nn  .1  b.v 
Papageorgiou  [17], 

Tlie  relations  between  tin-  mentioned  concrete  convex  eoinpnetifieiitioiis  of  V 
me  stated  in  the  following  assertion.  For  brevity,  we  will  denote  by  //(.)  and  JF(  I 
respectively  the  suhspare  H  from  (•)  and  iFn  C  ('( U)  created  by  //(.)'.  for  example 
stands  for  Tu  with  //  from  (l(i),  denoted  by 

Theorem  4.  The  relations  between  the  convex  compact Meat  ions  A/(JF(1:()). 
A/^u,).  A/^io)).  and  an1  given  by  the  following  diagram 


j1/(jF(l;Jj) 


A/(JF(lt)) 


A/(/i,T)) 


iviiere  each  arrow  indicates  the  existence  of  an  nlliue  iiomeomorpiiism;  in  other 
i "jeds,  each  arrow  goes  from  a  /itier  convex  eoinpaefi/ieaf/on  to  a  coarser  one, 
Beside s.  no  arrow  can  he  reversed  if  .S'  is  not  a  singleton;  this  means  the  original 
convex  compact  ideation  is  strictly  liner  than  the  terminal  one.  Finally .  the  convex 
eompaefih'eations  A/(,F(i:i))  and  M{f{  17))  are  actually  not  comparable. 


Sketch  of  the  proof.  The  fact  that  A/(JF(1:i|)  V  M{lF{\ .p)  follows  immediately  from 
/7(l;()  3  //(i.,).  Taking  two  points  «|,  s2  €  .S’  and  two  sequences  { a}}  and  {u£},  the 
former  one  taking  the  values  st  and  sj  and  converging  weakly*  to  the  constant 
3*1  +  €  .S'  while  the  latter  one  being  constant  i/jJ  =  f.sj  +  3*2.  Now  it  is  clear 

that  the  limit  of  { ) }tte N  in  A/(Jf(1,l))  exists  and  is  the  same  for  j  =  1  and  2. 
while  these  sequences  can  be  separated  011  A/(JF(|;„)  by.  for  example,  a  function 
/  tpy(ly  (■>  e)  with  e  e  (’’(S')  such  that  e(*i)  —  e(sa)  —  t)  and  e(:jsi  f  3.*.))  -  1 
iiccnusc  obviously  (e(a[)./)  =  ./^  e(«[(l. ,r))<lt<l.v  0  while  (c(a j. ).  /)  --  |(<||  >  0 

for  any  A’  6  N.  This  shows  that-  A/(jF(i;t)) A/(jF(|  |t), 

13v  analogous  argimients  we  can  show  also  A/^nn)  >  A/(jF,|7)).  As  for  the 
two  sc<|ucnc('s  which  have  tin'  same  limits  011  but  can  be  separated  on 

A/(jF(n;)),  we  can  take  »[(!,. r)  —  e^.(.r)  and  iijf  as  previously,  where  ;  il  — •  S’ 
converges  to  3*1  +  3*2  weakly*  in  R*‘)  but  not.  strongly  in  IK*). 

As  for  M{^n))  >  A/(JF(h)),  we  cannot  show  directly  //(1T)  3  /7(|.|,  be- 
ratise  the  partition  Q  =  P  x  /?  is  not  the  same.  Nevertheless,  we  etui  show  that 
IT)  3  JF(U)  because  for  any  ZTmi  .W  *i  t  //(h)  there  is  It  fc  f/(i7)  such 
that  ^y(£fL|f//  «*/)  =  T(o;/  ) (b).  namely  fi(f,e)  -  |wEf=i  !)i(t;.v)vi(.v)'l.r  for 
I  S  (0,T)  and  v  6  But  note  that  the  following  estimate  holds;  ||li||/j((>,Ta,'(H'))  < 

*'ip,e.s’  1*1  ||«/||f,'ai),r)x»)- 
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Analogous  arguments  can  be  also  used  for  x-  Indeed, 

having  h  €  W(J3)  we  can  find  h\  £  such  that  4*  (<'.'/•)  (h  i )  =  4 <q(/?),  namely 

h]{t,  v)  —  jn  h(t.  x.v(.r))dx.  Note  that  the  continuity  of  hi(t.  ■)  :  —>  R  fol¬ 

lows  by  the  standard  properties  of  the  Nemytskii  mappings,  while  the  estimate 
II  ^  ilL‘(<>.r  <  l|/i||/,‘(((i,r)xSi:f(.s’))  is  obvious.  As  for  the  two  sequences,  let 

us  take  {u|. }  as  in  the  first  case  but  with  "!.(/,■)  constant  (and  equal  to  either  ,«q 
or  .s 2)  on  £2,  and  {it2}  such  that  u2(t,.r)  —  if  ■<'  6  $2'  and  uf  (t..r)  =  «2  if 

nl(t.r)  =  s  1  and  uf(t,x)  =  si  if  u[,(t,.r)  =  .s2  provided  v  £  S2",  where  S 2'  and 
S l"  are  disjoint  parts  of  S 2  of  positive  measure.  Roughly  speaking,  both  sequences 
converges  to  the  Young  measure  u  €  rra(S))  given  by  17. „.  = 

in  the  representation  of  M{T(V, q).  O11  the  other  hand,  on  the  representation  of 
the  first,  one  converges  t.o  the  Young  measure  n1  5  L^((). 7':  r6<i(Bsr!)) 
given  by  u,  =  +  56,0  with  uj(.r)  =  sj  for  j  -  1.2  while  the  second  one 

converges  to  vl  €  Lj)?(().T: rbaiB^))  given  by  ut  =  4-  with  ef(.r)  —  *1 

if  ;r  £  W  and  e2(.r)  —  s2  if  .r  t  £2".  and  e2(,r)  —  s2  if  ,r  £  £ 2'  and  »>2(.r)  =  sq  if 
.r  €  S2". 

By  this  construction  we  can  also  show  that.  A/(JF( |7))  ^  while  the 

fact  that  A/fJq  1 7))  2?  A/ (/"( 1:4))  can  be  proved  similarly  its  tin'  fact.  that.  A/( nq)  ^ 

(17))*  □ 

Finally,  let  us  illustrate  the  above  theory  by  one  model  example  of  an  optimal 
control  of  a  nonlinear  parabolic  equation.  We  will  take  (OCP)  from  Section  2 
with  the  following  data:  k  —  1.  IJ  from  (12)  with  S  =  [.«* t .  «a] .  Y  —  Hl(Q)  H 
L2(().Tj  A  -  L2(l).T:H-'(il))  x  L2(il),  the  cost  function 

(18)  *(«.«)=  f‘  f^n(t.x)-  jf  tt(f.C)dc)  d.rdt  +  -  y,,{.v)f  d.r  . 

with  the  desired  terminal  profile  //,/  £  L2(5l),  and  the*  state  equation  .4(i/,  1/)  =  0 
in  the  form 

(152)  jjj-  -  A;/  +  7(1/)  =  7(a)  ,  //((),)  -  t/u  . 

with  7  :  R  — *  R  smooth  and  nomlecreasing,  the  inital  data  i/o  6  //,'  (£2)  and,  for 
simplicity,  the  Dirichlet  boundary  conditions  //(/,  ■)  —  !)  011  cMh  More  precisely.  the 
o[)erat.or  .4  :  If  x  Y  — ■ >  A  is  determined  by  the  standard  weak  formulation  of  (19) 
with  the  boundary  and  initial  conditions,  which  means  that  A(u,y)  =  (zi,Zo)  £ 
L2(0,  T;  x  I2(£2)  with  z0  =  y{T,  •)-?/,<  and  z\  =  dy/dt-Ay  +  ~,(y)-~f(u) 

understood  in  the  distributional  sense.  Note  that  A(u.  //)  =  0  has  actually  the  only 
weak  solution  y  —  n[u)  €  Hi{Q)r\L'2(Q,T\  The  growth  of  the  nonlinearity 

7  at  infinity  is  irrelevant  because  If*1  -estimates  are  at.  our  disposal  thanks  to  the 
comparison  principle. 

The  interpretation  of  the  problem  (OCP)  with  (18)  (19)  might  be  the  fol¬ 
lowing:  the  optimal  control  should  drive  the  parabolic  system  from  a  given  initial 
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stati'  i/d  as  c.loso  to  the  <U 'sired  terminal  state  y,i  as  possible  and,  simultaneously, 
the  spatial  profiles  of  the  control  should  be  “as  constant  as  possible”.  For  example, 
if  (1!))  has  a  heat-transfer  interpretation  (i.c.  y  is  a  temperature)  and  7(1/)  —  j/1. 
then  we  can  say  that  the  control  acts  in  (19)  via  a  Stefan-Bolt/niann  radiation 
term  (which  is  of  the  4th  power). 

It  is  obvious  that,  supposing  7  nonlinear,  such  (OCP)  does  not  bear  a  re¬ 
laxation  by  means  of  H  from  (14)  because  (19)  could  not  be  extended  continu¬ 
ously.  For  the  same  reason,  also  (17)  is  unsatisfactory.  As  for  the  choice  (13),  it 
would  enable  a  continuous  extension  of  (19)  but  not  of  (18).  This  can  be  seen 
easily  by  taking  the  two  sequences  contructed  in  the  proof  of  Theorem  4  (tin1  pari 
M(F{Ui))  y  M(jF(]:)))).  On  the  other  hand,  the  choice  (10)  is  satisfactory  both 
for  (18)  and  (19)  provided  p  >  2.  Thus  we  demonstrated  a  nontrivial  situation 
when  wo  must  inevitably  choose  the  finest  convex  compactification  from  those  in¬ 
vestigated  by  Theorem  4.  Let  us  also  remark  that  the  transformation  of  control 
variable  7 (a)  — +  u  would  not  change  the  situation  because  then  the  failure  of  the 
weak  continuity,  that  appears  on  coarsen’  convex  compactifications,  would  be  only 
transferred  from  (19)  to  (18)  provided  7  is  actually  nonlinear. 

If  one  evaluates  (!i)  in  our  case,  one  gets  after  integration  by  parts  (cf.  [23] 
for  this  procedure)  the  equations  for  the  adjoint  state  A  =  (A) ,  At>)  s  A*  = 
L'2(0,r;//(!(S1))  x  T2(Si): 

(20)  +  AA,  +7/(.v)A,  =  0,  A,(T..)  =--  2  (j/(T,  •)-//,/)  ,  A,,  A, (<),.)• 

Of  course,  (20)  is  to  be  understood  again  in  the  weak  sense. 

To  evaluate  the  Hamiltonian,  let  us  observe  that  both  A(-,  y)  and  v ?(■•?/)  are 
affine  with  respect  to  the  geometry  of  ti> .  so  that  the  Gateaux  differential  of 
the  extended  mappings  does  not  explicitly  depend  on  particular  relaxed  controls 
and  equals  just  A(-,y)  and  <p(-,y),  respectively.  Then  the  abstract  Hamiltonian 

„  €  T{m  of  (7),  after  the  transformation  via  4'(0|r)  to  Hx.u,,Ul  =  Ha,  £ 
L‘(0, T\  C(Bh)),  looks  like 


(21)  ^  ^i)(:r)  -  | ~  ^  v[C)(l{j  dr  +  ^  A1(/,.c)7(e(.r))i/.,-  -i-  c(/)  . 

where  t  €  (0, T)  and  v  €  i?ji,  and  c  €  L'((!,T)  is  arbitrary.  The  Pont.ryagin 
maximum  principle  for  the  relaxed  problem  then  looks  like 


sup 

On 


for  a.  a.  t  £  (D,T)  , 


where  v  =  {^t}te(o,r)  €  L™((),  T ; rbaiB^))  is  an  optimal  relaxed  control. 

Thus  we  have  shown  that  our  fairly  abstract  theory  coincides  with  standard 
approaches  in  concrete  cases, 
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CONVERGENCE  OF  AN  SQP-METHOD  FOR  A  CLASS  OF 
NONLINEAR  PARABOLIC  BOUNDARY  CONTROL  PROBLEMS 


FRKDi  rR()i;rzsni 

Department  of  Mathematics 
Tedinical  University  of  Chemnitz-Zwickau 


Austuact.  We  investigate  local  convergence  of  an  SQI’  moiliotl  for  mi  optimal  control 
problem  governed  by  a  parabolic  equation  with  nonlinear  boundary  condition.  Sufficient 
conditions  for  local  quadratic  convergence  of  the  met  bod  are  discussed. 

Itltlt  Mnlhr.mn tint  Subject  Classification.  'I0MO5,  •IDM'IO,  'lf>K,24 

Kef/  words  null  phrases.  Sequential  quadratic  progrntuiuiug.  optimal  control,  parabolic 
equation,  nonlinear  boundary  condition,  control  constraints. 


1.  Introduction 

In  this  paper,  we  investigate  the  behaviour  of  a  Sequential  Quadrat  ie  Programming 
(SQP)  method  applied  to  the  following  very  simplified  model  problem  (P): 

(P)  Minimize 


(1.1) 

subject  to 


r 

U  I  {(//«('. 0-</(U0)2  +  At/(f,0'J}d.SV/' 

ii  i’ 


(1-2) 

and  to  the  const 


«’«(/, 0  =  (A^ie  - 

«i(0,0  =  0 

fee)  =  6(tt»(t,0) +  «(<,€) 

.mints  on  the  control 


in  12 
in  12 
on  P 


(1.3)  I«MI<1. 

t  €  [0, T\.  Tlie  control  it  is  looked  upon  in  Lcv((0, 71)  x  P),  while  the  state  w  is 
defined  as  mild  solution  of  (1.2)  (cf.  section  2). 


An  SQP  method  for  nonlinear  parabolic  boundary  rnnlrol  problem* 


.14  1 


In  this  setting,  a  hounded  domain  12  C  R"(n  >  2)  with  boundary  F,  positive 
constants  A,  T,  and  functions  b  €  C2{IR),g  6  L^dO.T)  x  F)  are  given.  By  v  and 
dS  the  outward  a.  mal  vector  and  the  surface  measure  on  F,  respectively,  are 
denoted. 

Pointwise  constraints  of  the  type  (1.3)  are  often  imposed  for  a  correct  modelling 
of  the  underlying  process.  They  reflect  technical  limitations  to  the  possible  choice 
of  the  control  and  cannot  he  realized  by  a  smooth  penalization.  The  term  A||-i/.||a 
in  (1.1)  is  to  enhance  continuity  of  the  optimal  control  (it  may  express  the  cost 
for  the  control,  too). 

It  is  known  since  several  years  that  the  SQP  algorithm,  applied  to  mathemati¬ 
cal  programming  problems  in  finite-dimensional  spaces,  exhibits  local  quadratic 
convergence.  The  method  can  be  easily  extended  to  infinite-dimensional  optimiza¬ 
tion  problems  such  as  optimal  control  problems.  We  refer,  for  instance,  to  the 
works  by  Alt  [1],  [2),  Alt  and  Malauowski  [3],  Kelley  and  Wright  [7],  or  Levitin 
and  Polyak  (10).  In  the  context  of  nonlinear  parabolic  control  problems  without 
control  constraint  we  mention  the  numerical  work  by  Kupfer  and  Sachs  [8]. 

Recently,  Alt,  Soutag  ami  Trdltzsch  [1]  proved  the  local  quadratic  convergence  of 
the  SQP  method  for  the  optimal  control  of  a  weakly  singular  Hnmmerstein  integral 
equation  with  pointwise  constraints  on  the  control.  In  the  author's  paper  (12],  the 
proof  of  convergence  was  transferred  to  the  one-dimensional  heat  equation  with 
nonlinear  boundary  condition.  The  aim  of  this  note  is  to  extend  the  convergence 
result  to  a  parabolic  ('([nation  in  a  domain  of  dimension  n. 

We  assume  that  It  and  its  derivatives  up  to  the  order  2  are  uniformly  bounded  and 
Lipsehitz:  There  are  constants  c/j .  (*/ : 

(1.4)  |6(,V)I  <  <•»  <'V. 

for  all  «*,  mi ,  u’i  €  IR,  i  =  0, 1.2.  We  may  weaken  the  conditions  ( 1  A)  to  local  ones. 
However,  this  would  lead  to  difficulties,  as  the  solution  ie  of  (1.2)  could  blow  up 
in  finite  time.  For  convenience  we  consider  only  the  very  special  type  of  nomulaiy 
condition  in  (1.2).  This  enables  us  to  work  out  the  principal  behaviour  of  the 
SQP  method  and  to  avoid  tedious  technical  estimates.  The  case  of  more  general 
boundary  conditions  having  the  form  iht'/ihi  =  /q  («.•)  •+ Iq(w)  it  is  discussed  in  [4] 


2.  Integral  equation  method 

Let  us  define  A  ;  L2(  12)  D  D(A)  — *  L2(12)  by  D(A)  =  («)  £  Wj (12)  :  Owjih:  -- 
0  on  r } ,  Aw  —  —Aw  +  w  for  w  £  D[A).  —A  is  known  to  generate  an  analytic 
semigroup  {S(l)},t  >  0,  of  continuous  linear  operators  in  L2(J2).  Moreover,  we 
introduce  the  Neumann  operator  N  :  L2(r)  — ►  HFa"(J2)(s  <  1  +  1/2)  by  N  : 
g  t->  w,  Aw  -  w  =  0,  dw/dn  =  g.  Next,  we  fix  cr,p  €  M  by  p  >  n  +  i  and 
n/p  <  a  <  1  +  l /p-  The  last  two  inequalities  have  a  non-void  intersection  for 
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/>>/)  —  1,  while  p  >  it  +  1  is  needed  to  work  with  states  being  continuous  w.r.  to 
t.  In  the  same  way  we  may  introduce  operators  Av,Sr(t.) ,  AT,.  just  hy  substituting 
above  the  order  of  hitegrability  r  for  2,  where  1  <  r  <  oo.  Restrict, ing  AH(t.)N  to 
MP)(r  2),  we  obtain  ArSr{t)Nr.  Therefore,  we  shall  use  in  the  paper  the  same 
symbol  AS(1)N  regarded  in  different  spaces  Lr.  To  continue  our  preparations  we 
define  a  Neinyt.skil  operator  B  :  C(F)  -  C(T)  by  (tfx)({)  =  h(;r(0). 

A  function  w  6  C([(),T],  B'"(J1))  is  said  to  be  a  mild  solution  of  (1.2),  if  the 
Bodmer  integral  equation 


(2.1)  •»!»(/)  =  j"  AS(t  -  s)N(B(tw[h))  +  u(*))</s 

o 

holds  on  [0, 7’]  (r:  trace  operator).  The  expression  on  the  right  hand  side  makes 
sense,  as  u  €  £,*.(((>, T)  x  F)  C  £,,(((>.  T)  x  F)  =  L„(lhT\  L„(r))  and  C 

0(11)  by  n/p  <  <y  (here  we  regard  AS{t)N  as  operator  from  L;,(F)  to  IF > 
0).  Owing  to  the  strong  assumption  (1.4),  to  each  a  €  L^.(((),T)  x  F)  a  unique 
global  solution  w  of  (2.1)  exists  (cf.  TYbltzseh  [11]).  Turning  over  to  the  trace 
x(f)  =  r</j(f)  in  (2.1)  we  arrive  at.  the  integral  equation 

i. 

(2.2)  x(f)  =  I  rAS(t  -  *)N(B(x( «))  +  «(«))</« 

b 


for  .r  €<:.’([().  Tj.r(F)). 

The  estimate  (sec  Annum  [4]) 

C^i)  IW)JV||Mn.,jr?(lM<cr". 

where  o  =  1  --  (rr'  -  rr)/2  and  0  <  a  <  n1  <  l  +  l/r,  turns  out  to  be  essential  for 
investigating  propertii's  of  the  integral  operator  l\, 

i 

(2.4)  (/vs)(f)  =  I  tAS(I  -  h)Nz(»)<Ih. 

ii 

Let  us  briefly  discuss  (2.4)  for  r  p\  Taking  a  —  n/p  +  £,rr'  ~  1  +  1/p  -  e(e  >  0) 
we  find  that  (2.3)  holds  for  all  a  >  0.5  +  (n  -  l)/2p.  K  maps  continuously 
4(0.T;L,,(r))  into  C([0,T],C(F))  provided  that  p  >  1/(1  -  n).  This  holds  to¬ 
gether  with  the  last  inequality  for  o,  if  p  >  n  +  1.  For  p  {  n  +  1  we  limy  take 
a  j.  n/(n  +1). 

For  convenience  we  regard  K  between  different,  spaces;  K  may  be  viewed  as  oper¬ 
ator  in  L,(0,T;  Lr{T))  for  all  1  <  r  <  oo.  Let  its  adjoint,  K*  lie  defined  for  r  =  2. 
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It  is  known  that 

(K*z)(t)  —  I  tAS(&  —  t)Nz(fi)dnt 

t 

lumen  K*  lias  the  same  transformation  properties  as  A',  By  means  of  these  pre¬ 
requisites  we  are  able  to  write  (P)  as 

r 

/{.«•,«)  =  \  I (HO  -  <l(t)\\lAn  +  =  »»».!  (P) 

0 

subject,  to 

(2.5)  3-  =  K{B(x)  +  ti).  u&U,ld. 

Here  we  have  introduced  B  in  C((U, 7’].  C’(F))  by  (B.r)(t,  )  -  •))  and  Uad  \- 

{ u  G  Aot(((), T)  x  P)  :  |«(f,£)|  5  1}-  The  equation  in  (2.5)  is  well  defined,  as  A' 
maps  /,,,((), T\  Lv (r))  into  C([0,T),C(r)). 

In  the  paper,  the  following  notation  is  used:  We  write  L,  ~  Ar(0,  T;  L,.(F)).  1  < 
r  <  00 ,AX  =■  AX((<>,T)  X  T),C  =  r((0,T].r(D)  =  C'([0,r|  X  n  and  endow 
the  spaces  with  their  natural  norms  ||  •  ||,.  and  |j  •  ||x,  respectively.  The  natural 
norm  of  /,„((},  T:  A;((F)),  1  <  n./f  <  oo,  is  denoted  by  ||  •  || ;  .  For  rv  •-  ii  —  x 

we  H(,('  II  '  II :=  II  '  Ik-  I'1  pioiluct  spaces  of  this  type,  the  norm  is  defined  as 

the  sum  of  the  corresponding  norms.  In  C  x  A,.,  ||(.r.  u.)||.Xi,.  ||,r||x  +  {j«||,.,  1  < 

r  <  oo,  and  ||(;»M/)||r  ||(.r,  it) || ,..,..  in  C  x  Lr  x  L,  :  ||(.r, »/.  w)||.«..,  ~  Iklk  + 

ll(".//)lli,«  ||(:i?.«.w)lk  11(4'.  u.  //)||x,  v  An  "inner  product"  is  delined  formally 

by 

r 

k,(/)  «  j  I  y(t..Z)<ISc<ll 

a  'r 

just,  denoting  integration  of  ,i ://  over  [0,7’j  x  F. 

3.  Known  optimality  conditions 

The  luncfional  J  :  ('  x  /„(,  Iff  mid  the  mapping  {x.u)  ►-»  B(.r)  t  u  from  C  x 
to  Lp  are  twice  continuously  Predict  differentiable.  This  enables  us  to  apply 
lateron  second  order  methods  to  (/*).  Owing  to  the  convexity  of  f  and  the  linear 
appearance  of  u  in  (1.2),  standard  methods  show  the  existence'  of  at  least  one 
optimal  control  «0  for  (P),  Let  x'n  be  the  corresponding  state1.  For  y  G  Ax  the 
Lagrange  function 

C(x.  u.y)  =  /(.!•,  a)-  <?/, -  K(D(,r)  +  «)) 

is  defined.  From  -  (i  wo  obtain  formally  the  equation  </,,  ■-  K* y» 

for  tiie  Lagrange  multiplier  jju.  A  careful  discussion  (taking  derivatives  m  C  x  Ax 
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and  regarding  the  derivatives  ns  linear  operators  in  Lv)  justifies  tin::  (cf.  TYoltzsch 

[HI): 

r 

(3.1)  ?A) (0  =  A)(t)  -  q(t)  +  j  tAS(»  -  t)N  y{)(s)ds. 

t 

Here,  we  took  advantage  of  (t?'(a:<)(t,  ))h{t.,  -))(0  =  F(.ro(f,4))  ■  A(f,0<  hence 
B'(.ro)  is  formally  self  adjoint.  The  variational  inequality  {£,,,».  —  no)  >  0  Vit  £ 
f/'"f  yields  <  An()  +  K*ya,u  —  «o  >  >  0.  After  a  standard  pointwise  discussion  we 
arrive  at 

(3.2)  «o(*.0  =  fl-i,il{-A-‘(/f»b)(t,«}, 

where  Pt_  til|  :  if?  — *  [—1,1]  denotes  projection  onto  [—1,1].  We  assume  that  in 
addition  to  the  first  order  necessary  conditions  (3.1),  (3.2)  the  following  second 
order  sufficient  optimality  condition  is  satisfied:  There  is  a  A  >  0  such  that 

(3.3)  (.i'„,  n-i,,  ,i/o)[n  -  v,t,v  ~  <’„|  >  A!|n  -  i>0||ij  (SSC) 

for  all  n  =  (;»:.  «)  satisfying  the  linearized  (Vitiation 

(3.4)  x  -  :»•»  =  A  ( U'(x o)(.i:  -  .r(l)  -f  u  —  it o). 

In  (3.3),  £,„  denotes  the  second  order  F-derivative  of  C  w.r.  to  v  —  (x,  u)  in 
C  x  Lv  at  «o  :=  (:A),  «o).  The  sufficiency  of  (SSC)  was  discussed  in  [0].  We  finish 
this  section  by  the  following  very  useful  Lemma: 

Lemma  3.1.  Let  l  <  r,  p  <  oo,  D  be  the  linear  continuous  operator  in  Lr.,,  defined 
by  {Dx)(t.,0  =  Ji[t,S)x(t.$).  where  )i  £  Lx.  Then  (/  -  DA')-1  and  (1  -  I<D)~l 
exist  as  linear  continuous  operators  in  A(  /,  and  their  norm  is  bounded  by  a  constant 
er/,  ■ which  depends  only  ||/f||  v ,  r.  and  p. 


Proof.  The  invertibility  follows  from  a  st.andard  application  of  the  Haunch  fixed 
point  theorem.  Let  z  £  L,.,,  be  given.  We  estimate  the  solution  of  the  equation 
x  —  BKx  +  z.  Then 

t 

MOIImd  <  j  H/i|UII TAS(t  -  .s)N|U),(n_/j/i(r)||:t:(.s)||,.)i(nd.s  +  ||2(0||/vtr, 

0 

t 

<  c  I  (t  -  «)^^||.T(fl)||/J/>(r)^«  +  l|«(0llL#l(r)* 

b 
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Hole,  <•  >  0  depends  only  on  p,  ||/^||oo-  iwmI  o  £  (0,1).  ||j-(f)||  is  limjori/ed  l»y 
the  real  funetion  ^p(t)  solving  the  eorresponding  weakly  singular  integral  equation. 
Therefore 

r  r 

!Wk,„  =  (/  \\m\rLAn'»)'/r  <  IMImo/h  <  'if  H«ll  Mn'"),/r  -  dMk.,.- 

'o  'o 

In  this  way  the  Lemma  is  shown  for  /  — D/\ .  The  arguing  for  I  —  KD  is  identical.  □ 

4.  The  SQP  method,  Holder  estimates 

Initiating  from  a  starting  point,  (.iq,  tn,  ;/i)  in  C  x  L^,  x  L ^  the  (full)  SQP 
method  generati's  sequences  {i/„  },{//„ }  by  solving  certain  quadratic  pro¬ 

grams.  Adopting  tin1  notation  hy  Alt  [1],  one  stop  of  the  method  can  he  described 
as  follows:  Let  w  —  (x„,,uw.  yw)  he  the  result  of  the  last,  iteration.  As  before,  we 
write  vw  =  (;rw  uw),  v  =  (,i\ u).  The  next  iterate  a„,  =  is  obtained  as  the 

solution  of 

(4.1)  F{v\  w)  =  f'{v„,){v-vw)  +  ~C,., a-e,,, ]  =  »»/»!  (QP)u- 


.1  =  h’(n'(.rli,)(.r  -  ii  ,,.)  +  B(x„.)  +  e).  a  e  V" 


yw  is  tin-  corresponding  Lagrange  multiplier. 

Remark.  Define  i/(a)  =  y(.r,  a)  =  ,r  —  l\{B(,r)  +  «).  Then  the  state  equation  (2.!i) 
reads  t/(v)  —  0.  (4.2)  is  its  linearization  t/(v„,)+f/(i'„,)(v- 1>„,)  =  0.  which  simplilies 
by  linearity  v.’.r.  to  it. 

The  Lagrange  function  £  to  (QP),,,  is 

£(o.  //)  -  F(v,  w)  -  (y..r  -  l\(U'(.r „,){.v  -  .r„.)  +  fl(.r„,)  +  //)). 

£,,.  =  0  leads  to  the  (adjoint)  equation 

/  ,  .j  \  V  ~  P  (•!  w) R  //  "b  ./.r(l,,|i)  T  /.;  ,(■  (c,,. ) [./' —  .  ■) 

"  "  J  -l-iT'f.r,, ,)[?„,  -  .r,,..  •]/%*//,„ 

for  •?;  =  yu..  After  a  simple  calculation  we  find 

r 

«.,.(*)  =  B'(rv,(t))  f  rA,%t  -t)Nyu,{»)ihi  +Wu.(t)  -  ,f(t) 

I 

T 

+B//(j:11,(t))[aP,„(t) -xw, (/),•]  j  tAS(.s  -  t)Nyw{»)il». 


(4.4) 
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Tlio  variational  inequality  determining  u„„  (£,,,».  —  ?/,,.)  >  0  Vii  6  II'"1,  gives 

(4.5)  M'.0  =  ^-i.i|{-A-,(r»r)(»,0}. 

A  straightforward  calculation  by  means  of  (SSC)  yields 

(4.0)  F(e;  n'n)  >  A||i>  -  n0||ij  =  F(,)():  «'„)  /i||u  -  r„||!j 

for  all  i>  being  admissible  for  (QP) (where  «’o  =  (i>n,;/n)  =  (.in.  u(),//o)). 

Lemma  4.1.  Far  «//  if  in  «  to Jjicicntly  small  C  x  Lt,  x  Lt,  vriijhhimrh anil  N\(w„). 
( QP)w  admits  a  unii/uc  solution  (7, ,,,«„.)  -  t>„,  with  associated  Lagrange  multiplier 
]ju,.  There  is  a  constant  eg  not  depending  on  m,  such,  that 

(4.7)  |K  -  t'nlla  <  <7,||if- 


(4.8)  115,,  Ik  <m 

for  all  ir  €  N\{u'o). 


Proof.  We  shall  only  briefly  sketch  the  proof,  which  is  along  the  lines  of  Alt  [1] 
or  Alt.  Sont.ng  and  Trolt.zseh  [11].  A  lirst  step  initiates  from  the  simple  observation 
F(e, ,,;n>)  <  F(f’,„:  in),  where  r„,  ~  t/„.)  and  is  the  state  obtained  from 

(4.2)  for  u  —  ii„,.  By  means  of  Lemma  11.1  the  upper  estimate 


(•4.5))  F(TtH,:  if)  <  «'|| if  -  ifolla 

can  be  derived.  A  lower  estimate 

(4.10)  F(7»II,:if)'>  ||h,|.  -  i’ii || -  i'll ii'  -■  if o||a 

follows  from  re-writing  terms  such  as  /'(e„.)  or  £ n. //,,.)  in  terms  of  ./' { i’n ) . 
£,.„(e ii. i/o )  etc...  estimating  the  correction  parts  and  exploiting  (SSC)  and  Lemma 
H.l.  We  omit  the  details  of  the  lengthy  computations.  (  Li))  and  ( 1. 10)  yield  (1.7). 
As  regards  (4.8),  we  lirst  observe  that  i/„,  is  uniformly  bounded,  hence  ||1F||V  is 
hounded,  too  (this  is  a  consequence  of  (4.2)  for  u  =  a„,  :  ||.r„,||x  is  bounded,  as 
in  6  iV|(ii’i));  apply  Leuniia  11.1  to  .r  =  !•„,  in  (4.2)).  Now  the  uniform  boundedness 
of  yw  is  an  immediate  conclusion  of  (4.4)  and  Lemma  11.1.  □ 

Corollary  4.2.  The  estimate  (4.7)  holds  true,  in  the  form 

(4.U)  ik  •-  folk.,.  <  kii'f  -  f’nik:;. 


for  all  w  €  iVJ (i n„)  C  iV|(u>n). 
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Proof.  (4.7)  menus  in  particular  -  «o||a  <  ff/||w  —  Exploiting  |77lf,  - 

Hoi  <  2  it  is  easy  to  show  that. 

(4.12)  ||«...  -  <  ‘Ik  -  M.„||.y"  <  f#||ti-  -  in, || !/(),. 

Suht meting  the  equations  lor  ~-i  ami  .in  we  get 

(J„.  -  ,ro)  -  J\U'(.r„.)(x  a)  =  K(D{xm)-B(x0)+  /i'(.r„, )(./■„- ./■„,)  t-  Ti„,  -  ). 

Therefore,  the  L-x  norm  of  the  left  hand  side  is  less  or  equal  ||  A.' ||  •('  !  ||.i  „. 

■'•oik +0  Ik,. -Moll,.)  <  HI"’- M’oll^j,  by  (4.12)  (provided  that  ||ir  -  u'o||  x.,,  <  1). 
Now  Lemma  3.1  applies  to  the  left  hand  side. 

Ik,.  -  .folk  <  e"||«-  -  M'nlkk 

implying  (4.11).  □ 

In  the  saim>  way,  subtraction  of  the  equations  for  sia.il  yields 
Corollary  4.3.  There  is  n  constant.  Pfo  >  0  such  that 

(4.13)  Ilk-.Volk  <'7/l!M--'eo||!/!;, 
for  all  w  g  N"(u<u)  C  N i(n>o). 

We  omit,  the  proof.  In  what  follows  let  /V|(«>o)  denote  the  intersection  A'i(o'n)  f! 

5.  Right  hand  aide  perturbations,  Lipschitz  estimate 

Following  Alt  [  1 ) ,  [2],  we  consider  now  the  close  relationship  between  the  stability 
of  (Q P)ir  and  certain  perturbations  of  (Q /')„.,, .  We  discuss  the  pert  orbed  problem 

/'(»’t))(M  -  i>(i)  4-  5£,.,.(ci).  //n)[e  -  f’n.  r  -  c„|  -  (,/.  c  -  cn)  --  min!  {QS)« 

(3.1)  .f  -  e  +  K  ( li'[.t\))(.r  -  .;•„)  +  B(.rn)  f  « ).  "  6  If’1 

belonging  to  the  perturbation  7t  —  (,/. c)  =  (</„.</„,  e)  G  x  L x.  x  For  7r  --  t) 

tills  problem  1ms  the  unique  solution  «n  =  (;r»,  no).  In  (QS)n  we  regard  ,r,  it  in  k, 

alt  hough  t  he  constraint  it  €  U'"1  automatically  generates  only  —solutions. 

(Q$)n  is  a  linear  quadratic  parabolic  control  problem,  where  the  theory  is  already 
widely  investigated,  Owing  to  ( SSC ),  the  following  result  is  therefore  standard: 
There  is  a  neighbourhood  N^(D),  and  a  positive  constant  c,,  >  0  such  that  for 
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all  e  €  JV2(0)  and  all  d  €  L:X.  x  L .x,  problem  (<V5')„  admits  a  unique  solution 
'V  =  (ay.  «n)  and 

(5.2)  IK  ~  t’lllla  <  rli  IItT lli7^ 

for  all  7r  =  (rf.  c)  such  that  r  t  ^(0).  Wo  arc  able  to  improve  this  ostiinato  in 
Thooroui  5.3. 

Lemma  £.1.  Let  yn  be  the  Lagrange  multiplier  belonging  to  ly  and  2  <  n,,i  <  oc. 
Then  there  in  a  conn  taut  cnji  >  0  such  that 

(^•d)  lll/fr  —  //all/.,,., i  —  c<tH  (||ay  ~  •,‘oll/.„.n  +  IMI/.....I  I 

for  nil.  it  S  /,x  x  /i,x.  x  C. 

Proof.  The'  adjoint  equations  defining  i/o.iy  arc  (3.1)  and 

(5.4)  tin  ~  (.iy  -  <l)  -  f(r  +  0'(.r,i)A'*?/n  +  /i/'(.r0)[./y  -  ay.  •lA'*,'/a- 
Subtraction  of  tlioso  emulations  yields  after  some  estimations 

l!(?/o-//ir)-  /7'(.<'a)A"(//o-?/n)||/, . .  =  K-b-'V  -.ro  +  B"(.ro) (ay  -ay.  •)A*,i/n||/.„ 

Applying  Lemma  3. 1 

It/A)  -  Vn  ||  <  fill 'Ml/ . +  '■■ill-'' ir  -  •»,ol|/.„. , 

is  obtained.  This  implies  (5,3).  □ 

One  of  the  decisive  steps  for  showing  <|uadratie  eonvergenee  is  tin'  following  Lips- 
cliitz  estimate  improving  (5.2): 

Theorem  5.2.  There  in  a  constant  rit  >  0  such  that 

(5.5)  || <y  -  t'olb  <  o.lMU 
for  all  it  a  x  Lx  x  ('. 

Proof.  We  outline  the  main  steps  of  the  proof.  The  first  order  condition  for  ty  as 
a  solution  of  (QS)n  is 

»  <  (/?..(»•*, ?/*).  t’  -  »V)  Ve  €  />2  x  b,urf. 

i.e. 

o  <  f'M(v  -  <y)  +  £,.„(«(),  ?/o)['ty  -  ty.e  -  ty] 

-(d,v  -  vy)  -  (y„,{x  -  ay)  -  A'(Z?'(ay)(a:  -  ay)  +  u  -  a*)} 
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for  all  ,r  G  L-i.  n  ('  l1"'1.  Now  wo  insort  ,r  =  .('o,  v  —  (,ra.  uti).  a  =  no  and  find  after 
exploiting  tli<*  first  older  necessary  optimality  conditions  for  iv  as  a  solution  for 

(P) 

C,.r(i\ i.,Vii)[r„  I'D.  iv  ~  Co]  <  -{f./Vo  -  Ih  >  -  <  (/.I’o  -  IV ) 

(.r).(i)  <  1 1 /At  -  //it  II  a  Iklla  +  IMIla  Ill’ll  -  rn  ||  a 

<  o  +  o  ||rr||.j  || r„  -  i-vlla 

by  Lonnna  5.1.  The  difference  5  =  iv-i’o  =  (-'V  -  .fa.  u„  -  I  •  =  (Ok/)  solves  £.,  - 
K{f)'{.r„)£j  -t- ^ „ )  -  r,  heiii'c  £  does  not.  satisfy  the  linearized  equation  (3.4),  where 
(SSC)  applies.  Detine  £  -■  (£.,,£„),  where  £.,.  is  the  solution  of  £,,.  -  /\  («'(./•„)£,.  + 
£„)  --  0.  Then  £.,-  =  £.,-  *1  A.  and  ||A||^  <  e  ||7r||a  (apply  Leiinna  3.1).  (SSC)  is  valid 
for  £,..  lienee  simple  estimations  yield 

tr7)  £,.,.(-■„. //„)[£.£!  >  Hi®  -2e||£||,||A||,  -r||A||:j 

(  °  >  Ml^  -’•(ll^llallAII,  +  IIAHsi). 

Taking  into  aeeount  (5.(>)  and  ||A||2  <  r  1 1 7r 1 1 ^  we  easily  find 

IKIla  S  fdl^lla  Iklla  +  IMIa)  <  f  IlSIla  IWIa. 

if  ||7r||  <  ||£||.  Tliis  implies  (5.5).  if  ||£||  >  ||7r||.  Tims  (5.5)  holds  for  e/, 

mn.r(l.e).  □ 

The  estimate  (5,5)  it)  the  L^-norm  is  not  sufficient,  for  our  purposes.  However,  we 
are  able  to  show 

Theorem  5.3.  There,  in  a  ronnl.unt  <•)  >  0  such  that 

(5.8)  ||t’rr-  Mi|k  <  klMk.a 

for  nil  7T  G  L^_  x  x  C. 

Proof.  We  start  with  t.lie  eiiuation  for  ,iv  —  .i'h. 

(5.!))  .iv  -  .i'll  -  K H' {.ru){.v -  .i'0)  =  e  +  K{u„  -  iiu). 

We  have  l\UiK  — 1/(, )  =  ne  where  in  solves  the  P I) K  ( 1.2)  with  boundary  condition 
()w/ihi  —  un  —  no.  By  /^  —  regularity. 

II  It’d  Ij.j  (l),7’;t/:1/i  '(!!))  -  I”  II  ii  n  ~  "alia. 

(e  >  0  fixed  sufficiently  Hinall),  hence 

(&Ad)  ||/t(iv  -  «o)||/,. jto. T;»I  «(!•))  <  e||iv  -  Italia. 

Sobolev  embedding  theorems  yield 

tf‘~ff(r)  C  L  ,_a»  ,j...  (r)  =  L — ni  — VC)  =:  LPl(  V). 

n  -  I  - -SlV-ft  ( 1 1 /a  ( i  i) 


I'YiVli  Tniltzscli 


■I 


Denote'  the  left  hand  side  of  (5.9)  l>v  E.  Thus 


^Ik,,.,  <  IMk,,.,  +HK-»alU<  IHI +  HUIU 


Bv  Lemma  9.1, 


<  "lUII/.*.,,,  (Theorem  5.2). 


K-.'Y.lk,,,,  <HI£|k,„,  <HUIk,„ 


Invoking  the  first  order  necessary  conditions  for  ii„.  un  =  P[  i.i|{—  A '"'(/' *.'/n  — 
f/„)}.  a  simple  estimation  yields 

ir  t.j\  II « w  -  «(1  !!/.*.„,  5  A  1  Ik'  *11  ll.'/ir  -  Walk-,.,,,  +  A  1  ||d„||/,.J 

1  '  <  r  Iks  -  •'"oiks.,,,  +  HUIU,,., 

l»y  Lemma  5,1  and  (5.11).  In  this  way.  we  have  already  extended  (5.5)  to  the 
Lu(0.  T;  L,,,  (T))— norm  performing  one  step  of  a  bootstrapping  argument.  Now  we 
continue  estimating  (5.9)  by  means  of  the  —regularity  of  parabolic  equatin'  s. 
The  solution  ir  can  be  estimated  in  the  L2(U.  T:  IE,!,1  1/111  (12))— norm,  henci  wo 

have  for  its  trace  rir  —  K{u„  -  i/o) 

I! /t  (t*ir  “  '  ‘(I  ))  r  IU»  “  'hi  ll/.j.,.,  ■ 


Embedding  (E)  c  L 


_ _  j...  ■ ,  (E)  =  L _ _ (r)  -  /.„,(E) 

n; i >/ j«j  n  n  (><  n/2  ttt  ~ 


ll-'V  -  <  r  ||7r||,.,. 


is  obtained  as  above.  Proceeding  in  tin*  same  way  we  arrive  after  at  most  [(»  - 
l)/2]  -f  l  steps  at  the  case  (n—  L)/2-  k[  l  -s)  <  0  while  (n  —  l)/2  —  (k-  1  )(1  —s)  >0 
(provided  e  >  0  is  sufficiently  small).  Hero  we  end  up  with  the  possibility  of  an 
estimate  in  the  norm  of  L2([),T:C'( I')).  However,  wo  use  only 

||/\(u„  -  uu)|k,.„  <  e!|f\(«,  --  "(l)||,,,(o.7:U-1,t.-|lni 

<  HUH  t.  ,  <HUIk*.„- 

pmvidc'd  that  }>k~  i  <  P-  If  Pi,  ■  i  >  p.  then  we  use  the  argument 

ik' ("it  -  "tOika.,.  <  «ik' («•*- «o)ii ,  <  'lull ,  <  '-’iTtii 

(note  that.  pa....j  <  p  must,  hohl,  as  L2.,,k  ,  is  still  not  transformed  into  C). 

Thus  finally  (invoking  (5.9)  and  the  optimality  conditions  for  (/.„,«()) 

(SEl)  IK  -  "nil <  'iUllta.,, 

can  be  derived. 

It  remains  to  lift  the  regularity  with  respect,  to  the  time  /.  From  KrasnoseEskh 
a.o.  [9]  it.  is  known  that  a  weakly  singular  integral  operator  with  weak  singularity 
n  €  (0,1)  maps  continuously  LP([),T)  in’o  L(,'(0.T).  if  1/p'  >  1/p  +  u  —  1.  Put 


l 


An  SQI’  method  for  nnnlinenr  parabolic  boundary  control  problems 


fr  =  1  —  n  >  0  and  tala-  A  e  (0,1).  Then  A'  transforms  £,2(0,  T:  A,,(T))  into 
£,,,,(().  T;Lf,(r)).  where  I//A  -  1/2-  AA.  Arguing  as  in  the  first  part  of  the  proof. 

(!U4)  ||»o-»nlU.,1.„<'1kll/..,,„ 

is  obtained.  A'  transforms  Ln{  (0, 7’;  A;i(P))  into  Apa(0,  T\  L,,(r)i.  provided  Unit 
1//^  =  1//A  -  \h  —  1/2—  2AA.  Therefore,  tin*  estimate  ( 5.  I -1 )  c  an  lie  derived  in 
the  norm  of  /„,<.,((). T\  £,,,(!  )).  Proeec'ding  in  this  way.  (5.14)  is  seen  to  hold  in  the 
||  •  II,, -norm  after  finitely  many  steps.  (5.8)  follows  easily,  as  K  transforms  L,,  into 
C.  □ 


The'  next  two  results  arc'  standard.  We  refer  to  the  proofs  given  by  Alt  in  [1],  which 
simplify  considerably  for  our  model  problem  (P). 

Lemma  5.4.  Their,  is  a  C  x  L,,  x  L,,— nr ighho urhootl  N: sack  that  for  nil 
it'  €  A'a(u'n)  the  following  equivalence  holds  true:  If  in  e  /V:,(iu u),  then  the  solution 
-  (T,,,,  W,„)  A  also  the  unique  solution  of  {QS), ,  for  the  following  choice  of 
n  -  (d.c)  -  ((/,..(/„,  e)  :  c/„  =  U, 

(lr  =  ZJ"(.r„) [;p„,  -  )/C'//0  -  )  A'*//..’ 

„)  -  /r(.i-„))A*/71( 

e  =  l\(U'(:i'w)(T‘,l.  -  .!•„,)  -  lT(.r „)(*,„  -  ,/•„)  +  «(.r„.)  -  «(.»•«)). 

Proof.  We  know  that.  (C/.V)„  is  a  convex  problem  with  a  solution  determined 
uniquely  by  the  conditions  (5.1).  (5.1),  and 

(5.17)  un  -  l\  ! . i | { — A  l(K'i/n  -  <!„)}. 

Thus  it  suffices  to  show  that,  the  triplet  (7,,., 77, fulfils  these  relations  for  an 
appropriate  u  and  g n  As  regards  7,,.,  it  is  a  solution  of 

7 „■  =  J\( IT (r -  .rir)  4-  +  >/„•). 

In  order  to  comply  with  (5.1),  it  must  bold 

7,„  =  A  (/J/(.i,ci)(7„,  —  .i'n)  +  /J(.rn)  +  u„.)  +  c. 

Subtracting  the  last  equations  we  end  up  with  (5.16).  The  adjoint  state  y,r  is 
defined  by  (4.4)  Comparing  this  with  (5.4), 

Vw  =  7„.  -  q  -  d,  +  B,(xn)K*uw  +  ii"(.r0)[7„,  -  .r,„  ■)  A'*;/,,. 

we  otvsily  arrive  at  formula  (5.15).  Obviously,  17, „  srt  '"s  (4.5)  together  with  (5.17) 
iff  du  =  0.  □ 


(5.15) 

(5.16) 


l'Vcdi  'IVultzseh 


:ir,r, 


Lemma  5.5.  Defined  and  e  ae.cordi.ni)  to  ( 5.15 ),  (&M).  Then  for  all  w  <£ 

(5.18)  ||f|k  <  '•r(||.r„  -  .r.,.11'1  +  II*..  -  x0\U\\7m  -  *„|k) 

^  lu^  llrfllx  <  rr(||j/„,||)i|!  *'n  --  ,vM,ik.  +  ||*„,  -  Xok(||:rll.  -  .r0||  *. 

+  II //,,.  -  !Jn\\p)  +  l|.r.,.  -  *olklll»-  -  //nil;.  +  II//,,..  ”  //oil;,)) 

with  a  certain  constant,  <•-/■  not.  depcndmi)  on  w. 

Tht’  proof  follows  completely  analogous  to  |4|  from  ro  arranging  and  estimating 
(5.15)  (5.16). 


6.  Quadratic  convergence  of  the  SQP-method 

Theorem  6.1.  There  is  a.  C  x  L,,  x  ndyhbovrhoiHl  Nr,(o\\),  and  a  positive 
constant,  i/  such  that  for  all  iv  £  ;Vp,(«‘ii)  the  solution  V of  [QP)U.  and  the  corre- 
spomlinq  Lay  ramp  ■  multiplier  lju,  satisfy 

(6  1)  II (T ’wJlJ  ~  O'o./Ai) I! •*..;>  <  HI"'  - 

Proof.  We  take  at  tirst  N(n\\)  c  .'V|(te.|)  D  A’,,(n'o)  such  t.lial  the  radius  of  ;V(n>o) 
is  less  than  1.  According  to  Corollary  1.2..  ||r„.  —  .r() ||  and  \\T/U,\\,,  remain  bounded 
bv  a  constant,  c  >  0  for  all  tc  e  N(n\t).  From  (5.15)  -  (5. Hi) 

,2  ;m;.r(||e||x.  ||f/||.x)  <  e(||i'0  -  r„  ||-x  +  ||ie„  -„.||x.(() 

<  <1|  w  -  irnlk.,, 

as  the  diameter  of  N ( up)  is  less  than  l. 

Thus  on  N{tv a). 

d>-3)  Mx  ^  e||;/’  —  »-(,j|  x 

On  the  other  hand.  Lemma  5.1.  and  Theorem  5. it.  yield  now  y„  --  tpy  and 

(*>■4)  ||r„.  -  I'olk.j,  <  dlffllX-./i  <  r||«!  -  U(,||x.(1. 

Analogously  we  find 

((>■5)  ||77„.  -  //nil;,  <  e||,a  -  H-olk.,, 

by  Lemma  5.1.  and  (6.3),  (6,4).  Inserting  (60;  •  (6.f>)  in  (5.18)  -  (5,19)  we  obtain 

(<>•<>)  IMk.j>  <  HK!k  -  IMk  T  '|dlk  <  e||«' -  ;eoHx-JJ. 

implying  together  with  (6.4).  (5.3)  the  relation  (6.1).  □ 

Now  we  refbrtnulate  the  SQP  method  and  state  the  result  on  its  local  eon  verge;  a  e. 
The  SQP—  method  runs  as  follows. 


Ati  SQf *  tut  JhhI  for  nnn'rnvnv  pmnhotir  b  vp  (ontrol  prohinm- 
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(SQP):  Choose  ii  starting  point  u> \  (tq,j/i).  Having  ic*  =  w)  compute 

"  a  +  i  —  {t'k  \-\~  Vk  t  i)  to  ho  the  solution  and  the  nssoeiut.ed  I  ngrunge  multiplier  of 
I  lie  quadratic  optimization  problem  ( QP)-,k. 

Using  Theorem  6.1.  it  fenows  now  by  standard  proof  tecuniques  that,  this  method 
converges  (luadmticall.v  to  u\)  =  (./-u,  Uo.  t/a).  if  the  starting  point.  «•)  is  chosen 
sutfieientK  close  to  u>n  (see  [2],  Theorem  5.1.).  Lei.  /z  he  defined  by  Theorem  (U. 
Denote  by  T.h{“' a)  toe  open  ball  around  u’o  with  radius  r  in  the  sense  of  C  x  /,(,  * 

Theorem  6.2.  Supponr  that  As.urmptiims  ( 1.4 j  and  ( SSC )  air.  x<\its  lied.  Choose 
])  >  ii  +  i  i mil  let  w  >  0  hr  nuili.  that  b  •.=  w)  <  l,  and  (ii’n)  C  o).  Thru 
Jar  any  start-inn  point  w \  F  n’li)  the  SQP  method  eamputes  n  unique  seqaenee 
we  with 

||»'l  -  a’ulk.,,  <  *)  h2'  1  . 
and  rk  £  for  k  >  2. 

The  proof  is  identical  to  t  hat  given  in  [2]. 

Thus  we  have  local  quadratic  convergence  of  the  SQP  met  hod  in  (.r.  «.//),  More 
precisely,  Theorem  (>.2  expresses  r-quadratic  convergence,  while  Theorem  (i.  1  shows 
q-qundratic  convr  rgence  of  the  method. 
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CONDITIONAL  STABILITY  IN  DETERMINATION  OF 
DENSITIES  OF  HEAT  SOURCES  IN  A  BOUNDED  DOMAIN 

MASAMRO  YAMAMOTO 

Department  of  Mathematical  Sciences 
University  of  Tokyo 


A  US  l'H  At  •  r.  VVV  consider  tin:  heal  equation  in  a  hounded  domain  U  C  IP.1': 


—  (.M)  =  A u(x,t)  +  <r(t)f(x)  (x  €  11,  0  <  /  <  T), 
ill. 


u(x,  0)  —  0  (jiff  1),  —  -  0  (r  6  Oil,  0  <  /  <  7'). 

Assuming  that  a  is  a  known  Function  with  <r(0)  0,  we  prove  :(1)  f(x)  (ji  C  SI)  can 

lie  uniquely  determined  from  the  houndary  data  u(.r,  t)  (x  e  Oil,  ()<(.<  7  ).  (2)  II'/ 
is  restricted  to  a  compact  set  in  a  Sobolev  space,  thou  we  get  an  estimate: 


ll/ll/,*(t»)  -  't()  ^  nti  '1  =  Hw(‘>  ')H//|(o.r;/,,j(mi))  1 

Here  the  exponent  ft  Is  given  by  the  order  of  the  Sobolev  space  which  is  assumed  to 
contain  the  set  of  /' s. 


If)  Mathematics  Subject  Classification.  ,’10K()r>,  H5K25,  H5RH0,  D.'tB.'il) 


Key  morris  an, l  phrases.  Conditional  stability,  a  priori  hound,  hiorthogonal  function, 
boundary  observation,  density  of  heat  source. 


1.  Introduction 


Wo  consider  an  initial/boundary  value  problem  for  the  heat  How  equation  : 


On 

= 

(1.1)  {  u(x,  0)  = 


An(./:,  t.)  +  (t (t)f(x)  (x  €  11,  0  <  t  <  T) 

0  (*  €  11) 


On ,  ,\ 


=  0  (a:  €  Oil,  0  <  t  <  T). 


Here  12  C  Rr  is  a  bounded  domain  with  smooth  boundary  Oil,  A  is  the  Laplacian 
and  ^  is  a  trace  operator  (e.g.  Adams  [lj),  In  particular,  if  u  is  sufficiently  smooth 
on  SI,  then  M*) ■$£;(,*)  (*  €  0&)>  where  u{x)  -  (i/t(at) . t'r(x)) 
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is  (he  mil  ward  unit,  normal  to  Oil  at.  x.  Throughout,  this  paper.  T  >  0  is  arbitrarily 
fixed. 

Tim  term  rr(t )/(.,-)  is  considered  a  heat  source.  VVr  assume  that  n  is  a  known 
non-zero  (T -function  and  is  independent-  of  the  space  variable  .r,  and  f  t-  L'(il) 
is  unknown  to  he  determined  from  boundary  data: 

(1.2)  tt(a\  t)  =  h(x.  t)  (x  €  Oil,  t)  <  t  <  T). 

In  (1.2).  we  regard  u(x,  t)  (x  €  OU,  0  <  t  <  T)  as  a  trace  of  </(■.  f)  to  the  boundary. 
In  fact,  since  /  6  L2{il)  anti  tr  C  C,|(0. 7’].  there  exists  a  unique  nfr<rw)  solnfimt 
a  €  C°([0.r]:Li,(il))nr,,((().7,];/.a(»))  such  that  An  e  ^’((Cl.T):  /,*(»))  and 
«(•.<)  S  Xu  (0  <t  <T)  (e.g.  Pazy  [13]).  Hew  we  set  A«  --=  { «  6  IfHil) ;  fj£  =  0} 
where  H2(il)  —  tT2'2(S2)  is  a  Sobolev  space  (e.g.  [1  ] ) .  Therefore  the  left  hand  side 
of  (1.2)  can  be  considered  as  the  trace. 

In  this  paper,  we  consider 


Inverse  Problem.  (I)  (Uniqueness)  Do  the  boundary  data  h{x,l)  =  u(.r.f) 
(x  6  Oil,  0  <  t  <  T)  determine  /  uniquely  ?  (11)  (Stability)  Establish  an  ac¬ 
tual  stability  estimate  for  the  correspondence  h  — >  /. 

This  inverse  problem  is  related  to  determining  the  density  of  radioactive  heat 
sources  by  the  thermal  radiation  on  the  surface,  for  example,  if  u(t)  —  exp(-Aid) 
(e.g.  Lavrent'ev,  Romanov  and  Vasilev  [11.  pp.  If)  50],  Romanov  [14.  pp.20N  210]). 

To  the  uuiqueiK'ss,  we  can  get  the  positive  answer  (Theorem  1  in  1(2). 

To  the  stability  pmperty.  it.  seems  that  we  cannot  generally  expect,  any  sta¬ 
bility  in  usual  norms  such  as  ||/||/,qs!)  and  IIMu  ')l|//'<o,T://qmn)'  This  can  lie 
conjectured  by  the  regularity  property  of  the  parabolic  equation  (e.g.  [15]).  Mere 
and  henceforth  we  set 


||M‘.  ,)l|//i((),7U'J(nim  -  (  /  /  (  |/i(.r, /)|2 + 

\J o  Jim  \ 


However,  since  the  uniqueiusss  result  can  be  established  and  the  map  /  — *  li  is 
proved  to  be  continuous  from  L~(i l)  to  // 1  (0, 7':  I.'2{i)il)),  bv  Tikhonov's  theorem 
(e.g.  Lavrent’ev,  Romanov  and  Shishat-skil[l(),  p.2K]  or  [14,  (jl.2]),  w<>  can  see  the 
continuity  of  the  map  h  — >  /  provided  t  hat  we  restrict  an  admissible  set  of  f  to 
any  compact,  set  U  in  L2(il).  That,  is,  for  any  <  >  0.  there  exists  some  f>(t)  >  0 
such  that. 

II  w(/)  ~  <  He)  and  </,  h  e  U 

imply  ||ry  -  /t||fca(H)  <  c.  This  it  what  is  calk'd  a  conditional  stability.  Here  fi(r) 
depends  also  on  the  choice  of  a  compact  set  U  and,  in  general,  we  cannot  specify 
the  order  of  b{ <=). 

The  i»urposc  of  this  paper  is  to  show  the  uniqueness  in  our  inverse'  problem 
and  to  give  the  modulus  b(r)  of  continuity  if  we  take  a  bounded  set  in  some  Sobolev 
space  as  an  admissible  set  of  unknown  densities  /' s. 
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For  determination  of  spatially  lion-homogeneous  tortus  in  parabolic  equa¬ 
tions,  wo  nut  refer,  for  example,  to  Cannon  [if],  Cannon  and  Estova  [4],  [11],  [14] 
and  Yamamoto  [18]. 

This  papor  is  composixi  of  four  sootious  and  an  appendix.  In  (j2  wo  will  state 
Tlu'orom  1  (uniqueness)  and  Thooroin  2  (conditional  stability)  ns  our  main  results. 
Ill  *;•'!  and  [j  1,  wo  will  prove  them.  Tin1  appendix  is  devoted  to  the  proof  of  another 
uniqueness  result  in  the  case  where  the  observation  time  length  T  is  infinite. 


2.  Main  Results 


Henceforth  we  assume 


(2.1)  rr((n/(),  a  €  C1  [0. T]. 

Let  7^(Sl)  be  the  space  of  real-valued  square  int.egrnblc  functions  with  the  norm 
||  •  j|  and  the  inner  product  (•,  ). 

For  stating  our  results,  we  introduce  some  notations  mid  definitions.  Lot  A 
be  the  realization  of  -A  in  La(Sl)  with  Neumann  boundary  conditioir.da(.r)  =- 
-Aii(j’)  and  V(A)  -|iiE  //a(Sl);  =  0  ].  Let.  us  number  the  eigenvalues  of 

A  repeatedly  according  to  their  multiplicities: 

()  A|  <  A'J  <  A;)  <  ....... 

That  is,  if  the  multiplicity  of  A;  is  in.  then  A,  appears  in  the  above  sequence  in- 
times.  Let.  <■/>*.  be  an  ('igenfmict ion  for  the  eigenvalue  A/,  of  A  (k  >  1).  We  can 
choose  {(/)*  ]/,;. i  such  that 

(2.2)  (</>n.t  ;>/)-•/>«. 

Ifert'  we  set-  A*.;  1  (k  —  I).  -  ()  (otherwise). 

Let  us  lix  o  >  0  such  that. 


For  any  A/  >  l),  let  us  deline  an  admissible  set  of  unknown  terms  /' s  by 


Wa/,„  =  {  f  6  /.a(H):  <  A/a  }. 


For  ~  €  N,  by  using  the  asymptotic  bcha  iour  of  A„  (see  (11.1)  below),  we  can 
replace  the  definition  ofMm,,,  by 

(2.5)  ^A/,>  =  i/€  Hnm^Alf)  =(),()<  j  <  ^  -  1,  ||/||„..(il)  <  A/}. 
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Remark  1.  We  can  define  the  fractional  power  (A  +  y)'1  for  7  >  0  and  fl  e  1 
(o.g.  [13]).  By  (/I  +  7)^,  wo  can  rewrite  the  definition  of  Ust,n : 

Uu,„  =  {  /  e  L2(«);  /  €  V  ((A  +  7)?)  ,  l|  {A  +  7)*  /II  <  M  }■ 

Now  we  are  ready  to  state 


Theorem  1  (Uniqueness):  Let  f  satisfy 

£k/,<mi2a-*  <  <». 

A  =  1 

Let.  u(f  )(:r,  t)  hr  the  strong  .solution  to 

—  (j:.  t)  -  A«(.r,  t)  +  <r(t)f(.r)  (x  £  S:,  0  <  t  <  T) 
at 

(2.0)  u(.r,0)  -  0  (xQll) 

~(x,t)  =  0  (;r  €  Oil  0  <  t  <  T). 

1 hi 

if 

(2.7)  «(/)(•»•.  t)  =  0  (.r  €  il!i,  0  <  t  <  T), 

then  f(x)  —  0  for  almost  all  x  €  U. 


Theorem  2  (Conditional  Stability).  For  nay  fixer I  a  >  —  and  any  M  >  0, 

we.  a  priori  assume  that,  f  €  Um,„.  If  (2.0)  holds ,  then  there  exists  a  constant 
C  >  I)  such  that 

(2-K)  ||/||  <  +  Coxp(CN? ) |j «(/)||// 1  i;nm)) 

for  any  N  €  N.  Moreover,  as  t\  || «(/) || // qo. r-.i. j  tends  to  .<  n,.  we  luive  tin 
estimate: 


(2.») 


for  any  A  <  n. 


Remark  2.  By  (4.3)  in  tin*  proof  of  Theorem  2  in  §4,  we  can  see:  A:-  the  norm 
for  densities  /’  s,  if  we  adopt  |||/|||  =  siipfc>,  \(f,<Pk)\  ''xp(-C\kr)  for  a  sufficiently 
large  C7[  >  0  and  we  define  an  admissible  net,  of  /'s  by  A'  —  {  /  £  £/2(Sf);  |||/|||  < 
00 },  then  the  map  u(x,t)  (x  E  Oil.  0  <  t  <  T)  — *  f(x)  (x  £  il)  is  Lipschitz 
continuous  from  H 1  (0,  T ;  L2(dll))  to  X.  However,  the  topology  hi  Ar  is  too  weak 
in  the  sense  that  we  can  not  generally  get  the  continuity  of  the  limp  /  — »  «(/) 
from  A'  to  Hl(0,T\  L‘2(0il)), 
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In  [3],  a  similar  problem  is  considered  in  the  case  of  n(r)  ~  —  1  mid  the 
maximum  principle  for  the  lun.Wtie  function  is  a  key.  On  the  other  hand,  in  this 
paper  we  reduce  our  inverse  problem  to  seme  "moment  problem’'  by  which  we 
can  estimate  Fourier  coefficients  of  /.  Our  technique  is  control-theoretical,  and  is 
derived  from  Russell  [15).  where  a  boundary  control  problem  is  considered  for  hear 
equation. 

If  SI  is  ail  r-diinensional  parallelepipedon  { (,r  . . j-,.);  0  <  x,  <  Li  (1  <  /  < 

r) },  (L,  >  0  :  1  <  i  S  r),  then  we  can  reach  siniilur  results  for  uniqueness  mid 
conditional  stability  even  though  we  restrict  observations  on  the  whole  boundary. 
■u(.r.  i )  (x  6  Oil,  0  <  /  <  T)  to  a  part  of  Oil  ([18]).  The  method  in  [IK]  is  based  011 
Futtorini  [(>].  However  for  a  general  bounded  domain,  it  is  11. ,t.  certain  wliether  or 
not  boundary  data  restricted  to  a  part,  of  Oil  ciui  guarantee  eonditioiml  stability 
such  as  Theorem  2.  As  is  mentioned  in  tjl,  in  [11]  and  [14],  a  similar  problem  is 
considered  in  the  ease  of  11  =  {(jq , .... ar-i  ,.r,.);  —00  <  ,iq.  1  <  00,  .iq.  >  0  } 

and  T  —  00,  where  the  key  technique  is  the  Laplace  transform  with  respect  to 
time  t  and  so  it  seems  essential  that  the  observation  Is  over  any  t  >  0,  not  over  a 
finite  time  interval  0  <  t  <  T  (<  00). 

Remark  3.  For  discussing  parabolic  inverse  problems,  another  method  by  Hev.iht- 
skaja  is  applicable  (e.g.  Lavrent'ev,  Kc/.liitskaj'i  and  Ytvkluio  [9,  pp.ti  8],  aim  Ro¬ 
manov  [14,  pp.213  218]).  That  is,  if  we  can  observe  boundary  values  over  [0, 00)  of 
the  i-axis.  then  we  can  replace  our  inverse  problem  for  a  parabolic  equation  (1.1)  1  ly 
a  determination  problem  of  /  in  a  hyperbolic  equation  jrff  =  At/.  +  ff(<)/(.r)  (,r  a 

U,  t  >  0).  Then  we  can  apply  results  in  hyperbolic  inverse*  problems  (c,g.  [lb.  Chap¬ 
ter  VII]  and  [14,  Chapter  4]),  In  our  paper,  however,  by  constructing  biorthogona! 
functions,  we  directly  discuss  a  parabolic  inverse  problem. 

If  we  assume  that,  T  =  00,  then  we  can  weaken  the  condition  (2.7)  for  the 
uniqueness.  That,  is, 


Proposition  (Uniqueness).  Lit  as  assume  that  f  and  a  arc  continuous  and 
hounded  resperUiiely  in  SI  and  [0, 00)  and  that  rr  does  not  vanish  identiealL).  If 
u(f)(x,  t)  satisfies 


(2.10) 

and 

(2.111 


(  .V 


Au(.r,t)  +  cr(t)/(.r)  (.re  11.  t  >  U) 

«(:/:,())  =  ()  (j;  ell) 


On  n 
l  <h,(xJ) 


0  (.1*  e  Oil  t  >  0), 


u(/)(; r,  t)  --  0  (.1:  €  any  open  set  of  Oil,  t  >  0), 


then  f(x)  —  0  (j:  €  SI). 
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W(‘  ci\n  pmw  a  uniqueness  result  of  this  type  in  the  ease  where  A  in  (2.1(1)  is 
replaced  by  any  uniformly  elliptic  differential  operator  of  the  second  order,  lint  we 
will  omit  it..  For  convenience,  the  proof  of  this  proposition  is  given  in  Appendix. 


3.  Proof  of  Theorem  1 

We  will  divide  t  he  proof  into  the  following  three  steps. 

1)  In  this  step,  we  will  prove  that  the  trace  of  the  series  at  the  boundary 
c/ 


52  (  l  exp(— A*  (/  -  (j 


is  convergent,  in  //'((I.  T\  L2(i)i  1)).  First,  by  a  theorem  of  asymptotic  distribution 
of  eigenvalues  (e.g.  Agtnon  [2],  Commit  and  Hilbert.  [5]).  we  have 


(B.l) 


Aa1  ~r  e^A*  *  4-  <>(k  ’  ) 


as  k  — *  oo.  where  ej  is  a  positive  constant. 

For  simplicity,  we  sot 

(3.2)  /  exp(-A*.(/  -  s))n(n)<ls  (k  >  I.  0  <  /  <  7’). 

./a 

liy  ft  €  C'  (I),  7’].  we  have 

<('!s  /,exp(-Afcs)«/s 
./a 


|‘/'A-(0|  -•  /  <'X| >t  A/..S )(T(I  ■  *)</* 

./(I 


and 


*7  *.'•*- 

<lt 


{» 


<  ^exp(  -a/,/)  t  ^  eX|)(  A/-.s)(/.s 


Therefore  we  get 
(3.3) 


I'/’*- II// 1 (a./)  <  "ri^r-T  (*'  -  *)• 
V  A  A-  +  1 


(A-  •  I). 


On  the  other  hand,  we  have  'P((/l+l)Jf )  -  /fi(Si)aud  ||«||//i/-j(jm  <  C’'1||(.4+ 1 )  1  n|| 
(e.g.  Fnjiwam  [7])  and  ||«||/>j(M2I  £  ('iilMI/f ‘.-(it)  ((‘-K-  Adams  [) ) ).  Consequently 
by  (2.2)  we  see 


ll<Mll/J(»!i)  <  <-ilM  d  D^Aa-II  =  f".,||(Afc  +  1 ) i 0A- II  =  (i( A,  +  1)1, 


i 
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so  that,  wo  have 


Y  ^  o\p(-Ai.(/  -  .s))n(.s)f/.sj 

X 


tl 1  (I).'/':  i) ) 


(At  +  1)‘/2 


l(/, 0t)|  x  +  l)i  (l>.v  (3.:; 


•■=f:i2l(/.0fr)|(Afr  +  l)  * 

A-  1 
v 

=  C«52l(/.Ofr)|(Afr  t  l)»(Afr  +  l)-'i  ‘I 


K/.<4)i,J(At.  +  ir  Da‘  + 


(by  Schwarz's  inequality) 

<<■»  (l>  ^ 

<  -X.  (by  /  e  and  n  > 


(by  (3.1)) 


Thus,  by  ltd  [K]  for  almost  all  ./•  6  Oil  and  almost  all  I  6  (t),7’].  wo  can  obtain 


and  wo  soo  that  the  serins  is  convergent.  in  // 1  ((). l.2(Oil)). 

2)  In  this  stop,  on  the  basis  of  Russell  [15].  in  Hl(i).T:  Ir(Oil))  wo  will  construct 
a  biorthogonal  system  {//*.(.r. /)}/•>  i  to  {(/'*■(/ K'U' O1')  }*■>  i  • 

By  [15],  there  exists  a  system  /))fr>i  in  /,'2(0. 7':  l.’2(Oil))  such  that- 

(3.5)  (exp(-A*7.)r/;fc,  //;)/, a  =  (M>1). 

Here  and  henceforth  wi'  denote  the  inner  products  in  L‘i(i)lT\  L’2(Oil))  and  in 
// 1  (t),  T‘  L'2(i)il))  respectively  by  (■,■)//■'  »uwl  : 


J  a  ./an 
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((</,/»))//■  =  /  [  + 

J\ I  ./»7Si  \  ^  / 

Let.  us  define  an  operator  A  :  La(l),  T1;  L*(OH))  — *  //*(().  T;  L^(i)il))  by 

(K<l){.rJ)  ~  [  rr(l  -  .s);/(.r,  .s)f/.s  (0  <  t  <  7’,  ./•  G  rA2). 

./() 

We  can  easily  see  that.  A  is  hounded  front  L2(i),T\  L^(dJl))  to  //'((), 7  ;  L  (/7S 2 ) ) . 
By  the  assumption  (2.1)  on  <r,  we  have  ff(0)  ^  0,  so  that  we  can  prove  that  there 
exists  a  eonstant.  C.\  >  0  such  that 


(3.0)  f,il|A'//||»'(t),r://-'(<«i))  5:  ||'/||//»(<i,t://,<>,m!)) 

for  any  </  G  L*({),T\  l'2  (Oil)).  In  fact,  let 


/»(:»',  0  =  (A ’«)(•»'•  0 


-f 


<r(f  -  s)( i(.i\n)ds 


{()<  t  <  T.  ./•  G  <71 1). 


Then  we  have 

=  <T(t))r/(.r.  1)  +  [  ~(t  -  *)<){■!•■  «)</«  (!)</<  T.  ,r  6  <>»). 

Of  ./n  (U 

which  is  a  Volterra  integral  equation  in  /  of  the  second  kind,  so  that  we  can 
construct  the  real-valued  resolvent  kernel  r(/,.*»)  for  ~s)  (0  <  s  <  /  <  7  ) 

and  we  have 


</(•<••  0 


1  i)h 
<r(0)  01 


(x.t) 


Oh  . 


s 


(e.g.  Tricotni  [i7]).  This  means  (3.0). 

Now  (3.0)  implies  that  the  range  of  K  is  dosed  in  7/ 1  (l).  T :  1 2  (Oil)).  Therefore 
we  sc  that  (A " 1  )*  exists  and  (A  1  )*  =  (A*)  1 ,  Here  and  henceforth  we  identify 
the  adjoint  space  A'*  of  a  Hilbert  space  with  X  and  •*  denotes  the  adjoint  ot  an 
operator  under  consideration. 

We  define  a  system  C  //'(<), 7’:  L2(0il))  by 


(3.7)  0,(  rd)  =  ((A  1  T//,)(.r,  t)  (I  >  1.  ;r  €  Oil  0  <  /  <  7  ) 


This  system  i  is  the  desired  one,  that  is. 


(3.8)  ((VvAt-.fy))//'  -  hu  (A:>1,/>1). 

Here  let  us  recall  that  tpk  is  given  by  (3,2),  The  relation  (3.8)  can  be  proved  as 
follows: 


((<M>a-0/))/p  =  ( ( A' (exp( — Xkt) <l>k ) •  (A' " 1  )*///))// 1 
=  <(/v"  l)**A'(oxp(-A*.t)0A.),  ifr) i,i 
-  bkl< 
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:«>7 

by  (3.5)  and  (11.7). 

3)  Wo  will  complete  the  proof  of  Thooroin  1.  By  the  assumption,  wo  have 
u(/)(.i \t)  =  0  (.r  €  Oil,  0  <  t.  <  T). 

Therefore  (3.4)  implies 

X 

£(/.&■  Wfc(0 =  O  it.  //'(I). 7’: 

A'-;  I 

Sinoo.  ns  is  proved  in  the  first  stop  1),  this  series  is  convergent  in  //’(l).  T:  Li* (Oil)). 
we  enn  take  the  f/1  (0,  T;  La(c)Ji))-innor  product,  with  Oi  in  termwise,  so  that. 

(/,</.,)=()  (/>1) 

by  the  hiorthogonality  (3.8).  Tints  the1  proof  is  complete. 


4.  Proof  of  Theorem  2 

First  we  will  estimate  norms  of  0^  constructed  by  (3.7)  in  //'((), 7’:  L*(On)). 
By  Russell  [15],  there  exists  a  constant  Cf,  >  t)  such  t hat 

IMIm(ii.t  t-map)  <  C^exi >{(’:,  s/^i)  V  ?  •)• 

Consequently  by  (3,1)  we  can  obtain 

(•!••)  f  r.exp(CV,/r )  [I  >  1). 

By  (3.(1)  and  (3.7).  we  have 

('■“)  // 1  («*.  V:/,J(.«2))  1;  IIU'  ')‘ll  *  ll'//ll/.-(U.7';/,J(.»12)) 

<  C£Cr>exp(fV' )  =  r(iexp(C(i/'  )  (/  >  1). 

Here  ||(A  l)*||  is  the  operator  norm  of  (l\  ')*  and  C'(i  >  l)  is  a  constant  which  is 
independent  of  I  >  1 . 

Next  we  will  estimate  the  Fourier  coefficients  (/.  r/)*.)  by  using  (1,2)  and  (3.1). 
and  complete  the  proof  of  Theorem  2.  Since  the  series  in  (3,1)  converges  in 
//'  (O.T;  I*  (Oil)),  we  can  take  the  inner  product  ((•.•))//'  with  0/  in  termwise. 
Consequently  by  (3.8)  we  can  reach 

MM))w  =(/.</>t)  (I  >  1). 


and  so  by  (4.2)  we  obtain 

(4-3)  |(/.  0()|  <  C'(i||lt(/)||//i(0,7-;j;jp«|))  exp(G>/ ^ )  {I  >  1). 
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First  let  i is  prove  (2.S).  We  have1 


e  -  E  K/-0.IP  -  E  ic/.-rM* + E  Msg* 

i  ,  ii  t  \  >  •  ' 


<  X]  !(/•  *)la  +  -v  * 'u‘  (»>y  /  €  ) 

/■•I 

N-  I 

<  "l?  II »( /)  !i  // 1 ,  (0.  ■/•):  //•<  <«•«»)  E  ™p(2e«/-)  +  A'  -  ^A/2  (*>.v  ( 1.3)) 

l  - 1 

<  <  «ll"(/)ll//.„„.-n:/.v,«i))(^  -  l)i-xp(2r,i(;V  -  l)f )  f  A'  ^ M2 
which  is  (2.8), 

Next  let.  us  consider  (2.9).  For  ;1  <  o.  we  fix  the  lintiirnl  number  .V  such  (lint 


M "  log 


Then  we  cm:  get 


■V  <  1  4 


<  [  — 
A  -■  l  lug 


M"(  log-' 

V  n 


Moreover  we  have 


Ct)  evpffh'V  )  <  fi/exp  K '  f  1  -t-  M  ^log- 


(  lju'Xp 


I  , 

(  <"  A  /  ■  '  log 


Therefore.  in  order  to  prove  (2.9).  by  (2.8)  and  (11)  it  is  stillieieiit  to  verify  that 


'/<  x  1'  (  -  At  ••  ^  log  -■ 


as  /;  [  0  for  i  <  n,  which  is  seen  from 


lim  next)  CM 
'/in  \ 


(™*Kr)K)''- 


0  (U<o). 


l 
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Appendix.  Proof  of  Proposition 

Lot  U[t..r.  n)  ho  the  fundamental  solution  of  jjj  —  A-  with  (ho  zero  Nouiiiiinn 
boundary  condit  ion.  Thou  under  the  assumption  on  regularity  of  a  and  /.  wo  can 
express  the  solution  to  (2.10)  as 

ll(f)U.t)  --  cr(.s)  V(t  -  *.  X.  ;y)/(//)dyj  f/.s  (.!■  e  12.  2  >  0) 

(Ito  [8)1.  Wo  sot. 

u,r(0  =  ^ 

for  any  fixed  r  C  12.  Lot  us  assume  that  »(/)(.»'.  0  =  0  for  /  >  0  and  any  .;  £  1:  an 
open  sot  of  (Jil.  'Llioroforo  wo  have 

/  rr (.s)u,,(/  —  ,s)(/.s  —  ()  (/  >  (),  ,r  £  r ) . 

Ji  i 

and  sinoo  ,t  does  not  vanish  identically  and  rr.  ?/.,.(■)  are  continuous,  by  Titchnmrsh's 
theorem  on  the  convolution  (e.g.  Titclunarsh  (1(1.  p..T22)).  wo  can  obtain 

»,,.(/)  =  /  U(l . l/)f(n)dij  •-=  0  (/  >  0.  £  L). 

./it 

This  implies  that  for  any  0  <  •  <  T.  the  classical  solution  ii  to 
777 (  r-  0  ~  A u{.r.l )  (x  €1  12.  f  <  /  <  7) 

ilt 

<  'i(.r.O)  /(.;•)  (x  e  12) 

On 

—  (./■.  /I  (I  (x  <  <712.  .  <  /  7') 

On 

vanishes  in  an  opt  n  sol  of  (712.  Therefore  it  follows  from  the  unique  continuation 
theorem  (o .g.  Mizohata  [12])  that  u{.r.l )  —  0  (x  6  12,  t  >  i).  C'ouso<iuoutly  by 
analytioity  of  n  in  t  (c.g.  J.bdj),  wc  hoc  •i(.r.t)  =  ()(.f  6.  12.  t  >  0).  Thus  wo  can  son 
/(./•)  (»  I */'  t"  S 2 ) . 
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boundary  stabilization  of  THE  KORTEWEG-DE  VRIES 

EQUATION 


niN(i-YU  ZilANCi 

Department.  of  Mathemittieul  Srienet-s 
University  of  (•im  innai.i 


Ai*sti1iU‘T.  Consider  herein  is  lie  in it  iul- 1 >< >i'ii(lnry  value  problem  of  (lie  KdV  e<|uation 
posed  on  tlw  hounded  iutcivul  ((I.  1): 

(III  4  till.-  I  ll.l'.l'.l  ■  '<(.!•.  0)  (,')(./•) 

lt(0  0  "  0.  n(l.  l/.,(l,f)  s:  Oil., ■(()./) 

wllt'l'l’  |f'j  <  1. 

Il  is  shown  that  (i)  t hr  system  (»)  is  globally  well-|K.sed  in  the  space 

//;!  ;=  {«€  //  *(U,  l);  </i(().f.)  -  o,  0(1.  f)  .r.  0,  rMI.U  =  m?/.r«).f)} 

and  (ii)  ifo  yt  0,  then  the  system  (*)  is  locally  well-poseil  in  tne  space  /•/,*, (0.  I),  hut 
its  small  amplitude  solutions  exist  globally  and  delay  exponentially  to  Kero  ns  I  — •  x. 

11)91  MailwintiluH  Su bjir.l.  Chtusijirnl.iov,  35Q20,  1)3015.  93C20,  1)31)05 

Ki'U  iiitivdn  anil  plmism.  Kortcweg-de  Vries  e-.|i'.ation,  staliili/id ion,  boundary  control. 


I 

4 


1.  Introduction 

In  this  paper  we  consider  a  boundary  control  system  described  by  the 
Kortcweg-de  Vries  (KilV)  equation  posed  on  a  bounded  interval  ft  I.  1): 

{ill  f  ui’.r  +  ii.j.  --  0.  «(.r.  0)  =  i,'i(.r) 

u(oj)  =■■().  ii(i,0  =  R  -  /*(/-) 

for  .r  6  (0,1),  t  >  0,  where  tin:  subscripts  denote  partial  derivatives  and  the 
boundary  value  function  h(t.)  is  considered  as  a  control  input,  The  goal  is  to  find 
an  appropriate  boundary  feedback  control  law  so  that,  the  resulting  closed  loop 
system  is  stabilized. 


The  paper  was  completed  while  the  mithor  held  a  postdoctoral  position  in  industrial  mathe¬ 
matics  at  the  Institute  for  Mathematics  and  its  Applications  at  the  University  of  Minnesota. 


t 


linnndtm/  slabiluuliim  the.  Koi't.f  wv<f‘tlt  Vrirs  Equntir >n 


WT2 


It  is  readily  verified  that,  for  any  smooth  solut  ion  of  (1.1).  one  lias 

4  /’  I/Vo  =  "-(10  -  «?(<>•  0  -  ''V)  - 

df  ./(I 

This  suggests  to  choose  a  feedback  control  law 


(1.2)  /)(/)  =  n»i .,.(().  0-  with  |o|  <  I  , 

in  order  to  stabilize  the  system  (1.1).  Indeed,  by  choosing  li  as  in  ( 1.2).  one  would 
see  that,  the  identity 


(i.»)  /V(.r.0  =  -(I -o“ )//?.(<). /) 

holds  for  smooth  solutions  of  the  system  (1.1).  Hence  t  he  ■'energy'  /,*  t)<l.r  is 
decreasing  as  long  as  //.,.(().  I)  does  not  vanish.  Plugging  (1.2)  into  (1.1)  one  obtains 
a  closed-loop  system 


(1.1) 


III  +  III /.,.  -I-  I/.,..,..,.  —  0.  //(./'.())  =  <,'>{:/'). 

i/(().  f)  =  0.  1/(1.  f)  =  0.  //.,(!.  f)  =  O'//, ,(()./). 


According  to  (1.11).  it  possesses  a  dissipative  mechanism  introduced  through  the 
boundary.  Our  main  concern  is  whether  the  introduced  dissipative'  mechanism  is 
st  rong  enough  to  stabilize  the  system. 


A  similar  problem  has  been  considered  in  [1(1]  for  the  KdV  equation  posed 
on  the  periodic  domain: 


{/’/  +  /’/’.,.  +  •  =  0.  /•(./'.  0)  =  i/i(.r). 

i’(u)  =  /’((). t).  />.,.,( i. f)  =  c,.,{u.f).  /*,(u) -  rjun - i>(n 

where  a  dissipative  niechauism  is  introduced  to  (l.!>)  by  choosing 


l,(t)  =  -k(i\,(l.t)  +  /-,.(().  0),  k  >  t). 


Phi'  resulting  closed  loop  system  is  of  the  form 


(1.0) 


l’l  +  VI'., ■  +  f.i-j-.r  =  <1.  /’(./'.<))  =  <!>(v). 

v{0J)  =  «(M).  Vj;X(l,t)  =  1/^(0, /.),  «j-(1.0  =  o/ij.(0 ,0 


where  n  =  (1  -  A: ) / ( 1  +  A:).  It.  was  shown  in  [10]  that  there  exists  a  >  0  and  a 
li  >  0  such  that,  for  /my  <!>  €  H 1  (0. 1)  with  ||</>||//>(().n  5  A.  the  system  (1.(1)  has  a 
unique  solution  e  €  Z/x,((), oo;  //'(().  1))  and 

—  [</»]||//J(o,i)  <  or  II  J (i>.  t > 


liillK-V'l  Zlmlln. 


lor  any  I  >  0  wlu  rc  [i/i]  is  tin1  mean  value  of  t p(.r)  over  tlie  interval  (0. )).  i.e.. 

\<l>]  -  [  < p(.v)(h. 

Jn 

In  this  paper  we  are  going  to  show  that  a  similar  result  is  also  true  for  the  system 
(1.4). 

We  will  first  consider  the  well- posed  ness  problem  of  the  system  [1.4).  whlc.i 
is  an  interesting  initial-boundary  value  problem  for  the  KdV  equation  in  it>  own 
light,  in  the  past  several  decades  there  have'  been  many  literatures  discussing  tlie 
initial  boundary  value  problem  for  the  KdV  equation.  For  a  beginning  of  collection 
of  references,  wo  refer  to  [2],  [8]  [10]  and  [18]  for  the  equation  posed  on  the  whole 

real  line  /?.  or  on  n  periodic  domain  and  refer  to  [0]  for  the  equation  posed  on  on 
a  half  real  line  /?+.  As  for  the  equation  posed  on  a  finite  interval  we  refer  to  [4]. 
In  particular,  the  following  initial  boundary  value  problem  has  been  considered  in 

Ml 


(  II,  +  III!.,.  +  II, .,,,  =  /.  »(.(•.<))-  I) 


(1.7) 


|  «  I  It. r,r(0.  f)  +  Hjll.1  (0.  t)  +  ft.'l !/(().  /)  ~  0 

I  >hu.  r.c(1.0  +  '(•2»,|(1.0  +  .•*:»»*(  1.0  =  <1 


where  n,-.  d,.  €  Ii.  i  =  1,2.1$:  j  =1.2  and  some  assumption!:  are  imposed  so 

that  the  'energy'  of  *.ue  solutions  of  (1.7)  is  decreasing.  It  was  shown  in  [4]  that 
(1.7)  has  a  unique  solution 

ii  £  £."■*((), 2’: //  *(().  1)).  m  f=  /.x(0.7’:Z/i(n.  l))nb2(t).  I.)) 


for  /.  ,fi  (z  /.‘’((1. 1)).  The  result  is  local  in  the  sense  that  T  depends  on  /. 

A  counter  example  is  given  in  [i]  to  show  that  one  cannot  expect  to  have  global 
result-  for  (1.7)  hi  general.  We  point  out.  here  that-  tin  boundary  conditions  of  ‘he 
system  (1.4)  is  not  covered  by  (1.7)  except  the  ease  l hat  o  =  0.  In  this  paper  we 
will  show  that  the  system  (1.1)  including  the  ease  o  --  0  is  globally  well-posed  in 
the  space  //;{(().  1)  where 

//;!(().  1)):=  {rye  //:*(().  1)  :  »/(0.  f )  =  0.  r/(l ,f)  =  ().  //,-(!./)  =  oj/,((l.f)}. 


The  notion  of  woll-poseduess  includes  existence,  uniqueness,  persistence  property 
(i.e.,  the  solution  describes  a  continuous  curve  in  the  space  //;[)  and  continuous 
dependence  of  the  solution  upon  the  initial  data.  We  first  establish  the  local  woll- 
poseduess  result,  using  contraction  principle  and  the  smoothing  properties  of  the 
associated  linear  system.  The  global  result  is  then  obtained  by  finding  global  u 
priori  estimates  for  smooth  solutions  of  (1.4).  If  Is  interesting  to  note  that  while 
the  L2  estimate  of  solutions  is  easy  to  establish,  the  global  //'  and  H2  estimates 
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uf  solut  ions  art'  very  difficult,  to  obtain.  What,  wo  do  is  to  find  an  L 2  estimate 
of  the  time  derivative  of  the  solution,  n,  which,  in  turn,  would  provide  us  the 
needed  global  //'*  estimate .  Our  argument  relies  heavily  on  the  boundary  condi¬ 
tions  //((),  t)  =  u(l.f)  =  0.  Tilt'  approach  used  here  does  not  apply  to  the  system 
(1.6)  considered  in  [16].  If  fact,  only  local  well- posed  ness  result  was  obtained  in  (Hi) 
for  (1.6).  It.  remains  open  whether  the  solutions  of  the  system  (1.6)  exi.-u  globally 
in  time  or  blows  up  in  finite  time  (see  [17]). 

After  showing  the  closed  loop  system  (1.4)  is  well-posed,  we  show  that  the 
disspative  mechanism  introduced  through  the  boundary  is  strong  enough  to  enable 
the  small  amplitude  solutions  of  the  system  (1.4)  (iv  ^  0)  decay  exponentially.  The 
approach  wo  will  use  is  similar  to  that,  used  in  (16).  Following  tin*  lines  outlined 
there,  we  will  begin  with  studying  spectral  properties  of  the  operator  .4,,  defined 
by 

(1.8)  (A„i/)(.r)  =  -</"(..■) 

with  domain  T>(Alt)  —  H;\.  In  particular,  wo  show  that  tin*  operator  ,4„  is  a 
discrete  spectral  operator  whose  eigenfunctions  form  a  Hies/  basis  for  the  space 
L2(().  1)  which  would  provide  us  a  working  ground  to  apply  nonharmonic  analysis 
techniques  (cf.  [14]).  Then  some  smoothing  properties  of  the  associated  linear 
system  will  fa'  presented  and  will  be  used  to  show  that  the  system  (1.4)  is  locally 
well-posed  in  the  space  //,](().  1).  but  small  amplitude  solutions  exist,  globally,  As 
in  [16]  the  decay  property  of  small  amplitude  solutions  is  obtained  by  using  an 
infinite  dimension  version  of  t  he  second  method  of  Lyupounov.  It  is  not  clear  how 
large  amplitude  solutions  of  the  system  (1.4)  behave  as  I  —  oo. 

The  paper  is  organized  us  follows.  In  section  2,  we  present  tiie  global  well 
posedness  results  for  the  system  (1.4),  In  section  4,  we  study  spectral  properties 
of  the  operator  An.  The  decay  property  of  at  no  II  amplitude  solutions  of  (1.4)  is 
established  in  section  4. 


i 


i 

! 

j 
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2.  Global  Wcll-posodnes/s 


In  this  section  we  show  that  the  closed  loop  system  ( 1.4)  is  globally  wml- 
uosed  in  die  space  //,]  To  begin,  we  consider  the  associated  inhomogeneous  linear 
system 


(2.1) 


i‘i  +  u-j-j". I-  -  /,  u(.r,  0)  -  0(.r), 

«t(U.  t)  =  0.  u(l, r)  =  0.  //,.(!. t)  -  nu,, .((),/). 


for  ./■  £  (0.1)  and  t  >  0.  Using  the  notation  of  the  operator  (ef.  (1.8))  v,e 
rewrite  the  system  (2.1)  as  an  abstract  evolution  equation 


(In 

dt 


-  A,y  ‘l  4 


/' 


u(0)  =  0. 


» 


I 


Uiuu-Yii  Zhulin 


Since  the operator  .4,,  generates  a  continuous  semigroup  S,,(!)  in  tin- space  L2( 0,  1), 
it.  follows  from  standard  semigroup  theory  (cf.  [l(i|)  that  the  system  (2.1)  lias  a 
unique  solution  //  €  f([0.T):  H,])  for  any  <:>  €  V(A„)  -  //;[  and  /  G  /.'((). 7’;  //;) )  . 
The  following  two  propositions  present-  some  estimates  of  these  solutions  that  are 
needed  for  establishing  the  well-posedness  of  the  nonlinear  system  (1.4). 

Proposition  2.1.  Let  T  >  0  he  yiven  anil  n[.r.t)  is  a  solution  of  the  system  (2.1). 
Then. 


l/.qn.l)  ^  IMI/.-qa.i) 


+  /  r)!l/.qn.i 

./n 


(2.4)  /  «'?.(().  t)i!t  <[  ■ -.7  M/.-qa.u  +  /  ||/(-.  'r)ll//qn.i)dr 

./a  l—o- 


(2.1)  l|u||/,-’(.-'r.7;/p(o,i))  <  e  ^  \\J(-- fflltqii.D'/r  J 

Proof:  The  estimates  (2.2)-(2..’l)  and  (2.4)  are  established  using  the  usual  energy 
estimate  method  with  the  multiplier  2 ii  and  eAra.  respectively. 

Proposition  2.2.  Lei  T  >  (1  hr  yiven.  If  f  U' M (0.  7':  //*(().  I  ))  and  o  G  //;(. 
then  tin •  system  (2.1)  has  ii  aniline  solution  a  G  C  ’({<).  7'j ;  11,] )  fur  which. 

a ,  <i  Ax((l.T:/;2«>.  1 ))  n /  “(0.T: /!'(().  I)).  »,.,(().  I)  €  /.'J(().T) 


11"/ II/.  -  m.'/'i/.qiM))  +  ll"j/ll//qn.r-.f/-'(a.i))  4'  II 'hr/ Oh  ■ ) II Ml./ ) 

(2.r») 

-  r  (IHI//;;  +  ll/ll u  >  ■  (ii, /  //-,<>. i|()  • 

In  addition,  if  f  G  /.2(0.7-:  // 1  ( 0.  1)).  then  a  (  /.*((!,  7':  //'(<).  1))  and 


l-.>)  11  U  ||  //•*  (11.7':  II  1  III. 


1  (II.  /  i/.s  (0.1)1  +  ij7  II  /.J  (U.V: // 1  <0. 1 )  t  y 


Proof:  It  is  easy  to  si  e  that  r  n,  solves 


t'1  +  1'j.r.r  =  ft ■  e(.r.0)  -  i;'(.r), 

e(0  ./)  =  «).  c(l,/)^l>.  /•,(  1 .  / )  =  nr,|.(l).  /) 


r(.r)  -  , /■(.»•.())  -  d>"' (.r). 

Then  estimate  (2.-rj)  is  established  in  the  same  way  as  Unit,  to  obtain  (2.2}-(2. 1),  It 
/  G  L2(0, 7':  //'((>.  1 )).  from  the  equation  ii, .,„(./•.  0  =  /(.r, /)  -  tq(.r.  /)  and  t  he  hu  t 


! 
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that  a,  6  L'2(i).  T:  // 1  (0.  1))  it  follows  that,  it  6  L2(().  T\  //'(().  1)).  Thou  estimate 
(2.(1)  follows  from  (2.5). 

Now  wo  turn  to  consider  that  tho  nonlinear  system  (1.4)  and  show  that  it  is 
locally  woll-posi'd  using  a  contraction  principle  based  on  tho  estimates  provided 
a  1  rove. 

Proposition  2.3.  For  any  <!>  €  H;\.  there  exists  a  T  =  T(||0||//:;)  >  0  such  that 
(1.4)  has  a  unique  notation 

(2.7)  v  £  f,([().7’)://;J)nLa((i1T:W,(().  1)). 

Moreover .  for  any  V  <  T  there  exist*  a  neit/hhorhood  U  of  o  in  Ilf  such  thill  tlx 
map  from  the  initial  data  <;>  to  the  .solution  u  i. s  Lipsehitz  continuous  from  V  to 
the  space  class  defined  by  (2.7). 

Proof:  L<>t 

VV=  {e  £('{[(). T\:Hf)nL2({).T:  //'(().  lj). 

r,  €  (0.74  /;2(().  1)  n  /,-((». T:  //'(I).  I))} 

which  is  a  Uanach  space  equipped  with  the  norm 

IkllVr  ■“  IIHIl  ,(|tl.7,|://;|)  +  !l  ''ll  (0.  V://  '(().  1 1)  +  II  >'t  il  /.  J((l.7'; // 1  (0. 1 ))  +  ||  II  /.  '  (II.  7'; /.'•'ill.  til  • 
For  given  O  Ilf , 

(u,  +  u.r.r.i.  —  —  ce,..  e(.i'.O)  --  <;if.r) 

ti«U)  =  0.  //( l.  /  )  —  0.  a.,.(  1. 1)  ^  niq(IM). 

detines  a  map  F  from  the  space  >7  to  )  1  "  —  F(i')  for  any  r  £  Y)  where  a  is  the 

corresponding  solution  of  (2.S).  Applying  Proposition  2. 1-2.2  to  (2.8)  yields  that 

IIK*.  <  HMI//;;  +  <  ll,',vllir1  i(o.r:/,-iii.n)  +  f‘!l II /.-’tn.V;// 1  m.  1  n 

<  rTl/,J||r||?v. 

( 'house 

(2.9)  M  -  2e\\<:>\\,r.,  and  T=(2cM)  2. 

Then  F  maps  the  hall  Sm  -  {e  y  Yr;  ||i>|| <  M }  into  itself.  In  addition,  a 
similar  argument  shows  that 

l|F(i'i )  -•  F(iw)||V(.  <  ^||iq  -  e2\\Yr 

tor  any  iq.  e->  £  S,\i.  Hence  the  map  F  is  a  contraction  in  t  he  ball  Sm  if  T  and  M 
are  as  chosen  in  is  the  needed  solution  of  (1.4).  The  proof  is  complete.  n 
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Next  we  consider  regularity  problem  of  (1.4).  Roughly  speaking,  we  show 
f  ind  if  <,6  is  n  smooth  function,  so  is  tin-  solut  ion.  This  would  he  a  consequence  oi 
tin1  following  proposition  to  the  linear  problem 


(2.10) 


Hi  +  (ten).,.  +  u.,..r.,.  ~  /.  »(j',0)  -  <:>{.r). 

//(().  0  —  ().  i/(l./)  =0.  ii  j.  ( L.  /)  —  r*  u.r  (()./). 


Proposition  2.4.  Let  T  >  0  he  yivni  awl  ir  n'(.r.l)  £  IV-  Then  (2.10)  has  n 
unique  solution  ii  £  >'/•  for  any  <l>  £  //;|  and  f  €  11  1,1  (t),  T\  1?)  ft  /://'). 

Moironvr 

(2.11)  |1»|| Vj.  <  •'  (l|0||//;;  +  IUII\ri. i(D, 7-://, n.i>)  4  IW II /.Jto. /:// 1  tii.t u) 

where  e  >  0  depends  eon  I  in  no  ii  sly  on  ||//,||v,  . 


Proof:  For  given  0  and  /, 


(2.12) 


III  +  II.V.V.,-  --=  '-(l'll').r  +  /• 


//(./'. 0)  --  0 


[  //((U)^().  1/(1. 0=(h  //.,(  1.0  O //.,.((),/) 

defines  n  map  F  from  )V*  to  Tv'  "  ~  F(e)  for  any  e  £  )•/••  where  //  is  the 
corresponding  solution  of  (2.12).  Using  Proposition  2.1  and  Proposition  2.2. 


1  '|||. *•(().  I,))  1  <•(  /  )'  "|l 


Thus  if  one  chooses  T*  >  t)  such  that 


(2,::i) 


i'(r),^|!u-|hv.  -----  1/2  and 

h  •-  2c( ||i/i|| ii*  +  II /|| if 11  in. -in. i  u  F  |),/ 1|/,  iii.r-://'(ii.i  n  )• 


then  for  any  a  6  ) '/  with  \\r\\y;.  <  h. 

Ill’t'Ollv,..  T  !>■ 

'Finis  1  maps  the  hail  Si,  :  (c  c  ) /••  :  || r|| h |  to  itself.  Himiiaily.  one 

ciu  i  also  show  that  F  is  a  contract  ion  in  the  hall  Si,.  Its  fixed  point  is  the  soli  it  ion  ol 
(2.10).  Note  that  T'  determined  by  (2.14)  only  depends  on  ir  and.  in  particular, 
not  mi  O  and  /.  Thus  a  standard  argument  can  lie  used  to  show  dial  /’’  may 
he  extended  to  anv  large  previously  given  number  and  (2.11)  holds  The  proof  is 
complete.  □ 

Define  a  series  of  differential  operators  Qr  for  k  —  0. 1.2, .... 


Qo<i>  -  <:> 


(2.14) 


Ql.  I  l</>  =  -  il'riQwh)  -  (jlj  ,11  (  {.  ^  QMh 


Boundary  sliibtli.tcil.ion  nf  Ihv.  Kurtrwry-de  Vries  liquation 
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Proposition  2.5.  Let  A'  >  0  be  a  given  integer.  Assume  that. 

Qj<l>  6  j  =  0.1 . k 

Then  there  exists  a.  T  —  T(||^||//;j)  >  0  such  that  the  system  (1.4)  has  a  unique 
solution 

<)ju  6  Yr.  1.2 . k. 

As  a  consequence, 

n  €  (’(|(),  T]:  //:,(l  +  l)((i.  1))  n  LU(().T:  //:,(A  +  I)  (().  1)). 

Proof:  It  is  Proposition  2 ,-i  if  k  -  0.  Wo  .wily  provide  a  proof  lioro  for  t he  oaso 
k  —  1.  The  general  oaso  follows  eas’ly  tlion  from  induction. 

Lot  e  —  ii/.  It  solves 

I  >'i  +  ( a e).r  +  i ~  0.  et.r.O)  •- 

(2.15)  { 

[  o((l.  t)  ■=  ().  o(l.  t)~i).  t’r (  Y  /  )  —  n 0j.(().  /). 

It  is  from  Proposition  2.4  that  ii/  -  r  6  )'■/ .  Then  from  u., =  -uf  -  iiu.r  it  follows 

I 

a  6  r’((<).  V'j:  //“(<).  1))  n  La(0.V;  W7((U)). 

T1h>  proof  is  complc'to.  □  f 

Now  wo  turn  to  show  globally  well- posed  ness  of  (1.1)  by  establishing  tho 
following  "Jolml  a  priori  estimates  for  sola! ions  of  (1.1). 

Proposition  2.0.  Let  T  >  0  he  given  and  u  be  a  smooth  solution  of  (1.1).  Then 

t/a(().  r)ilr  <  I  <>2(.r)d.r 
Jo 

and 

(2.17)  /  ||"( -  f ) II // 1  to. i  t</f  <  //i(l|^!!f,-(tt.i)’  /  ) 

./a 

for  any  0  <  t  <  T,  where  //((•,  •)  is  a  non-negative  continuous  Junction. 

Proof:  This  is  a  nonlinear  version  of  Proposition  2.1  but  wit  h  a  similar  proof 

It  seems  natural  that  the  next  step  should  be  finding  a  global  //'  estimate. 

However,  it  turns  out.  being  very  diflieult.  if  it.  is  not  possible,  to  obtain  a  global 
H 1  or  II2  estimate  ol  the  solutions  of  t  he  system  (1.1).  Instead,  we  directly  obtain 
the  //■'  estimate  by  estimating  the  L1  norm  of  u/.  The  following  two  technique 
lemmas  are  standard  (ef.  [l]  and  [|2]). 


(2.10)  /  u'i(x.t)d.v  +  (I  -  n-)  / 

./( 1  Jo 


> 


I 
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Lemma  2.1.  There  exists  a  constant  e  >  0  such  that  for  any  y  &  H'(D.  0  *«'»> 
fyiiuj  either  /„'  !,{.r),ix  =  0  or  s(<>)  =  «/0)  =  <>•  /,(W 


sup  |//(.I')|  H  <'||/y||  lltfll  // 1  (o.  i ) ' 

.rC-(H.I) 


Lemma  2.2.  For  given  positive  inteyer  m.  there  is  a  constant  r  >  0  such  that 

||;/H//j(o.i)  <  //■"(o. i 

for  any  ;/  €  //"'(().  1)  and  0  <  j  < 

Proposition  2.7.  Let  T  >  0  he  ffiwn  and  assume  Unit  n  is  a  smooth  solution  of 
(1.4).  Then 

(2  18)  sup  —  /Mllv)! //,)  •  M 

10.71 

where  </.;(•.•)  is  a  nonneyative  continuous  function. 

Proof:  Let  r  =  It  solves  (2.15).  Multiply  »»«>tl»  sides  of  the  equation  (2.15)  by 
2e'Vl>  and  integrate  over  the  domain  (0.  1)  x  (0.0-  Integration  by  parts  leads  to 

['  ,  >"r*,l.v  4  (1-  r  V)  [  .*().  t),It  +  HA j[  j[  <^r%,,T),lxdr 

(•2,1!))  +  f  f  eyr  r2  (x.t)(  ti  ■r)  -  An(.r.r)  -  A'Ko/r 

./()  ./l) 

-  /  c'Vri;>2(.r)(/.r 
./() 

where  ~  Qi(/>.  Taking  A  =  0  in  (2. IP)  yields 

(2.2(1)  l'  >'2{.r.t)<l.r  +  (\-o2)  j  »•?{().  r)</r  <  ^  ^  r~\„.,.\il.nlT\ i.-dx. 

(IsiiiR  Lemma  2.1  and  Lemma  2.2. 

/•  i  ,, 

/  <  Httrll/.'  t«>.  I )  II ' 

Ju 


“  { a .  I ) 


■II  «H  . ,  II  »H  Jr  M0.  i )  II  . , 


■•"  '■  II  nil- 


and  similarly. 


i 


:wo 

liou  n tin  t if  s  In  biii 

of  Hit  Korh 

U'tfl- 

,lr 

l/7'r* 

Noticing  that  r  — 

-m;,.  - 

one  obtains 

= 

/  ("»r  +  "r 

./(I 

.Ml 

/  irn2</.r  + 

,</.!■  +  2  /  |//||//.f 

■II". 

t'.r.r 

!</.,■ 

.1  ii 

./n 

./(I 

< 

Coiis(‘(|tii'iit  ly. 

(2.21) 

/'  i  t-i 

a | )(/.r  < 

'1Ml)/‘,iuc 

./ll 

In  addit ion.  .since 

/■r  rr 

f/.r/  —  —tij.  —  —  N. 

r.r.i-.r  * 

/  (»r  )»/•»' 

i 

(//"  +  ////,,.,•  -1 

■lit 

( tt.iM.i 

r)~fl.i'  +  1  ir 

■  f  /  ti  ).il.r  -1-  2 

f 

".!■ 

l.r.,//. 

.! II 

./ ,  i 

./(I 

+ 

2  / 

////“»,..,  i/.i'  t- 2 

/  "r".i 

i/.r. 

./u 

./ll 

Using  Lemma  2. 1 

and 

Lemma  2.2. 

/"», 

1 

ll",,ll/U 

in  i  ill"ll/.-mu  ill" 

II// 

'III. 

1  1 

ni 

- 

rll "  II  )cmu  1 II  "1 

ll/mn.nll 

"II//  'in. 1 1 

< 

''ll«ll!/mur 

Similarly. 

/"  «»;» 

--  rll"ll//‘(n.i) 

•  1:1 

■  1 

"i"  r.r.r.r<l  ’  ' 

'll" 

II)/ 

'll). II 

Tims 

C2.22) 


I  «2 < hmi;,7.',, Hi" n?/ i 

/n  ./n 

/  '’;</•'•>  /  ll'irr.,'1-1'  '1I"II  J/m, 

./u  ./u 


i 
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Remark  2.1.  ,t.s  a  eonseipienee  oj  continuous  ilepemh  nee  oj  solution  on  its  rnilinl 
dnta,  (:!,:>  1)  is  not  onli/  Inn ■  for  smooth  solutions  hut  also  trur  for  uni/  solution  in 
the  class  of  C '( [0.  7’];  H!'(S))  for  s  >  •!. 

I  Ih'  following  theorem  now  follows  front  a  .standard  arnimient. 

Theorem  2.1.  Let  T  >  0  In  ipren.  For  uni /  o  //;!•  tl'rrc  crisis  u  unique  solution 
«  t  (  ’([(),  7'];  Ilf)  to  ( 1.1).  Moreover,  Iln  map  from  the  niiliul  ilulu  i;>  to  the  solution 
ii  is  Lipschh  continue  in  from  Ilf  to  the  spine  (  '( |().  7  j:  Ilf  )  n  /,•((),  7  ;  //  '((I.  1 )). 

Remark  2.2.  In  fuel,  ns  in  [I!)],  in  eon  show  the  mop  l\  is  unnljilie  from  tin 
spun  Ilf  to  the  spore  f '([0.7']:  //;[ )  fl  /.'“’(I)//':  Ilf  li.  1)1. 


As  a  corollary  of  tile  above  tlicorem  and  the  Propos'd ion  2.1.  we  iiavo  (lie 
following  regularity  result. 

Corollary  2.1.  Let  I'  >  II  he  pi  re  n  oml  k  lie  u  positive  inlnjer.  If  Q  p:>  t-  Ilf.  j 

I.2.- then  (1.1)  hus  a  unique  solution  ilj  u  C.  V;  for  ./  0.1 . k.  unit 

conscqucntlil. 

n  (,  (’([(>. 7 ’( :  "(0.  I ) )  1 1  /.-(<».  / :  II"'-  ‘  '(it.  1)). 


3.  Spectral  Properties  of  the  Operator  .1,, 

Tin*  operator  .1,,  delined  in  section  1  generates  a  strongly  eonlinuoas 
semigroup  S,,[t)  on  If  ~  /.J[l).  I]  ldr  t  ■  0.  lor  the  work  to  he  done  in  this 
paper  we  require  very  detailed  information  about  the  eigenvalues  of  .l„  and  its 
adjoint  which  agrees  with  (l.s)  except  for  removal  of  the  si”it  there  and 
reversal  of  the  roles  played  by  0  and  1  in  the  boundary  conditions.  Since  .1,,  for 
|n|  ■  I  isadissipativediirerentialoperat.or.it  has  compact  resolvent,  ittul  therefore 
its  spectra  consists  of  only  countable  many  eigenvalues  A/,  with  He  A*.  <  U  for 
/,■  --  ().  _t  1 .  ±2 . 


